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Abstract. In this paper, we exhibit utilization of fixed point iterative techniques
towards generating fractals (Mandelbrot and Julia sets) and anti-fractals (tricorns,
multicorns and anti-Julia sets) for the complex polynomials P(z) = zF + ¢ and
antipolynomials A(z) = z4 4+ ¢ respectively, where ¢ is complex number and
k,d > 2. We find escape criteria to generate fractals and anti-fractals. Moreover, we
graphically envisage and perceive the dynamics of these fractals and anti-fractals.
Several attractive aesthetic shapes have been obtained which explore the geometry
of fractals and anti-fractals.

1. Introduction

A fractal is a geometric graphics which follows the similar pattern at different scales
[7]. French mathematician Gaston Julia [6] gave a new direction to the fractal theory. In
1975, Mandelbrot broadened the idea of Julia and used the term fractal for the first time.
He introduced Mandelbrot set by taking “c” as a boundary of the complex quadratic
function 22 + ¢ [19]. The Julia and Mandelbrot sets can be perceived as images of
fractal arts and they are generated with the assistance of fractal creating programming
because it provides phenomena calculative abilities [2, 9]. The word fractal is almost
half-century-old and the field of fractals is additionally named as fractal geometry. Due
to the progression of innovation and the expansion of existing cultural necessities, some
authors tried to improve the idea of fractals by adding more complex features to the
systems involved. Also, the dynamics of antipolynomial Z — 2% + ¢ leads to interesting
tricorns, multicorns and anti-Julia sets [7, 21].
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The exploration of the unpredictable behaviour of fractals using various mathematical
methodologies and models is a prominent topic among researchers and technologists.
The visual beauty, intricacy and self- likeness of the fractals are remarkable. Julia and
Mandelbrot sets were presented via one-step feedback process [7] for quadratic [6, 7],
cubic [7] and higher degree complex polynomials [7]. In 2002, Rani [23] introduced
superior fractals which is a new class of fractals. In 2004, Rani and Kumar [24, 25]
used Mann iteration, two-step fixed point iterative procedure, to generate superior
Julia and Mandelbrot sets. These sets were introduced by Rani et al. [1] in Noor
orbit, Kwun et al. [16, 17] in CR and Jungck-CR iteration schemes with s-convexity,
Kumari et al. [14, 15] via Jungck SP iteration. For more information, one may refer to
[3, 4, 8, 10, 13, 18, 20, 22]. Fractals have many applications, for instance, in biological
science [11], telecom [5], living system [21] and hardware and electrical designing [12].

In 2014, Thakur et al. [26] introduced Thakur iteration which is a three step iterative
procedure and proved that Thakur iteration is faster than all of the Picard, Mann,
Agarwal et al., and the Abbas et al. iteration processes. Motivated by this fact we
introduce a new class of fractals using this three-step iterative procedure. In this paper,
we introduce and envision a new class of fractals and antifractals via Thakur iteration.
Many graphical patterns of Mandelbrot, Julia, tricorns, multicorns and anti-Julia sets
are presented by using the proposed three-step iterative procedure.

2. Preliminaries

Throughout the paper, we take Q(z) = 22 + ¢ as a quadratic function of complex
variable, where z is complex variable and ¢ € C. And Q(z) = 2" + ¢, the function of n*”?
degree. In 2007, Thakur et al. [26] introduced a new iterative scheme “Thakur-iteration”
which is a three-step procedure given as:

Definition 2.1. [26] Let C' C C be a non-empty convex subset of C and T : C' — C' be
an operator. Then, for arbitrary z; € C, the Thakur-iteration process is defined by

Zne1 = (1 —an)Tzy + Ty,
Tn = (1 - Bn)yn + BnTyna (21)
Yn = (1 - 'Yn)zn + 'ynTZna n > 0;

where «a,, 8, and 7, are real sequences in (0,1). In this paper, for simplicity, we take
an=a, =0, =7vand zg =2, Yo=Yy, 20 = 2.
Definition 2.2. [7] The filled in Julia set of the function @ is defined as

KQ) ={z€eC: Q"(z) does not tend to infinity },

where C is the complex space, Q¥(z) is the k' iterate of the function @ and K(Q)
denotes the filled in Julia set. The Julia set of the function @ is defined to be the
boundary of K(Q), i.e.,

where J(Q) denotes the Julia set.

Definition 2.3. [7] The Mandelbrot set M consists of all parameters ¢ € C for which
the filled in Julia set of Q(z) is connected, i.e.,

M = {ce C: K(Q(0))is connected}.
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We choose the initial point 0, as 0 is the only critical point of Q.

3. Escape Criteria for Complex Polynomials using Thakur-Iterative Scheme

In this section, we find the escape criterion for generating and analyzing the Julia sets,
Mandelbrot sets and their variants for general functions of k* degree, i.e., P(z) = zF +¢
in respect of the Thakur-iteration. Moreover, some particular cases have also been
considered.

Theorem 3.1. Assume

5 k=1 o\ 1/k=1 o\ 1/k=1
> > - ' 5
e () () ()

z1 = (1—a)P(z)+ aP(x),

zo = (1—a)P(z1)+ aP(z1),

zz = (1—a)P(z2)+ aP(22),
1 = (1= a)P(zn) + aP(zn),

where x, = (1 — B)yn + BP(yn) and y, = (1 — v)zp + vP(zn) for n =0,1,2,3,... and
P(2) = 2* 4 ¢ is k*" degree complex polynomial, then |z,| — oo as n — co.

Proof. From (2.1), consider
yl = (A =)z+~P(2)],
= [A=z+(" +0)l,
" + (1= )z| = lel,
= = (1 =)l = lel-

AVANLY]

As we assume that |z| > |¢|, we have

lyl > 12" =2l + 9z =7zl
= |2F -z,
= [2* -,
ie, lyl = J2l(vlzFTt = 1). (3.1)

1/k—1
Since, we assume that |z| > (%) ,ie., (7]z[F~1 = 1) > 1, using this in (3.1), we get
[yl > [z (3-2)
Again from Eq. (2.1),
(1= B)y +BP(y),

(1= B)y + B(y" + )],
Blyl* = Blel — (1= B)lyl-

B3
|

\%
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As |z| > |c| and also from (3.2), |y| > |z| gives |y| > |¢|, using this in above inequality,
we obtain

| > Blyl* = Blyl — (1= B)lyl,
= Blyl* ~ lyl-
Therefore,
| > Jyl(Blyl*t —1). (3-3)
Using (3.2) in (3.3), we get
el = [el(Blef* ~ 1),

1/k—1
As we assume that |z| > (%) ,ie., (B]z/*~! — 1) > 1, using this in the above
inequality, we get
] > [2]. (3.4)
Now, from Eq. (2.1) consider

laP(z) 4+ (1 — a)P(z)],
al(@® + )| = (1 = )| (" + o),
alz[* = ale] = (1 - a)2[* = (1 = a)le].
As |z| > |z| and |z| > |c|, we get
1] > alzf —alz[ - (1 - a)lz]* = (1 - a)|2]
|2/*(2a = 1) + |2|(~a — 1 + )
= [z[*2a—1) - 2|
= [2((2a = D2/t = 1).

|21]

AVANAY]

(
1/k—1
Since |z| > (204271) e, (20— Dz[F~t =1 > 1+ X > 1 for some A > 0.
Consequently, we get

[z1] > (1 4+ N)|z|.
Repeating this argument n time, we get

[2n| > (14 X)"|2]. (3.5)
Therefore, the orbit of z, under the Thakur-iteration of k' degree polynomial P(z) =
2" + ¢, tends to infinity as n tends to infinity. O

From the above theorem, we obtain the following corollaries.

1/k—1 1/k—1 1/k—1
Corollary 3.2. Let |¢] > <2a2_1) , el > (%) and |c| > (%) , where

% <a<1,0< B,y <1, then the orbit of z under the Thakur-iteration of k*" degree
polynomial P(z) = z* + ¢ ; k > 2 escapes to infinity as n tends to infinity.

Corollary 3.3. Suppose

9 k=1 s\ 1/k=1 o\ 1/k=1
|Zn| Z max |C|7 () ) (> 5 <> 5
2a —1 B vy

for some k > 2 then |z,41| > (1 4+ A)|2,| which implies that |z,| — oo as n — oo.



Generation of Fractals and Anti-fractals using Thakur iterative scheme 187

Corollary 3.4. For k = 2, if

|z| > |¢| > max q |¢] 2 2 2
< 2 Z =z

- ) 2a _ 17 /37 ’}/ )

where % <a<1,0<8,y<1and c € C, then orbit of z under the Thakur-iteration of
quadratic polynomial P(z) = 22 + ¢ escapes to infinity as n tends to infinity.

Corollary 3.5. The orbit of z under the Thakur-iteration of cubic polynomial P(z) =
23 4 ¢ escapes to infinity as n tends to infinity if

9 12 o\N1/2 soN\1/2
> _c z z
|z|_c|>max{c|,(2a1) () () }

Where%<a<1,0<ﬂ,’y§1andc€(€.

Remark 1. To generate tricorns, we replace P(z) = 22 + ¢ by A(z) = 22 + ¢ and

find that for k = 2, if
2 2 2
1> max {520 5 2
where % <a<1,0< B,y <1and c € C, the orbit of z under the Thakur-iteration
escapes to infinity as n tends to infinity.
Remark 2. To generate multicorns and anti-Julia sets, we replace the polynomial
P(z) = 2™ + ¢ to the antipolynomial A(Z) = 2" +¢, for n = 2,3,4,---, and find that for

9 1/n—1 9 1/n—1 9 1/n—1
Z|>H1&X{(|C|,2a—1> 5<5) ’<'Y) }a

where % <a<1,0< B,v<1and c e C, the orbit of z tends to infinity.

4. Algorithm for generating Fractals

In this section, we present algorithm to generate Julia and Mandelbrot sets for
quadratic, cubic and higher degree complex polynomials. With the help of derived
results, we use the following algorithms to generate all fractals (Mandelbrot sets and
Julia sets), tricorns, multicorns and anti-Julia sets:

(1) Setup :
Choose a complex number ¢ = p + i v.
Initialize values of variables a, 3, 7.
Take zg = x + 1y as an initial point.

(2) Iterate :

Znt1 = (1 —an)P(zn) + anP(zy),
T = (1= Bn)PYn) + BuP(Yn),
Yn = (1 - Vn)zn +7nP(Zn)an >1,
where P(z,) =2z"+¢,n=2,3,4, ..., % <a<l,0<f,y<landceC.
(3) Stop :
|zj| > escape radius = max {|], (20[271)1/”71, (%)1/7171, (%)1/7171}.



188 Amit Kumar, Sudesh Kumari and Renu Chugh

(4) Count :
Number of iterations to escape.

(5) Color :
Depends on the number of iterations required to escape.

With the help of this algorithm, we make a program in Mathematica 12.0 to generate
fractals. To make source program, firstly, we use Block construct. Then, we input the
values of parameters «, 3, v, 4 and v ended with semicolons. Iterate the given polynomial
P(z) of degree n by implementing the general escape criterion derived in Theorem 1 to
generate fractals of n*" degree polynomials (n = 2,3,4,---) using while loop. In the
last, to plot required fractals, we apply Density Plot which includes number of iterations,
range of z-axis and y-axis, no. of points and color function.

Note: To generate tricorns, multicorns and anti-Julia sets, we replace polynomial P(z)
by antipolynomial A(Zz).

4.1. Source Program to Generate Mandelbrot Set. Here, we provide a source
program in Mathematica to generate Quadratic Mandelbrot set.
iter[x,y,lim] := Block[c, z, ct, v, B,

cC=p+ L,
z =z

a = 0.99;
6 =0.02;
v = 0.01;
ct = 0;

W hile[(Abs[z] < Max[Abs[c],2/8,2/v,2/(2a — 1)])&&(ct <= lim), + + ct;
b=zxz+¢

g=1=7)xz+7yxb;

a=q*xq+c
p=(1—=pB)xq+pBxa
d=pxp-+c
z=(1—-a)xb+axd];
Return|ct];

]

Density Plot [—iter[z, y, 25], {x, z min, 2 max}, {y, y min, y max}, Plot Points — 200, Mesh —
False, Color Function — (Hue[l — #]&)]

4.2. Source Program to Generate Julia Set. Here, we provide a source program
in Mathematica to generate Quadratic Mandelbrot set.

iter[z, y,lim] :== Block[e, z, ct, o, B,

c= W+,

2=+ LY;
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a = 0.99;
6 =10.02;
v = 0.01;
ct = 0;
pw=0.5;
v =20.3;

W hile[(Abs[z] < Maxz[Abs[c],2/8,2/7,2/(2a — 1)) &&(ct <= lim), + + ct;
b=zxz+c¢

g=(1—9)xz+7yxb

a=q*xq-+c
p=(01-pB)*xq+Bx*a
d=px*xp-+c

z=(1—a)xb+axd;];
Return|ct];

]

Density Plot [—iter[z, y, 25], {z, z min, x max}, {y, y min, y max}, Plot Points — 200, Mesh —
False, Color Function — (Hue[l — #]&)]

Remark 3. To generate tricorns and multicorns, we replace the variable z by its
conjugate z that is z — Z and the rest pseudocode remains same.

Note: We construct all fractals and antifractals using the same source programs only
by changing the values of parameters as described in the caption of each figure.

5. Generation of Mandelbrot sets in Thakur-iteration

Using source program given in Subsection 4.1, we generate following Mandelbrot sets
via Thakur-iteration by running the program in Mathematica 12.0. We found several
captivating new fractals having various geometric shapes. However, we have chosen
some figures of Mandelbrot sets for P(z) = 2* + ¢,k =2,3,4,--- at:

(1) (e, B,7v) =(0.6,0.2,0.3) (see Fig. 1), for k = 2.

(2) (e, B,7v) =(0.68,0.1,0.22) (see Fig. 2), for k = 2.
(3) (e, B8,7v) =(0.51,0.2,0.05) (see Fig. 3), for k = 2.
(4) (o, 8,7) = (0.98,0.2,0.2) (see Fig. 4), for k = 2.
(5) (a,8,v) = (0.82,0.1,0.99) (see Fig. 5), for k = 3.
(6) (e, B,7v) =(0.82,0.02,0.08) (see Fig. 6), for k = 3.
(7) (e, B,7v) = (0.98,0.05,0.05) (see Fig. 7), for k = 3.
(8) (a,B,v) =1(0.8,0.9,0.05) (see Fig. 8), for k = 5.
(9) (e, B,7v) =(0.69,0.1,0.15) (see Fig. 9), for k = 5.
(10) (e, B,7v) =(0.99,0.1,0.1) (see Fig. 10), for k = 5.
(11) (e, B,7v) = (0.99,0.02,0.02) (see Fig. 11), for k = 8.
(12) (o, B,7v) = (0.85,0.6,0.07) (see Fig. 12), for k = 10.
(13) (o, B,7v) =(0.99,0.12,0.01) (see Fig. 13), for k = 15.
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FIéURP; :1. Quacolratilc
Mandelbrot set for
(e, B,7)=(0.6, 0.2, 0.3)

Ficure 3. Quadratic
Mandelbrot  set  for
(e, B,7)=(0.51, 0.2,
0.05)

FIGURE 5
Mandelbrot set for
(e, B,7)=(0.82, 0.1,

0.99)

5. Cubic
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FiGure 2. Quadratic
Mandelbrot  set  for
(o, B,7)=(0.68, 0.1,
0.22)

FIG[;RE J :4. Coubic
Mandelbrot set for
(o, B,7)=(0.98, 0.2, 0.2)

FIGURE 6. Cubic
Mandelbrot set for
(o, B,7)=(0.82, 0.02,
0.08)
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Ficur 7. Cubic
Mandelbrot set for
(o, B,7)=(0.98, 0.05,
0.05)

1z

FIGUure 9. Fifth order
Mandelbrot set for
(01,5,7)2(0.69, Ola
0.15)

o

FiGure 11. Eight order
Mandelbrot  set  for
(o, B,7)=(0.99,  0.02,
0.02)

I;IGURIIE 8. DFifth ‘order:

Mandelbrot set for
(o, 8,7)=(0.8, 0.9, 0.05)

FIGEJREI 1()0. Fifth or-
der Mandelbrot set for
(e, B,7)=(0.99, 0.1, 0.1)

Quadratic  Mandelbrot
set for (a,f,7)=(0.85,
0.6, 0.07)

FIGURE 12. Tenth order
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FiGure 13. Fifteenth
order Mandelbrot set
for (a, 8,7v)=(0.99, 0.12,
0.01)

6. Generation of Julia sets in Thakur-iteration

Using source program given in Subsection 4.1, we generate following Julia sets via
Thakur-iteration by running the program in Mathematica 12.0. We found several
fascinating new fractals having various geometric shapes of Julia sets for P(z) =
F e k=234, at:

(1) (e, B,7v) =(—0.940.1¢,0.91,0.6,0.9) (see Fig. 14), for k = 2.

(2) (¢, B,7) = (0.45 + 0.25¢,0.96,0.1,0.35) (see Fig. 15), for k = 2.

(3) (e,a, B,7v) = (0.45 + 0.257,0.96,0.10,0.2) (see Fig. 16), for k = 2.

(4) (e, 8,7) = (0.02 +0.014,0.75,0.1,0.99) (see Fig. 17), for k = 3.

(5) (¢, B,7) = (0.01 + 0.014,0.99,0.09,0.9) (see Fig. 18), for k = 3.

(6) (c,r, 8,7v) = (0.1 +0.14,0.51,0.07,0.07) (see Fig. 19), for k = 6.

(7) (¢,a, 8,v) = (0.9+0.14,0.91,0.6,0.9) (see Fig. 20), for k = 10.

(8) (e, B,7) = (—0.02 + 0.02i,0.99,0.99,0.02) (see Fig. 21), for k = 13.

9) (e,a, B,7v) =(-0.1-0.2¢,0.99,0.01,0.01) (see Fig. 22), for k = 16.
(10) (¢, «, B,7v) = ((0.48 + 0.72¢,0.501,0.1,0.1)) (see Fig. 23), for k = 20.

F;GURE‘ 140. QualdratiC: FIGURE 15. Quadratic_
Julia set for Julia set for
(c,a, B,7)=(-0.940.1i, (¢, ar, B,7)=(0.4540.25i,

0.91, 0.6, 0.9) 0.96,0.1, 0.35)
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FiGURE 16. Quadratic
Julia set for
(¢, e, B,7v)=(0.4540.25i

,0.96, 0.10, 0.2)

;_' II”II-I”_

FIGURE 18. Cubic
Julia set for
(¢, ar, B,7)=(0.014-0.01i,
0.99, 0.09, 0.9)

o 03 o

FIGURE 20. Tenth
order Julia set for
(c,a, 5,7)=(0.940.1i,
0.91, 0.6, 0.9)

FIGURE 17. Cubic
Julia set for
(¢, ar, B,7v)=(0.0240.01i,
0.75, 0.1, 0.99)

FIGURE 19. Sixth
order Julia set for
(C7 a? 67 7):(0'1+0'1i7

0.51, 0.07, 0.07)

1o

os [

oo H

osH

1ol

15

FIGure 21. Thirteenth
order Julia set for
(¢, B,7)=
(-0.024-0.02i, 0.99, 0.99,
0.02)
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5 7] os To

B n
] 0z

FIGURE 22. Sixteenth FIGURE 23 Twentleth
order Julia set for order Julia set for
(C7 a? 67 7):(_0'1_0'2i7 (67 a? 67 7) = (0'48 —"_
0.99, 0.01, 0.01) 0.72i, 0.501, 0.1, 0.1)

7. Generation of tricorns and multicorns

In this section, some tricorns and multicorns are presented for the antipolynomial

Z Ed + ¢,d > 2. Here, we present some graphics of these sets at:

= (0.99,0.09,0.99) (see Fig. 24), for k = 2.

= (0.8,0.0.3,0.01) (see Fig. 25), for k = 2.

= (0.88,0.07,0.95) (see Fig. 26), for k = 3.

= (0.68,0.89,0.99) (see Fig. 27), for k = 5.

= (0.76,0.55,0.99) (see Fig. 28), for k = 5.

= (0.8,0.06,0.25) (see Fig. 29), for k = 8.

= (0.75,0.9,0.21) (see Fig. 30), for k = 15.

= (0.8,0.52,0.21) (see Fig. 31), for k = 20.

1

FIGURE : FIGURE  25. Tricorn
24. Tricorn set for set for (a,B,7) =
(v, 8,7)=(0.99,0.09,0.99) (0.8,0.0.3,0.01)
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oo H

)

FIGURE : ’ FII(;UREOS 27D MuTticorn
26. Multicorn set for set for (o, B,7)
(@, 8,7)=(0.88,0.07,0.95) —(0.68,0.89,0.99)

o5 |-

os 05 ] 5

FIEUREM N ) FIgUPI{DE 29 Multicorn
28. Multicorn set for set for (a, B,7)
(e, B,7)=(0.76,0.55,0.99) =(0.8,0.06,0.25)
|,oll|.lllllllll”III”I” |.0IIIII.IIII”III”

oo H i oo

n
oE

Ficure FIGURE 31. Multicorn
30. Multicorn set for set for (o, B,7)
(a, B,7)=((0.75,0.9,0.21) =(0.8,0.52,0.21)

8. Generation of anti-Julia sets

In this section, some anti-Julia sets are presented for the antipolynomial Z +—
z% 4+ ¢,d > 2. Here, we present some graphics of these sets at:

(1) (¢, B,7) = (0.42 + 0.4i,0.99,0.91,0.92) (see Fig. 32), for k = 2.



196

Amit Kumar, Sudesh Kumari and Renu Chugh

C7a7ﬁ7’y
C7a7ﬁ77
C?a?IB?,y

C7a7ﬂ77
C7a7ﬁ”y
C7a7ﬁ7’y

FiGure 32. Quadratic
Julia set for
(¢, e, B,7v)=(0.4240.4i,
0.99, 0.91, 0.92)

T

eh

Julia set for
(Ca «, 57 ’7):(0134‘021,
0.93, 0.02, 0.03)

FIGURE 34. Qiladratic

0.4+ 0.28i,0.99,0.41,0.73) (see Fig. 33), for k = 2.
0.13 + 0.24,0.93,0.02,0.03) (sce Fig. 34), for k = 2.
0.14 + 0.154,0.51,0.02,0.66) (see Fig. 35), for k = 3.

0.04 4+ 0.014,0.524,0.01,0.1) (see Fig. 37), for k = 6.
0.01 4+ 0.01%,0.99,0.99,0.03) (see Fig. 38), for k = 10.
0.3+ 0.914,0.51,0.83,0.08) (see Fig. 39), for k = 13.

(2) ( )= (
(3) ( )= (
(4) ( )= (
(5) (c,a, B,7) = (0.74 — 0.74,0.99,0.99,0.99) (see Fig. 36), for k = 3.
(6) ( )= (
(7) ( )= (
(®) ( )= (

FiGUurE 33. Quadratic
Julia set for (c,a,f,7)
=(0.440.28i, 0.99, 0.41,
0.73)

Ficure 35. Cubic Ju-
lia set for (c,a,p3,7)
=(0.14+0.151, 0.51, 0.02,
0.66)
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FIGURE

o

37. Sixth

FIGURE 36. Cubic Julia Taha et for (s Ao
0.7i, 0.99, 0.99, 0.99) =(0.04+0.01;,  0.524,

0.01, 0.1)
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FIGURE 38. Tent Ficure 39. Thirteenth
order Julia set for order Julia set for
(c,a, 8,7)=(0.01+0.01i, (c,a, B,y) =(0.340.91i,
0.99, 0.99, 0.03) 0.51, 0.83, 0.08)

9. Conclusion

In this paper, escape criteria of the complex polynomials have been derived to generate
fractals via Thakur iteration. We obtained different patterns of fractals and antifractals
with the change of involved parameters «, 5 and . We observed that with the change
of parameters «, § and =, there are distinguished variations in the shapes of fractals and
anti-fractals.
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