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Abstract. The Nevanlinna theory of value distribution is used to investigate
the existence of a meromorphic solution to a general system of g-shift complex
differential-difference equations whose coefficients are small functions of the
meromorphic function. Several limiting cases are reported in the study and an
example is given to complement our result. A note is added about problems for
which the method does not work.

1. Background

Ordinary differential-difference equations are widely used as models to describe many
problems of dynamics in various fields of science, particularly in fluid mechanics, solid
state physics, plasma physics, and so on. Many methods have been developed by math-
ematicians and physicists to find solutions of ordinary differential-difference equations
but there is no unified technique that can be employed to handle all types of differential-
difference equations.

The motivation of the present work is to investigate the existence of a meromorphic
solution for general systems of such types of differential-difference equations by using the
Nevanlinna theory. Our results show that the method provides a powerful mathematical
tool for solving many differential-difference equations appearing in mathematical physics
and also several results are reported as corollaries of our result. Some works have
reported solutions for certain types of complex differential equations ([20], [21], [26]).

The non-autonomous Schroder g-difference equation
fgz) = R(z, f(2)),
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where the right-hand side is rational in both arguments, has been widely studied during
the last decades. Recently, the Nevanlinna theory involving g-difference has been
developed to study g-difference equations. There are many articles focusing on complex
difference equations ([8], [9], [30]) and complex g-shift difference equations([3], [15], [25],
[31]) using the Nevanlinna theory. In this paper we use standard notions such as T'(r, f),
m(r, f), N(r, f), etc., and the results of Nevanlinna theory([10], [28], [29]) in obtaining
the desired meromorphic solution.

2. Preliminary Lemmas

The following three lemmas are required to prove our results on the desired
meromorphic solution.
Lemma 2.1. ([18]) Let ¥ be a transcendental meromorphic function, then
T(r, ¥™) < (k + 1)T(r, V) + S(r, T).
Lemma 2.2. ([7]) Let ¥ be a transcendental meromorphic function, and P(z) =
apz® + ap_128V 4+ ..+ a1z + ag, ax # 0 be a nonconstant polynomial of degree k.

Given 0 < 6§ < |ag|, denote o = |ag| + 6 and B = |ag| — I. Then given € > 0 and
aeCU{oo}, one has

kn(Br*,a,9) < n(r.a, ¥(p(=) < kn(ar*,a, ),
N(,Brk,a, U) 4+ O(logr) < N(r,a,¥(p(2))) < N(ar a,¥) + O(logr),
(1= )T (Br*, ) < T(r, ¥(p(2))) < (1 +&)T(ar*, W),
for all large enough .

Lemma 2.3. ([6]) Let ¥ : (r,+00) — (0,+00) be positive and bounded in every finite
interval, and suppose that V(ar®) < AU(r) + B holds for all large enough r, where

logA
a>0,k>1,A>1and B are real constants. Then ¥(r) = O((logr)?), where B = ng
og

3. Main Results

In this research paper, inspired by ideas of Li and Gao [16] and Luo and Zheng [17],
we consider system of g-shift differential-difference equations which is of the form:

Q(U;) =Ry(2,9), fori=1,2,..,n, (3.1)
where
QW) = > An(2) ¥ (qz +mn) + Y Bij (2) (qz + 1) +ch ()
h=1 j=1 =1

n4
+ Y Dim(2)¥}i(2).
m=1

Here the coefficients A;;(2), Bij(z), Ci(z), Dim(z) denote small functions relative
to W,;(z) respectively and A;p, Aij, Ai, Aim are finite non-negative integers. We
i 3 v is )
consider Ry(z,¥;(2)) = ain(2) + ain (2)Wi(2) + ... + ais, (2) L (2)
blo(z) + bll(Z)\I/[(Z) —+ ...+ bit; (Z)\I/II (Z)
U, (z) with coefficients a;o(2), a;1(2), ..., ais,; (2) and b;p(2), bi1(2), ..., bit, (2) being small

which is rational in
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functions of ¥;(z) and for i =1, 2,...,n we choose I =n, 1, 2,...,n—1. Let g e C\ {0}
and 7y, 1; be nonzero complex numbers.

Theorem 3.1. Let <\Ill(z), \112(2)77\1171(2)) be a zero-order transcendental

meromorphic solution of the system of equation (3.1). We denote
d; = degy, Ry (2, V1) = max{sy,tr},

and
ny no ns ng
A= D> Qi DD A+ A+ D)+ D Aim |
h=1 j=1 =1 m=1
then we get (d; + o(1))T(r, ;) < NT(r,¥;) fori=1, 2,..,n

Proof. Applying the Nevanlinna characteristic function on both sides of equation (3.1)
and using the Theorem 2.2.5 of Laine[13], we get

d;T(r,0;)=T(r,R;(2,%1)) + S(r, ¥y),
=T(r,Q(¥;)) + S(r,¥y),

no
( Z Ain \I/(’\“‘ (gz +nn) + Z Bij(z)\ljj\“ (gz +mnj)
j=1
N
+ZOzz )z 4 Dim(zﬂf?m(z)) + S, W5, fori=1,2,...n.
m=1

(3.2)

Since the coefficients A;;(2), Bi;(2), Ci(2), Dim(2) , @io, i1, ..., @is; and bg, i1, ..., bi,
in system (3.1) are small functions, we have

T(’I"7 Aih) = S(’I“7 \I/i), T(’I“, Bij) = S(’I‘, \I’i), T(T, Ofil) = S(’/’, \If,‘), T(’I“7 Dim) = S(T, \Ifi),

T(r,aip) =T(r,an) = ... =T(r,a;s,) = S(r, ¥;),
T(’l‘7 sz) = T(’I“, bzl) = ...= T(T, bis;) = S(T, \I/Z),
which hold for all r outside the set with a finite logarithmic measure. Let

(ll'l(z), Us(z2), ,\I/n(z)) be a zero-order meromorphic solution of (3.1). By using
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Lemmas 2.1 and Remark 5 of Xu and Zhang[27] in (3.2), we obtain

ny no
d;T(r, ) < Z T(r, \IIE)‘”L)(qz + 1)) + Z T(r, \I/;\7 (gz+n;))
h=1 j=1

n3
+ 3T, v (2) + Z T(r, U} (2)) 4+ S(r, Up),

ni

< Z()\ih + )T (r,V;(qz +nn)) + Z NijT(r, U, (qz +nj))

j=1
ns - (3.3)
Y Qa+ DT Wi(2) + > AimT(r, W4(2)) + S(r, ¥)),
= Z 2h+]- +HZQ)\zj+i zl+]— Z)‘ T(T,\I/Z(Z))
h=1
+ S(Ta \Ilf)v

=NT(r, ;) + S(r,¥y), fori=1,2,...,n
From equation (3.3) we arrive at the following expression
(di +o(1))T(r, ;) < NT(r, ;) fori=1,2,....,n. (3.4)

Hence the proof of Theorem 3.1 .
Example 3.1: Let ¢g=1,i=1, 2, g, =1, =0, A=2e+e ' +2 B=ec+2e" 1 +2

and (\Ill(z), \Ilg(z)> = (ez, e‘z> which satisfies the following system of equations

WK2+D+WﬂzfD+Tﬂz+D+@ﬂ@+Wﬂ@:i%, (3.5)
W24 1) — WY(2 — 1) — Un(z + 1) + Wh(z) — Un(2) = %. (3.6)

From this system we have dy = dy = 1, Ay = Ay = 9. This shows that didy =1 <
A1A2 = 81 which appears in Theorem 3.1 . Similarly other examples can be added for
integer values of ¢ other than 1.

Remark 3.1. If i = 1,2 then from equation (3.4) we get the following inequality
(di + o(1)T(r, Ua) < MT(r, 1), (3.7)
(d2 + o(1))T(r, U1) < AT(r, W) (3-8)
Taking (d2 + o(1)) times equation (3.7) and A; times equation (3.8), we obtain
respectively
(d1 4+ o(1))(d2 + o(1))T(r, ¥3) < A1(da + o(1))T(r, ¥y), (3.9
Al (d + ( ))T(’I“, 1) < )\1/\2T(T,\I/2). (310)
Therefore, from equations (3.9) and (3.10), we can get the following inequality:
(d1 + 0( ))(dg + O(l))T(T, \Ifg) < )\1/\2T(7‘, \:[12) (311)

From equation (3.11), we get
dldQT(’f‘, \IJQ) S )\1/\2T(7’, \1/2) + S(’I‘, \IJQ) (312)
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Noting that T'(r, ¥3) > 0 and dividing throughout by T'(r, U3) on both sides of the in-
equality and letting r — oo outside of a possible exceptional set E with finite logarithmic
measure, we get dyds < A1 2. This inequality is same as that obtained in Theorem 2.1
of [16].

Example 3.2: Applying the Nevanlinna characteristic function on both sides of
equations (3.5) and (3.6) respectively we get

9T(r, 1)+ S(r,¥y) > T(r,¥s). (3.13)
9 T(r,Uy)+ S(r,¥s) > T(r,¥;). (3.14)

Multiplying the equation (3.14) by 9 throughout, we get
81 T(r, W) + S(r,¥s) > 9 T(r,¥y). (3.15)

From equations (3.13) and (3.15), we can now get the following inequality:
81 T(’I“, ‘1/2) + S(’/‘, \Ilg) > T(’I“7 \Ifg),
which implies A\ Ao T'(r, Ua) + S(r, W) > dida T(r, ¥y).

Remark 3.2. If i = 1, 2,3, then from equation (3.4) we get the following inequality:

(d3 + O(l))T(T, ‘1’3) S )\171(’1“7 1111), (316)
(d1 + O(l))T(T‘, \111) < )\2’1_'(7"7 \IIQ), (317)
(d2 + 0(1))T(T, \112) < )\?,T(’l"7 \113) (318)

Taking (d; + o(1)) times equation (3.16) and A; times equation (3.17), we obtain
respectively

(dy + o(1)(ds + o(1))T(r, ¥3) < Ai(dy + o(1))T(r, 1), (3.19)
)\1(6[1 + O(l))T(T, \111) < )\1/\2T(r7 \Ifg). (320)

Now from equations (3.19) and (3.20), we obtain the following:
(dl + O(].))(dg + O(l))T(’)", \Ifg) S )\1)\2T(7’, \112) (321)

Taking (dy 4+ o(1))(ds + o(1)) times equation (3.18) and A3 times equation (3.21), we
obtain respectively

(d1 + 0(1))(d2 + 0(1))(ds + 0(1))T'(r, ¥2) < Az(d1 + o(1))(ds + o(1))T'(r, ¥3), (3.22)

As(di 4+ 0(1))(ds 4+ o(1))T(r, U3) < A A AT (r, Us). (3.23)
From equations (3.22) and (3.23), we obtain the following:
(dy + 0(1))(d2 + 0o(1))(d3 + o(1)T(r, U3) < Ap A AsT (1, U3). (3.24)
Now, from equation (3.24), we get
dydadsT(r,Us) < M A AT (r, Uy) + S(r, Us). (3.25)

Noting that T'(r, ¥5) > 0 and dividing throughout by T'(r, ¥s) on both sides of the in-
equality and letting » — oo outside of a possible exceptional set E with finite logarithmic
measure, we get dydads < A Az\3. Proceeding in the same manner for i = 1,2,....,n we
can prove that [T, d; < [T/ \i.
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Example3.3: Letg=1,i=1,2,3,n,==%1,7; =0, A = 2e+e 142, B =e+2e 142
,C=e+ % +1 and <\I/1(z), Uy (2), \Ilg(z)) = <ez, e ?, e +4> which satisfies the

following system of equations:

Uh(z+ 1)+ U5(z— 1)+ Us(z + 1) + U4(2) + Us(z) = 20T, + 8, (3.26)
Viz+1)+9(z—1)+T1(z+ 1)+ ) (2) + U1(2) = \%, (3.27)
W2+ 1) = (2 — 1) — Wa(z + 1) + Wh(2) — Wa(z) = %. (3.28)

For this system we have dy = dy = ds =1, Ay = Ay = A3 = 9. Applying the Nevanlinna
characteristic function on both sides of equations (3.26), (3.27) and (3.28) respectively,
we get

T(r,Vs) + S(r,¥s) > T(r, ¥y). (3.29)
(r, 1)+ S(r,Uy) > T(r, ¥sy). (3.30)
T(r,2) + S(r,Vs) > T(r, Us). (3.31)
Multiplying the equation (3 31) by 9 throughout, we get
81T (r,Ws) + S(r, Uy) > 9T (r, ¥U3). (3.32)
From equations (3.29) and (3.32), we can get the following inequality
81T (r,¥a) + S(r,Us) > T(r, ). (3.33)

Now from equations (3.33) and (3.30), we obtain the following;:
729 T (r, Ua) + S(r, ¥a) > T(r, ¥s),
which implies that Aj A2 A3 T(T, \112) + S(T, \112) > didaods T(T, \112)

We now consider the system of g-shift differential-difference equations which is of the

form:
Q) =V (P(2)), fori=1,2,..,n, (3.34)

where I =i — (— )t with i = 1, 2,...,n and Q(¥;) = Y7L 1Aih(,7:)\111(-)‘“1)(qz + ) +

ng LJ 7 >‘ @ im
2521 Bij ()W (g2 +my) + 352, C ( ) 1 (2) + oy Di (2) 07 (2). Here An(2),
B”(Z), C’ll( )7 Dzm( ) denote small functlons relative to \Il (z) respectively and A, Aij,
Ail, A\im are finite non-negative integers. Let P(z) = a2t +ap_12° T+ +aiz+ag, ax #+
0 be a nonconstant polynomial of degree k > n. Let g € C\ {0} and 7, 1; be nonzero
complex numbers.

Theorem 3.2. Suppose | Uy(z),Ps(z),...,VU,(2) | is a zero-order transcendental

meromorphic solution of the system of equation (3.34). Then, given € > 0, we have

T(r, V) +T(r, V) + ... + T(r,¥,,) = O((logr)***),

logy (159 [ Oun + 1)+ 52, Ay
logk” X~ (I—e) =32 a+1) = > A

m=1

where o =
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Proof. Let [ Uy(z),¥2(z2),...,¥,(2) | be a zero-order transcendental meromorphic

solution of the system (3.34). Given 0 < § < |ag]|, denote o = |ax| + § and 8 = |ag| — d.
From the equation (3.34), we may write

T(r, U;(P(2))) < T(r, i A ()8 (g2 + ) + 22 Bij(2)¥} (g2 + 1))

h=1 j=1

£ @)+ Y Dim<z>w?im<z>> ,
o m=t . (3.35)
<Y an+ DT (r, Ui(gz + ) + Y AT, Uilgz + 1))
h=1

j=1

+ 23()\” +1)T(r,T;(2)) + 24 XimT(r, U (2)) + S(r, ©;).
=1 m=1

From equation (3.35), using Lemma 1 of Ablowitz et al.[1] and the last result of Lemma
2.2 in the paper, for given € > 0, we have

(L= e)T(Br", ¥;) < T(r, Wi (p(2))),

<(1+¢) };(Aih—kl)—&-;)\ij T(r 41, U;(2)) (3.36)
+ i(AmlH iAim T(r,¥;(2)) + S(r, ¥,).
=1 m=1

Since T'(r+n,¥;) < T(Br, ¥;) holds for large enough r and for 8 > 1, in order to remove
the exceptional set, we know that whenever > 1, the following holds:

ni na
(=) T(Br*, @) < (142) | > i+ 1)+ D A | T(ubr, ¥y)
h=t =t (3.37)
ns Ny
F DD+ A | T, ).
=1 m=1
Putting ¢t = ppr, the inequality (3.37) can be written as
/Btk 1 n2
h=t =1 (3.38)
ns N4

+

T(%,W;).

SOa D+ Aim

=1
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The inequality (3.38) can now be written as

T(t,¥,;), fori=1,2,...,n.
(3.39)

( s \P) _ (49 [R5 an + 1) + 552 A
(uBOR ") = (L—e) = 232 (N + 1) = 20y Aim
On using Lemma 2.3 and equation (3.37) in equation (3.39), we get
T(r, ¥;) = O((logr)?),

where
(14 &) [ Aty Can + 1) + 252, A

o) S (s S\
R e ey LTS

logk ~ logk

log

’y:

l
Now denoting o = %, we can get the required form of Theorem 3.2 . Hence, the
og

Theorem 3.2 is proved.

Counter Example 3.1: This method of solution works for all g-shift differential-
difference equations in which ¥, is entire or meromorphic function. When a function is
other then entire or meromorphic function this method will not work.

Counter Example 3.2: The results holds for Linear differential-difference equations
but not for nonlinear type equations.

4. Utility of the problem

In this research paper, we have explored the possibility of a transcendental meromor-
phic solution of a certain class of ¢-shift differential-difference equations in the complex
domain. The problems involving these type of equations arise in studies of control theory
[12], in determining the expected time for the generation of action potentials in nerve
cells by random synaptic inputs in dendrites [23], in the modelling of activation of a
neuron [24] and many more. This type of equation has been studied by several authors
and the same is documented below:

1) Sirisha et. al. [22] obtained a numerical solution to the equation of the form:

b(x)y(z — 6) + d(x)y(z + n) + a(x)y'(z) + ey (z) + c(z)y(z) = f(2), (4.1)

by using the mixed finite-difference method.
2) Duressa and Reddy [5] obtained a numerical solution to the equation of the form

a(@)y(z = 0) + Blx)y(z +n) + alx)y (=) + ey’ (z) + w(z)y(z) = f(2), (4.2)

by using the domain decomposition method.
3) Andargie and Reddy [2] obtained a numerical solution to the equation of the form

q(@)y(z —0) + s(@)y(z +7) + p(a)y'(z) + ey’ (x) + r(x)y(z) = f(2), (4.3)
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by using the fitted method.
4) Prasad and Reddy [19] obtained a numerical solution to the equation of the form

a(z)y(z —0) + Bla)y(e +n) + %" (z) + w(z)y(z) = f(z), (4.4)
by using the differential quadrature method.

In a recent work[11], a tropical version of the Nevanlinna theory is described where
they have considered continuous piecewise linear functions of a real variable. Analogues
of the Nevanlinna characteristic, proximity and counting functions are defined and
versions of Nevanlinna’s first main theorem, the lemma on the logarithmic derivative
and Clunie’s lemma are proved. Based on this, in taking z has a real variable x in
equation (3.1), we get a real meromorphic function, ¥(z), having a real pole. This
leads us to conclude that there exists transcendental real meromorphic solution for the
following differential-difference equations:

a) In equation (3.1), takingi=1,¢g=1, A;p =0, m=1
n2 =1, Bui(z) = b(z), Bia(z) = d(z), Cr1(z) = a(z), Cr2
Ri(z,¥;) = ¥(x), we get

b(z)V(x —0) +d(z)¥(x +n) + a(z)V'(z) + ¥ (z) + C(2)¥(z) = V(). (4.5)

n :_67

b) In equation (3.1), takingi =1, ¢=1, 4;, =0, m=1,j=1,2,1=1,2, m,
= w(x) and

n2 = 1, Bii(x) = a(z), Bia(z) = (), Cri(z) = 0, Cra(x) = e?, Dy ()
Ri(z,¥;) = ¥(x), we get

a(x)V(x — 6) + B(x) ¥ (x +n) + 20" (z) + w(x)¥(z) = U(z). (4.6)
Clearly equation (4.5) is the same as equations (4.1), (4.2), (4.3) and also equation (4.6)
is the same as equation (4.4). Therefore, we may conclude that the Nevanlinna theory
is an alternative method of solving differential-difference equations involving delay or
advance parameters.

5. Results and Discussion

Using the much simpler proofs, this article provides two main results on the operator
Q(¥) by which extending the main results that were derived in ([1], [4], [9], [16],
[17]). Getting, our results from more general hypotheses and without any complicated
calculations is probably the most interesting feature of this article. In equation (3.1) by
fixing the values of coefficients and power of ¥; in Q(¥,;) with ¢ = 1, we get equations
which are tabulated in the table (1). One can easily explore many more limiting cases
of the present study.
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6. Open problem

Is it possible to prove the existence of meromorphic solution for system of partial

differential-difference equation by using the Nevanlinna theory of meromorphic function
in several complex variables?
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