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Abstract. The aim of this paper is to introduce and to study a new classes of
generalized functions of Colombeau type containing the space of tempered Roumieu
ultradistributions.

1. Introduction

It is fundamental to provide a more general framework of a differential algebra of
generalized functions containing the spaces of ultradistributions as well as their tempered
ones, because of the great importance they have in studying the quantum field theory,
convolution equations, harmonic analysis, pseudo-differential theory, time-frequency
analysis, and other fields of analysis. For more details see [18] and [25].

Generalized Gevrey ultradistributions of Colombeau type have been defined, but as a
side-theme, in [15]. The first paper aiming to introduce differential algebras containing
ultradistributions is [21] and even the interesting approach of the article [11]. However,
a Colombeau type theory of generalized Gevrey ultradistributions has been addressed
in [4], where a kernel of a complete theory was developed and has also introduced a
new way of defining the differential algebras of generalized Gevrey ultradistributions
which makes such a complete theory possible. In [3] and [2] a general construction
of generalized Gevrey ultradistribution algebras was given and has shown why in [4]
different Gevrey exponents occurred in the embedding of Gevrey ultradistribution
spaces. The authors in [1] introduce new general algebras of generalized functions
containing Roumieu ultradistributions and study the embedding of these spaces and
in [5] authors develop a microlocal analysis suitable for them by introducing a notion of
generalized regularity which coincides with ultradifferentiability.
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214 Elhouari Ghorab and Khaled Benmeriem

In [10] authors show that it is possible to embed the spaces of M,,-ultradistributions
into differentiable algebras in such a way that the multiplication of all M,-ultra-
differentiable functions is preserved. As for the recent developments regarding the
theory of ultradistributions, it is worth mentioning in this context, the developments
and analyses presented by authors in [8] based on [7]. Authors in [20] have developed the
theory of wavelet transform using ultraditribution theory of Beurling and Bjoérck and in
[27], authors have defined wavelet transform of ultraditribution in Z/, and established the
corresponding inversion formula by interpreting convergence in the weak distributional
sense.

The classical theory of Fourier analysis requires the notion of tempered distribution
space and the space of rapidly decreasing functions. In the same way, to introduce
a global theory of generalized Roumieu ultradistributoins one needs to introduce the
generalized tempered ultradistributions which is the objective of this paper.

First, we introduce new differential algebras of generalized tempered ultardistribu-
tions, denoted as GM (2), and defined as quotient algebra:

g]W(Q) _ 87]1\;[7'(9)
" NM()’
where EM_(Q), is the space of (f.). € C>(Q)! satisfying Vo € Z7, 3k > 0, Ip > 0,
de > 0, 3gg € I, Ve < gy,

sup (1 + |z[)7*|0% fe(2)| < cexp <M (k>> ’

zER™ )

and MM (), is the space of (f.). € C*(Q)! satisfying Voo € Z7, Vk > 0, Ip > 0 3¢ > 0,
deg € I, Ve < gg,

sup (1 -+ [2]) 7[0% . (x)] < cexp (—M (’“)) |

zER™

Then we show that GM(Q) contains the space of tempered ultradistributions of class
M,N,, and the following diagram of the embeddings is commutative

oM = M@

,]\
SMJN(Q)

2. Preliminaries

In this paper, we will study only the case of Roumieu, let (M,),cz, be a sequence of
positive numbers, recall the following properties :

(H1) Logarithmic convexity :
M} < My 1My

(H2) Stability under ultradifferentiation :
JA > 0;3H > 0; My q < AHPTIM,My;Vp > 0;Yg > 0
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(H2)" Stability under differentiation :
JA > 0;3H > 0; My < AHPT M5 Vp > 0;
(H3)" Non-quasi-analyticity :

oo Mp_l
Mo
p=1 M

The associated function of the sequence (Mp)yez, is the function defined by

Mot?
M(t) = suplog —2—: ¢ € R*
(t) suplog = - T
A differential operator of infinite order P(D) = ) a.,D7 is called an ultradifferential
YELZY
operator of class M), if for every h > 0 there exist ¢ > 0 such that Vy € Z7,

(2.1)
o]

An infinitely differentiable function f on an open set 2 in R™ will be called an
ultradifferentiable function of class M, if for every compact subset K of 2, 3¢ > 0,
Va € 27,

sup [0 f ()] < * M. (2:2)
zeK

This space is also called the space of Denjoy-Carleman.

Let EM(Q) be the space of all ultradifferentiable function of class M, on Q and let
DM(Q) be the subspace of E* () composed of all functions with compact support. see
for more detail [17, 26]

If (My)pez, satisfies (H1) and (H3)" then by the Denjoy-Carleman-Mandelbrojt
theorem there are sufficiently many functions in DM (Q).

Definition 2.1. The strong dual of DM (Q), denoted as D’ (), is called the space of
Roumieu ultradistributions.

Proposition 2.2. Let the sequence (M,),cz, satisfy condition (H1), then it satisfies
(H2) if and only if A > 0,3H > 0,Vt > 0,

2M(t) < M(Ht) + In(AM,).

Below, we list the most important ones, then we need next. For more details
see[6, 13, 14, 16, 19, 22, 23] and [24].

Definition 2.3. The space of smooth functions ¢ on R™ such that, for all A > 0,

1

2

_ het? 2\ 2 qa 2
on(6) = ;/A“W%a+m>aw@ <o,

equipped with the topology induced by the norm oy,(¢) is denoted by S™:*. The strong
duals of
SM _ hﬂ' SM’h
h— 00

is called the space of tempered Roumieu ultraditributions, denoted S’M.
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Remark 2.4. The family of norms {op,h > 0} is equivalent to the family of norms
{II-llm, m > 0}, where

mlel
Mg

19llm = sup{7—|0%¢(x)| exp M (m|z[)}.

Definition 2.5. The space of the convolutors of S’ denoted as O'M, is the space
of all T € S'M such that the convolution T % ¢ is in S™, for every ¢ € S™, and the

mapping
sM- 5 M
10) - Txo
is continuous.
Definition 2.6. The space of multipliers denoted as O}, is the space of functions ¢
from EM((2) such that ¢ € O} if and only if for every ¢ € SM, p¢ € SM and the
mapping
sM- . gM
¢ = 99
is continuous.
Proposition 2.7. Let ¢ € C*°, then ¢ € O%l if and only if Vm > 0,3r > 0, such that

rlol| exp (=M (m).]) 8°(¢)|sc 0
{ M } -

sup
Q€LY

Proof. see [9, 14]. O

Proposition 2.8. Assume that the sequence M, satisfes conditions (H1),(H2) and
(H3), then T € S’ if, and only if, T'= P(D)F, where P is an operator of class M,
and F' is continuous functions on R™ such that for every k > 0 there is a ¢ > 0:

|F(z)| < cexp (M(k|x|));x € R"
Proof. see [6]. O

3. Generalized tempered Roumieu ultradistributions

For our needs, we recall the essential definitions and results on algebra of generalized
Roumieu ultradistributions of class M,, denoted as G* (), for more details, we send
the reader to [1] .

Let © be a non void open subset of R™ and I =|0, 1].

Definition 3.1. The space of moderate elements, denoted as &M ((2), is the space of
(f)e € C=(Q)! satisfying for every compact K of Q, Voo € Z7, Ik > 0, Ic > 0, Jeg € I,
Ve S €0,

:g}glﬁafa(x)l < cexp (M (k» : (3.1)

3

The space of null elements, denoted as NM(Q), is the space of (f.). € C*(Q)!
satisfying for every compact K of 2, Vo € Z}, ¥k > 0, 3¢ > 0, Jeg € I, Ve < o,

sup[0°£.(0)] < coxp (—M (’“)) | (3.2)

3
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Proposition 3.2. 1) The space of moderate elements &M (Q2) is an algebra stable
by derivation.
2) The space NM(Q) is an ideal of EM(Q) .

Definition 3.3. The algebra of generalized Roumieu ultradistributions of class M),
denoted as GM (Q), is the quotient algebra:
EM(Q)
M)

In order to introduce tempered ones, we need to study the elements which are missing
the property of compact support but they have the same behavior at infinity. Therefore,
a polynomial must be added and re-study of all characteristics, which is the focus of our
aim.

Definition 3.4. The space of tempered moderate elements, denoted as EM_(Q), is the
space of (f.). € C>(Q)! satisfying Va € Z%, 3k >0, Ip > 0, 3¢ > 0, Jeg € I, Ve < &,

sup (1+[o]) |0 (o) < coxp <M (’“)) . (33)

The space of tempered null elements, denoted as N (Q), is the space of (f.). €
C*(Q)! satisfying Voo € Z7, Yk >0, 3p > 0 3¢ > 0, Jeo € I, Ve < &,

sup (14 [ol) 710% 1.0) < coxp (-1 (£) ) (3.4

The following proposition gives properties of the spaces EM_(Q) and NM(Q).

Proposition 3.5. 1) The space of tempered moderate elements &M _(Q) is an
algebra stable by derivation.
2) The space NM(Q) is an ideal of M _(Q) .

Proof.
1) Let (fe)e, (ge)e € EM(Q), then VB € Z7,3ky > 0,3py > 0,3c1 > 0,3e15 € [,Ve < €15
_ Ié] kl
sup (14 |z|) 77107 fe(x)| < crexp | M ~ ) (3.5)
zERN

VB e Z%, ke > 0,3ps > 0,3cy > 0,3625 €, Ve < €23
k
sup (1 + |z])772]0%g. ()| < coexp (M (;)) . (3.6)
zER™

Let a € Z7, then

(e

0%(fege) ()] < Y CRIO* P (fo) (@)]10° (90) ().
B=0
From the Proposition 2.2, we have 3A > 0,3H > 0,Vt > 0

OM(t) < M(Ht) + In(AM).
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For k = H(max{ky, ko, }),e < min{eig, €25, 8| < |a|}, we have for t = &

€

o (<1 (5) )10 Goowl < anny Y czen (-ar (B) ) o2

=0

cesp (<31 (*2)) (00

AMy Y " CE+ [P er(1 + [2])P e
B£=0
< es(1+ |2y,

IN

for p = p1 + p2, we have
k
1+ e 2exp (<01 (1) ) 10°(00(0)] <

which means that (f.g.). € EM_(Q).
We have V3 € Z%,3ky = ki(B+1) > 0,3p1 = p1(B+1) > 0,31 = a1(B+1) >
0,3e1g € I,Ve < €1

sup (1 -+ [2]) 71107 (9£.)(@)] < 1 exp (M <k>) .

meR'Vl
So, we have (9f.). € EM_(Q).
2) If (g¢)e € NM(Q); VB € Z% Vky > 0,3ps > 0,3c2 > 0,3eag € I,Ve < €2

sup (1+ [2]) 2108 (92)(2)] < €2 exp (—M (’“)) .

xeR™
Let o € Z%} and k > 0, then

oo (3 (1)) iraawi <o (3 (1)) g)cflaaﬁ(fe)(w)llaﬁ(ge)(r)l-

Take ko = Hmax{ki,k} and € < min{eig,€24,|8| < ||}, then for ¢ = % in 2.2, we
obtain

e (3 (£)) o raael < aXciew (-3 () @

8=0

X exp (M (’“j)) 107 (g0) (@)

A Cler(1 4+ ||y
B=0
X(1+ |z[)P?eo

IN

IN

[e3%

c1e2A(1 + |z|)? Z cP
3=0

IN

IN

c(1 +[z[)?,
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which means also that (f.g.). € NM(Q). O

Definition 3.6. The algebra of generalized tempered Roumieu ultradistributions of
class M, denoted as GM(Q), is the quotient algebra:

_ s ()
- NM(Q)

Remark 3.7. In the same way, as a generalized function, we can introduce the notion
of the point value.

gMQ)

4. Embedding of Roumieu tempered ultradistributions

As the same way as [1] for embedding of Roumieu ultradistributions, it remains for
us just to adapt the evidences.

Let N = (Np)pez, be a sequence satisfying the conditions (H1), (H2), (H3)" and
Np = 1, the space S™V(R™) is the space of functions ¢ € C°°(R"™) such that ¥m > 0, we
have

mlal
N |0%p(x)| exp N(m|z|)} < occ.

Define XV as the set of functions ¢ € SV (R") satisfying

l@llm = sup{
,T

/¢(x)dx =1 and/xagb(x)dx =0, VaecZiN\{0}.

Definition 4.1. The net ¢. = e "¢(./¢), € € I, where ¢ € &V is called a N— mollifier
net.

Let (Lp)pez, be a sequence satisfying (H1), (H2), (H3)', and Vp € Z,, L, < M, the
space O%,() is embedded into GM (Q) by the standard canonical injection

I: 0L(Q) — GMQ)
R T (1)

where f. = f, Ve € I.

The following proposition gives the embedding of Roumieu tempered ultradistribu-
tions into GM(Q) . Let M and N two sequences satisfying (H1), (H2) and (H3)/ with
MOZNozlaHd¢EEN.

Theorem 4.2. The map

Jo: SMNQ) — gM(Q)
f = [fI=d((f*¢c)/0)

is an embedding.
For the proof, we need the following lemma, see [14].

Lemma 4.3. For any t,s > 0 it holds:

M (t+s) < 9 M(2t) ,M(25)
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Proof. Let T € S'"MY and ¢ € SV, then by Proposition 2.8 there exists an operator of
class M, N,, and continuous functions f wich for every m > 0 there is a ¢ > 0, such that

|f(z)| < cexp (MN(m|z]));z € R"
and T = P(D)f

Let o € Z1, then
1
leY a+y
T oIS T O [ 156+ o o) an
YELY

From (2.1) and condition (H2), we have 3A > 0,3H > 0,Vh > 0,3c > 0, such that

N Rl o
el < 03 MM‘ 5[ et elo )y
"IN}y taf nl* 19t g(y)|
< CZ €|a+’y|n|a+’y|M‘ N, I/|f(:c+6y)| Nyoa dy
W Mg Njo 10 nlo 9ot (y)|
< CA d
- ;L €O¢+'Y|’[’[,0¢+'Y|M|,Y+a|/|f($+ey)| Nl’Y+a| y
+
N hllela‘Nla‘Hla+v\
0 (Trg)@)] < Ca Y T lelTe
’YEZQL_ "\/+Oc|
latvl| gaty
x/C’exp(MN(er—i—ey\))n ]\|7| N |¢(y)|dy
y+a

h|7|M|a‘N|a‘H|“+'Y‘

< A
Wgz:i €‘a+’y‘n‘a+’”Mh+al
\a+v\aa+v¢
n Y
x/exp(MN(2m|x|))exp (M N (2mleyl)) ]\‘[ ( )‘dy
|[y+al
RV M Ny, HIoHY
= AZ \a-s-w\l \‘a-s-lw\‘M
yezn & lv+al
|a+7|8a+7¢
n Yy
X/exp (MN(2m|z|)) exp (N(2m]ey])) ]\|] ( )ldy
|y+al
AV, o N o H 124
: exp (MN (2m]a)))

Z at+y|ploty
'yEZie‘ Inlet My 1a)

nlatylgoty
[ e (Vg )

Niyal




Generalized Roumieu Tempered Ultradistributions 221

then

(2h)|a o 2Hh)|a+’7|

A S P e < y

M|Q\N|a\|a (T > ) (x CAY 2” T Iexp(MN(2m|x|))

YELY

[ exp (¥ (2mlyl)) =T (N(nlyl)) nl* 110" 6 (y)]

exp (N (n]y[)) Njy1a

Take m such that

exp (N(2m]y|))
——————dy < 0.
/ exp (N (nly)))
(2h)lel oy (2Rt (2L )lat|
My Ny O T * @@ < €AY 20— exp (N 2mlz)) 61
vELY
< Cexp (M(k)> exp (M N (2m|z|))
€
< Cexp (M(k)> exp (MN(m/|z])),
€
where m’ = 2m, we have
m(1 + |z[)?
exp (MN(m/|z])) < sup ——————,
pezy  MpNy

then dpg > 0, such that

mma@ws)( 2)] < Cexp (M (k)) e

which means

sup (1 + |2])77°[0(T * ¢:)(2)| < C(a) exp (M (f))

x€R™
where k = (222, O
Proposition 4.4. The following diagram
M
o8P — gM(Q)
Nt
SMJN(Q)
is commutative.

Proof. Let f € OSN "' \ve prove that (f = (f*00))e € NM(Q).
By Taylors formula and the fact that ¢ € XV, we obtain

0°(f + 6 = F@) < " 3 /'a "IN 811 (y)ldy, where < € <z + ey,
|B|=L
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Vn > 1, we have

‘aa(f * ¢e -
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(@)

(@)

IN

IN

IN

IA

IA

IN

IN

L Mo p(a+B)!

€

|Bl=L

x / exp(MN =1l (ml€]) |yl #|é(y)|dy

L Mo p0!

. _Miasrpiat
Njargrlethl

|Bl=L

x / exp(M N~ pl(mlé])) y]*|é(3) | dy

L Mo p0!

€ =
N|a+ﬁ|’]"|a+ﬂ|

|Bl=L

< [ exp(Npltmla + )yl 6 (w)ldy

Ma_;’_ﬁ O[' _
EL Z WGXP(MN 1p'(2m|fl]‘))
|8|=L [a+]

< [ exp(INplmly)lsl oty idy

MO‘""B a! _
€L Z WGXP(MN 1p'(2m|x‘))
18|=L la+8]

< / exp(N (2mly) |yl |6(y)dy

Mjaqp)0! -
EL Z WQXP(MN 1p'(2m|x‘))
|B|=L la+8|

X/eXp(N(QmeI))N\m exp(N ([y)|o(y)|dy

Ma—i—,@ Nﬂ ol _
£ N‘ilr‘(ly_lﬁlexp(MN Ipl(2ml]))
|8|=L [a+pB]

></eXp(N(leyl))eXP(N(IyI))\cb(y)Idy.

M Niga!
L la+-B1-Y18] -1,
€ E oAl exp(M N~ p!(2m|z|
R

></eXp(N(2m|y|))eXp(N(n\yl))lcb(y)ldy

&y MjaipNgje!
N arlotsl
18|=L la+B|T

exp(N(2mly]))
/ exp(N (ny]))

exp(MN~"pl(2mla))

exp(2N (n|y)))|o(y)|dy,
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by the Proposition 2.2, we have 94 > 0,3H > 0, such that

Mo 5N g al _
0°(f 6 = Do) < ey AP exp(MN 1l (2m|
‘,3|:LN|0¢+5‘T

« [ ety

exp(N (ny[))

M + N O[' _
< b N7 THPPET A exp(M N pl2mlz )|l iy
Niatpriet?!
|B|=L

[ Eolenu),,

exp(N (ny[))

exp(N(nH|yl)) Alo(y)|dy

take m such that
dy < o0,

/ exp(N(2mly|))
exp(N(nly[))
then

o Moy Njgj! -
0°( 6= (@) < € 3T TG AexpMN T pl2mla) ¢l
|Bl=L """

From condition (H2), and in fact that Vp > 0, Ng < M,p! we have A" > 0,3H >0,
such that

H‘(’H_BIMM‘MM”OA

0°(f 6~ f)l@)| < eLA/ﬁZL N rlaral AN CmlD)l¢lon
, Hl*l M, ! HIBI M,

L laf Z El

< exp(N(2m|:E|))e AA ||¢||(nH) N\a|r‘a| 7‘|5| y

for m’ = 2m, we have

mP(1+ |z)P  mPo(1 + |a[)Po
exp (N (m/[z])) < sup =
PEZL4 Np Npo
Let k> 0 and T > 0, then

AA'H 91l () Mo !
rleINjq

181
HKT

L —L
x el M (kT) |ﬁ§|L (T )

m/Po(1 + |x|)Po AAIH‘O‘|||¢||(nH)M\a|Oz!
]\]p0 ’I"‘O‘le‘

wel My, (kT)~ L Z <HfT) 18]

|Bl=L

0%(f x ¢e = /(@)] < exp(N(m'|z]))

IN

IN

18]
(1 + |z|)Poc(a)el My (kT)~ Z (HkT> ,

r
|Bl=L
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where '
m/P AA"H1| || 1y M) o 0!
cla) = '
HQLAQUAGM
Taking
HET 1
< a )
r — 2a

with a > 1, we obtain

1\ 8l
0°(f % ¢ — £)(@)] < (1+ || ()" M (kT) Fa S (2) ,
|B|=L

M,

Let €9 € I such that egM; < 1 and take T" > #;Vp > 1, then, there exists
P

L = L(e) € Z4, such that
1< (M) F<T

)

which gives
k
a Ll <exp (M <>> and "M (kT)"F <1,
€

if we take a > 2, finally, we have

(L4 Ja) P 10°(f * e — F)(@)] < coxp (M (’“)) .

€

5. Regular generalized Roumieu tempered ultradistributions

Definition 5.1. The space of regular tempered moderate elements, denoted as
EM20(Q)), is the space of (f.). € C(Q)! satisfying, Ik > 0, Ic > 0, Ip > 0, Jgo € I,

Va € Z1,Ve < gy,

sup (1-+[ol) 710 £.(0)] < cexp (31 (£)). (5.1)

TER™

The space of regular tempered null elements is defined as :

NM2(9) = NM Q) N M2 (9)
Definition 5.2. The algebra of regular generalized tempered Roumieu ultradistribu-
tions of class M, denoted as GM>°(€2), is the quotient algebra:

gbﬁw(Q)
g‘f_\/f,oo Q) = Zm.T )
TN )

The basic properties of GM:>°(Q) are given by the following result.

Proposition 5.3. The space G:°°(Q) is a sheaf subalgebra of GM ().

Definition 5.4. We define the GM:>°(Q)-singular support of a generalized tempered
ultradistribution f € GM (), as the complement of the largest open set ' such that
fegre().
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Theorem 5.5. We have GM>(Q) N S’MN(Q) = Oﬁp!(Q).
Proof. Asin [12]. Take T € S"M¥ such that Jo(T) is in GM->°, then (T x ¢. ) is in EM:°

Recall that

TeON =T e 0N = v e S¥P Txw e 5¥7!
So consider U € S~P!, we are going to show that %“Wﬁ* U(.)| is bounded for
P
allpeZ .
We have

TxU=(T(1—¢))*x U+ (Th.) T (5.2)

Recalling that ¢. = e "¢(.,/¢), we easily get that 745:() = QAS(E) Note also that
#(0) = [ ¢(x)dz = 1. Thus

. 1
1—¢e(z) = —5/0 V(ext)xdt = eB(e, x).

As ¢ is rapidly decreasing, there exists ¢ > 0 such that \Vo(ext)z| < c(1 + |z[?)2.
The same holds for the derivatives with respect to x and, thus, for the function B and
its derivatives. From this, for example by using the structure of elements of S"MN it

can be shown that 7'(1 — a;)) * U satisfies

Vo € R™|((T(1 - ¢.)) x ©) ()] < coe(1 + |z[*)% (5.3)

for some ¢y > 0 and n not depending on e.

For p = § — &, we have

mP z|)? ~ — mP z|2)P
A @ - gy s < PEEEEE

P NP
mP (1 + |z[?) 57

((T(1 = ¢2)) W) ()|

N

IN

INA
o)
S

™

IA
o
G

[

then
R Mo
TG 0@ < acew (Npg (m |x|)>’ (5.4)
we have
(i2)°[(The) * )(2) = (iz)’FU(T % ¢)F 1 ()]()
FIOP(T % ¢o) F~ (W) ().
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Applying the definition of £M:>° for (T x ¢.)., we have

Vo € RO (T % ¢.)(x) F 1 W(z)| < cexp (M (’j)) (1 + |2))P | F 10 (z)|
< con(u(t)
< con (M (4)).
; |(i2)°[(The) % W)(w)| = [(i2)°[T % o2 » ¥ ()|
|FI0°(T * ¢ ) F~ W) ()]
< oo (30 (1))
then

M 12D 557« w(@)] < e exp <J‘]§p! (k>> :

My ) €
~, P

using 5.4 for m'|z| < £ and for € = 1, we have

mP (1 + |z|)? A
R[N
nP

ie. (TxW) e SHP, then T is in Oﬁp!. O

Remark 5.6. In further coming paper, we will study the Fourier analysis with an
algebra of generalized tempered Roumieu ultradistributions and give some applications.
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