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Abstract. In this research paper, we introduce and study two new families
Zs(0,m,6,t;) and Z3(0,7,¢,t;8) of normalized holomorphic and bi-univalent
functions which involve the Sakaguchi type Bazilevi¢ functions and Sakaguchi type
¢-pseudo-starlike functions. We establish the bounds for the initial Taylor-Maclaurin
coefficients |az2| and |ag| for functions in each of these new families. Further, certain
several special cases and consequences for our results are also pointed.

1. Introduction
Let A be the family of holomorphic functions in the open unit disk
U={z:2€C and |[z|<1}

and have the following normalized form:

f(z) :z—i—Zakzk. (1.1)
k=2

We also denote by S the subclass of A consisting of functions which are also univalent
in U.

A function f € A is said to be Bazilevi¢ function in U if (see [12])

zl‘”f’(Z)) .
R{——F=5]>0 2€U; n=0).
((f(Z)) ; ( n=0)
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On the other hand, a function f € A is said to be a ¢-pseudo-starlike function in U if

(see [2]) ,
m<4?30>>0 (z€U; ¢ = 1).

Frasin [7] introduced and studied the family S(u,s,t) consisting of functions f € A

which satisfy the condition
(s— 2'(2) }
» { > i
f(sz) = f(tz)
for some 0 < p < 1; s,t € Cwiths#¢; |¢| <1 and for all z € U.

According to the Koebe one-quarter theorem [6], every function f € S has an inverse
£~ defined by

fHf2)=2 (2€U)

and
Few) = (<l ) 2 ).
where
g(w) = fH(w) = w — axw?® + (243 — az) w* — (5a3 — basaz + as) w* +--- . (1.2)

A function f € A is called bi-univalent in U if both f and f~! are univalent in U. Let
¥ stand for the family of normalized bi-univalent functions in U given by (1.1). For a
brief historical account and for several interesting examples of functions in the family 3,
see the pioneering work on this subject by Srivastava et al. [20], which actually revived
the study of bi-univalent functions in recent years. From the work of Srivastava et al.
[20], we choose to recall here the following examples of functions in the family 3 :

z 1 142
—log(1 — d =1 .
T og(1l—z) an 5 Og(lz)
We notice that the family 3 is not empty. However, the Koebe function is not a member
of X.

In a considerably large number of sequels to the aforementioned work of Srivastava et
al. [20], several different subclasses of the bi-univalent function class ¥ were introduced
and studied analogously by the many authors (see, for example, [1, 4, 5, 9, 13, 14, 15, 16,
17, 18, 21, 22, 24, 25, 26]), but only non-sharp estimates on the initial coefficients |as|
and |asz| in the Taylor-Maclaurin expansion (1.1) were obtained in many of these recent
papers. The problem to find the general coefficient bounds on the Taylor-Maclaurin
coefficients

lan]| (ne N\ {1,2}; N:={1,2,3,---})

for functions f € ¥ is still not completely addressed for many of the subclasses of the
bi-univalent function family ¥ (see, for example, [16, 21, 22]; see also [19]).
We now recall the following lemma that will be used to prove our main results.

Lemma 1.1. [6] If h € P, then
lex| < 2 (VkeN),



Coefficient bounds for new families of Bazilevié and ¢-pseudo-starlike bi-univalent functions 231

where P is the family of all functions h, holomorphic in U, for which
R(h(z)) >0 (2 €U)
with
h(z) =14 c1z+coz? + -+ (z € U).
2. Coefficient Estimates for the Family Zx(0,7, ¢,t; a)

In this section, we first define the family Zx (0,7, ¢,t; ).

Definition 2.1. A function f € X, given by (1.1), is said to be in the family
Zs(0,m, ¢, t; a) if it satisfies the following conditions:

g <(1 g (=097 (-0 (f’(Z>)¢>‘ _oam 21)

(F(z) = f(t2)) " F(z) = F(t2) 2
and
(=) ) (=g @)?)] _ ar
- (“ D (gt gtz 0 gw) — gttw) ) 22
where

zzwelU, 0<as1l, 056051, n=20, 21, teC and [t <1,
and g = f~1 is given by (1.2).

Theorem 2.2. Let f € Z5(0,n,6,t;0) 0 < a1, 02051, n20,¢21;t¢€
C; |t] £1) be given by (1.1). Then

2c
as <
el = VIe[(1T=0)2(n,t) +20 (¢ (20 —2t — 1) + )] + (1 — a)¥(n, 6, $, 1)
and
las| < 4072 _
S A=-0)2-Q-n)(t+1)+0(2¢—t—1)]
2
T 0B- @i+ 1)+ 066 —F _t-1]
where
o, 1) = (1—1n) ((2 )+ 1) -6+ 1) — 2t2) +6, (2.3)
and
U(n,0,¢,t) =[(1—0)(2— (L—n)(t+1)) +0(2¢ —t —1)]°. (2.4)

Proof. In light of the conditions (2.1) and (2.2), we have
(=027 7C) , , 0= 02 )

(1-10) ) — fE)™ = fie) [p(2)] (2.5)
and
(@ =tw) g (w) (1—tw(g'(w)® o)
(1-10) (0() — g(w))1 + 6 o(w) = gltw) = [g(w)]”, (2.6)
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where g = f~! and the functions p, ¢ € P have the following series representations:

p(z) = 14 prz +paz® +p3z’ + - (2.7)
and
q(w) =14 qw + guw? + ggw® + - - - . (2.8)
By comparing the corresponding coefficients of (2.5) and (2.6), we find that
(1-60)2—(1—=n)(t+1)+602¢—t—1)]az = ap, (2.9)

(1=0)B—(1—n) (+t+1)+0Bos—t*—t—1)]as

+a-oa—n+1) (;(2 —)(t+1) - 2) +0((t+1) = 20(t - 6+ 2))} a3

ala—1
= apy+ 21 i, (2.10)

~[(1— )2~ (L= n)(t+1)) + 026 —t — )] az = aqy (2.11)
and

(=0 B—(1—n) (P+t+1))+0Bo—1t*—t—1)] (205 — as)

-0 -—ne+1) (1(2 —)(t+1)— 2> +0 ((t T 12— 20(t— ¢+ 2))} a2

2
= ags + w g (2.12)
Thus, by using (2.9) and (2.11), we conclude that
P1=—q1 (2.13)
and
2((1-0)2— (L=m)(t+1) +0(2¢ — t = 1) a3 = *(p] +q}). (2.14)

If we add (2.10) to (2.12), we obtain

D (24 qd), (219)

where ®(n,t) is given by (2.3). Substituting the value of p? + ¢f from (2.14) into the
right-hand side of (2.15), and after some computations, we deduce that

(1= 0)2(n,t) +20 (¢ (20 — 2t = 1) + )] a3 = a(p2 +q2) +

2 all-0)@(n,t) +20(¢(2¢ — 2t — 1) + )] + (1 — @)U (1,6, 0,1)’
where ¥(n, 0, ¢,t) is given by (2.4). By taking the moduli of both sides of (2.16) and
applying the Lemma of Section 1 for the coefficients py and g2, we have
2a
las] < .
VIal(=0)@(n,6) +20(¢ (26 -2t = 1) + O] + (1= a)¥ (1, 0,6, 1)]
Next, in order to determinate the bound on |ag|, by subtracting (2.12) from (2.10), we
get

2(1-0)B3-1-n) (P+t+1))+0Bo—t>—t—1)] (a5 — a3)

A= - g). 217)

a

=a(p2 —q)+
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Now, upon substituting the value of a3 from (2.14) into (2.17) and using (2.13), we
deduce that
o® (pf + q7)

2[(1=0)2 = (L=m)(t+1)) + 626 —t — 1))

a(p2 — g2)
2[(1-0)B—-—(1—-n 2 +t+1)+0@Bp—12—t—-1)]
Finally, by taking the moduli on both sides of (2.18) and applying the Lemma of Section
1 once again for the coefficients p1, ps2, g1 and ¢o, it follows that

az =

+ (2.18)

40
las| = )
(1-60)2-1-n)(+1))+0(20—t—1)]
2c
T B--n@ttt )1 0@s—2—1-1)]
This completes the proof of Theorem 2.2. O

3. Coeflicient Estimates for the Family Z5 (6,1, ¢.t; 5)

In this section, we first define the family Z5(0,n, ¢,t; 5).

Definition 3.1. A function f € X, given by (1.1), is said to be in the family
Z5(0,m, ¢, t; ) if it satisfies the following conditions:
_ 1—n g/ _ / ]
PG By (OB ETAC) AN -
(f(z) = fltz)) " f(z) = f(tz)

and

(=) T w) | (1= Hw (g (w)?
ER(“ D (gtw) — gtz T glw) —gttw) >>B’ .

where
zzwelU, 0S8<1, 0051, n=20, ¢21, teC and [t =<1,
and g = f~1 is given by (1.2).

Theorem 3.2. Let f € Z5(0,1m,6,4:8) (0= 8<1; 05051, n20; ¢ 215t €C;
[t| £ 1) be given by (1.1). Then

laz| = 2 1-5
1-6) (6 +(1-1n) ((2 )+ 12— 6(t 1) — 2t2>) 207 (6, 1)

and

|a3|§ 4(1_5)2
TA-0)@2- 1 -n)t+1)+0026—t—1)
N 2(1-5)
1-0)B—Q-n)2+t+1)+0Bp—t2—t—1)
where

Y(pt) = ¢ (20— 2t — 1) + ¢, (3.3)
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Proof. In view of the conditions (3.1) and (3.2), there exist the functions p, ¢ € P such
that
_ 1—m g1 _ / ¢
1 (=097 FC) L (=2 ()

(f(2) = f(tz)' " A TP T (1-B)p(z) (3.4)

and

(1= w)' g w) (= Hw(gw)*
(g(w) — g(tw))" ™" g9(w) — g(tw)
where g = f~! and the functions p, ¢ € P have the series expansions given by (2.7) and

(2.8), respectively. Thus, by comparing the corresponding coefficients in (3.4) and (3.5),
we get

(1-0) =B+ (1 -Pg(w), (3.5)

[(A=0)2— (1 =n)(t+1))+002¢—t—1)]az = (1= B)p, (3.6)
(1= (B=(1—n) (P+t+1)+0(Bp—t>—t—1)]as

+ [ﬂ —O)(1—n)(t+1) (§<2—n><t+ b —2> +0((¢+17 —2¢<t—¢+2))}
= (1 - B)po, (3.7)

—[(1 = )2~ (L= )t +1)) + 020 — t — D] az = (1 - Bay (3.8)
and

(=0 B=(1=n) (P+t+1)+0Bo—t*—t—1)] (205 — a3)

+la-oa-me+n (G- ni+-2) 46 (+ 02000 - 04 2)) | &

=(1-B)g. (3.9)
We now find from (3.6) and (3.8) that
P1L=—q (3.10)
and
2[(1-0)2— (1= m(t+1)+626—t— 1) ad= (- B2 +D).  (3.11)

By adding (3.7) and (3.9), we obtain

[(1 —9) <6+ 1—n) ((2—17) (t+1)2 —6(t+1) —2t2>> 120(6 (20— 2t —1) +1)] a2
=1 -=08)p2+q) (3.12)
Consequently, we have
Q2 = (1—B)(p2 + g2)
2 — )
(1=0) (6+ (1 =n) (= (t+1) = 6(t+1)—22)) +207(6,0)
where T(¢,t) is given by (3.3).
Next, by applying the Lemma of Section 1 for the coefficients ps and g2, we deduce that
las| < 2 1-5 .
(1-0) (6 F(1-7) ((2 St +1)? —6(t+1) — 2t2)) 4207 (¢, 1)
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In order to determinate the bound on |az|, by subtracting (3.9) from (3.7), we get
2(1-0)(B=1Q—n) (P+t+1))+0(Bp—t>—t—1)] (a3 —a3) = (1= B) (p2 — ¢2)
or, equivalently,
_ 2 (1—8)(p2 — a2)
az = a; + 5 5 .
2l1-9)B—-1—-n) P +t+1)+60B3o—t2—t—1)]
Substituting the value of a3 from (3.11) into (3.13), it follows that

(1-8)" i +4})
2[(1=0)2— (L=m)(t+1)) +6(26 —t — 1))

(1-8)(p2—¢)
2[(1—9)(3—(1—n)(t2+t+1))+9(3¢—t2—t—l)]'
Finally, by applying the Lemma of Section 1 once again for the coefficients p1, p2, g1
and g5, we get

(3.13)

az =

+

4(1-p)
las| = p
(1=0)2—-(1=n)(t+1)+0(20—t—1)]
. 2(1 - 5)
1-0)B—1-n)E2+t+1)+00Bsp—1t2—t—1)
We have thus completed the proof of Theorem 3.2. (|

4. Special Cases and Consequences

This section is devoted to the presentation of some special cases and consequences of
our main results (Theorem 2.2 and Theorem 3.2).

Remark 4.1. Each of the following families:
22(9a777¢7t;a) and Z;}(a’nv(z)vtaﬁ)

is a generalization of several known families considered in earlier investigations which

are being recalled below.

1. For ¢t = 0, we have
Zs(0,m,9,0;) =: Ts(0,n, ¢; )
and
Z5(0,1,9,0;8) = T2 (0,7, ¢; 8),
where the families T (6,7, ¢; o) and 755 (0,7, ¢; 8) were defined recently by Srivastava et
al. [23].

2. For § =t =0, we have

ZE(Oan7¢aO;a) = PE(O‘W)
and

Zg(ovnaqsaoaﬁ) = PE(ﬁan)a

where the families Ps(a,n) and Ps(8,n) were studied recently by Prema and Keerthi
[11].
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3. For 6 =1 and ¢t = 0, we have
Z5(1,,6,0;0) = LBY(a)
and
Z5(1,m,9,0; ) =: LBx(¢, B),
where the families £B§(a) and LBx (¢, B) were studied by Joshi et al. [8].

4. For § =n =1t =0, we have
Z5(0,0,0,0;a) =: Sy ()
and
Z5(0,0,0,0; 8) =: S5(B),
where the families S%(«) and S5 (8) were introduced by Brannan and Taha [3].

5. For § =t =0 and n = 1, we have
22(07 17 ¢7 07 Oé) = H%
and
ZE(O, 17 ¢7 07 B) = HZ(B)v
where the families H$, and Hyx () were investigated in the aforementioned pioneering
work by Srivastava et al. [20].

Remark 4.2. By selecting particular values of 6, n and ¢ in our main results (Theorem
2.2 and Theorem 3.2), we can derive a number of known results. Some of these special
cases are recorded below.

1. Taking t = 0 in Theorems 2.2 and 3.2, we obtain the results which were obtained
by Srivastava et al. [23, Theorems 1 and 2].

2. Taking # =t = 0 in Theorems 2.2 and 3.2, we obtain the results which were proven
by Prema and Keerthi [11, Theorems 2.2 and 3.2].

3. Taking 6 = 1 and ¢t = 0 in Theorems 2.2 and 3.2, we obtain the results which were
given by Joshi et al. [8, Theorems 1 and 2.

4. Taking # =n =t = 0 in Theorems 2.2 and 3.2, we get the results which were derived
by Murugusundaramoorthy et al. [10, Corollaries 6 and 7].

5. Taking # =t = 0 and n = 1 in Theorems 2.2 and 3.2, we obtain the results which
were obtained by Srivastava et al. [20, Theorems 1 and 2].

References

[1] E. A. Adegani, S. Bulut and A. A. Zireh, Coefficient estimates for a subclass of analytic
bi-univalent functions, Bull. Korean Math. Soc., 55(2018), 405-413.

[2] K. O. Babalola, On A-pseudo-starlike functions, J. Class. Anal., 3(2013), 137-147.

[3] D. A. Brannan and T. S. Taha, On some classes of bi-univalent functions, Stud. Univ.
Babeg-Bolyai Math., 31(1986), 70-77.



Coefficient bounds for new families of Bazilevi¢ and ¢-pseudo-starlike bi-univalent functions 237

M. QCaglar and H. Orhan, On neighborhood and partial sums problem for generalized
Sakaguchi type functions, Analele Stiintifice Universitatii Alexandru Ioan Cuza Iagi. Mat.,
63(2017), no. 1, 17-29.

M. Caglar, H. Orhan and N. Yagmur, Coefficient bounds for new subclasses of bi univalent
functions, Filomat, 27(2013), no. 7, 1165-1171.

P. L. Duren, Univalent Functions, Grundlehren der Mathematischen Wissenschaften, Band
259, Springer-Verlag, New York, Berlin, Heidelberg and Tokyo, 1983.

B. A. Frasin, Coefficient inequalities for certain classes of Sakaguchi type functions, Int.
J. Nonlinear Sci., 10(2010), 206-211.

S. B. Joshi, S. S. Joshi and H. Pawar, On some subclasses of bi-univalent functions
associated with pseudo-starlike functions, J. Egyptian Math. Soc., 24(2016), 522-525.

N. Magesh and S. Bulut, Chebyshev polynomial coefficient estimates for a class of analytic
bi-univalent functions related to pseudo-starlike functions, Afrika Mat., 29(2018), 203-209.
G. Murugusundaramoorthy, N. Magesh and V. Prameela, Coefficient bounds for certain
subclasses of bi-univalent function, Abstr. Appl. Anal., 2013(2013), Art. ID 573017, 1-3.
S. Prema and B. S. Keerthi, Coefficient bounds for certain subclasses of analytic function,
J. Math. Anal., 4(2013), 22-27.

R. Singh, On Bazilevi¢ functions, Proc. Amer. Math. Soc., 38(1973), 261-271.

H. M. Srivastava, Operators of basic (or ¢-) calculus and fractional g-calculus and their
applications in geometric function theory of complex analysis, Iran. J. Sci. Technol. Trans.
A: Sci., 44(2020), 327-344.

H. M. Srivastava, 9. Altinkaya and S. Yalgin, Certain subclasses of bi-univalent functions
associated with the Horadam polynomials, Iran. J. Sci. Technol. Trans. A: Sci., 43(2019),
1873-1879.

H. M. Srivastava, S. Bulut, M. Caglar and N. Yagmur, Coefficient estimates for a general
subclass of analytic and bi univalent functions, Filomat, 27(2013), no.5, 831-842.

H. M. Srivastava, S. S. Eker, S. G. Hamidi and J. M. Jahangiri, Faber polynomial coefficient
estimates for bi-univalent functions defined by the Tremblay fractional derivative operator,
Bull. Iran. Math. Soc., 44(2018), 149-157.

H. M. Srivastava, S. Gaboury and F. Ghanim, Coefficient estimates for some general
subclasses of analytic and bi-univalent functions, Afrika Mat., 28(2017), 693-706.

H. M. Srivastava, S. Gaboury and F. Ghanim, Coefficient estimates for a general subclass of
analytic and bi-univalent functions of the Ma-Minda type, Rev. Real Acad. Cienc. Exactas
Fis. Natur. Ser. A Mat. (RACSAM)., 112(2018), 1157-1168.

H. M. Srivastava, S. Khan, Q. Z. Ahmad, N. Khan and S. Hussain, The Faber polynomial
expansion method and its application to the general coefficient problem for some subclasses
of bi-univalent functions associated with a certain g-integral operator, Stud. Univ. Babes-
Bolyai Math., 63(2018), 419-436.

H. M. Srivastava, A. K. Mishra and P. Gochhayat, Certain subclasses of analytic and
bi-univalent functions, Appl. Math. Lett., 23(2010), 1188-1192.

H. M. Srivastava, A. Motamednezhad and E. A. Adegani, Faber polynomial coefficient
estimates for bi-univalent functions defined by using differential subordination and a
certain fractional derivative operator, Mathematics, 8(2020), Art. ID 172, 1-12.

H. M. Srivastava, F. M. Sakar and H. O. Giiney, Some general coefficient estimates for a
new class of analytic and bi-univalent functions defined by a linear combination, Filomat,
32(2018), 1313-1322.

H. M. Srivastava, A. K. Wanas and H. O. Giiney, New families of bi-univalent functions
associated with the Bazilevi¢ functions and the A\-Pseudo-starlike functions, Iran. J. Sci.
Technol. Trans. A: Sci., 45(2021), 1799-1804.



238 Abbas Kareem Wanas and Hussein Kadhim Radhi

[24] H. M. Srivastava, A. K. Wanas and R. Srivastava, Applications of the ¢g-Srivastava-Attiya
operator involving a certain family of bi-univalent functions associated with the Horadam
polynomials, Symmetry, 13(2021), Art. ID 1230, 1-14.

[25] H. Tang, N. Magesh, V. K. Balaji and C. Abirami, Coefficient inequalities for a
comprehensive class of bi-univalent functions related with bounded boundary variation,
J. Ineq. Appl., 2019(2019), Art. ID 237, 1-9.

[26] A. K. Wanas and L.-I. Cotirla, Applications of (M — N)-Lucas polynomials on a certain
family of bi-univalent functions, Mathematics, 10(2022), Art. ID 595, 1-11.

(Abbas Kareem Wanas and Hussein Kadhim Radhi) DEPARTMENT OF MATHEMATICS,
COLLEGE OF SCIENCE, UNIVERSITY OF AL-QADISIYAH, AL DIWANIYAH, AL-QADISIYAH, IRAQ

E-mail address, Abbas Kareem Wanas: abbas.kareem.w@qu.edu.iq

E-mail address, Hussein Kadhim Radhi: ma20.post2@qu.edu.iq



