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Abstract . This paper presents the fully-discrete scheme for the solution of two-
dimensional non-linear convection diffusion equations by using the Crank-Nicolson-
Weak Galerkin finite element methods. We introduce and analyze stability. The
error estimate and an optimal order of (L2 and H')-norm are proved. We confirm
the theoretical results with some numerical examples.

1. Introduction

The examination of convection-diffusion problems has piqued the interest of a
growing number of specialists, engineers, and mathematicians. Due to challenges with
proper resolution of the so-called boundary layers, special emphasis is dedicated to
problems with convection dominating diffusion. Upwinding or artificial viscosity are
commonly used in efficient finite difference or finite element methods. We consider
the following the Dirichlet problem for non-linear convection-diffusion, which seeks an
unknown function v = u(z,t) satisfying [12]:

% -V (a(w)Vu) + b@) Vu+cu=f; Qx(0,7T], (1.1)
u(z,t) =g; T x(0,7], (1.2)
u(z,0) =u’(z); z€Q, (1.3)

in a domain Q C R? with boundary T, where z = (z1,22) and f = f(z,t) € Q x (0,T],
and the diffusion coefficient and nonlinear function are denoted by a(u), and the
convection coefficient and nonlinear function are denoted by b(u), and ¢ = ¢(z) is a
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scalar function on Q. Suppose that the matrix a(u) satisfies the following property:
There exists a constant a > 0 such that

ag’e < a(u)é,vé € R

where £7 is the transpose of vector £. Numerical simulations and analysis for the problem
(1.1 - 1.3) have been extensively studied in recent decades.

Liu and Liu [14] introduced the numerical identification of diffusion parameters in
non-linear convection-diffusion equations. Chan et al [2] presented a dual Petrov-
Galerkin finite element method for convection-diffusion problems of a higher order.
Gao and Yuan [7] adopted an upwind finite volume element method for non-linear
convection-diffusion problems. Fatehi et al [6] introduced a modified finite-volume
Eulerian-Lagrangian localized adjoint method extended to non-linear convection-
diffusion problems. Havle et al [9] applied the analysis of the discontinuous Galerkin
finite element method to the space semidiscretization of a non-linear nonstationary
convection-diffusion problem. Dolejsi et al [5] applied the analysis of the discontinuous
Galerkin finite element method to a non-linear convection-diffusion problem. Cockburn
and Shu [4] studied the local discontinuous Galerkin method for non-linear time-
dependent convection-diffusion systems. Xikui and Wenhua [19] presented the finite
element procedure for the solution of a transient, multidimensional convection-diffusion
problem. Salhi et al [16]presented the Galerkin-characteristic finite element method for
the numerical solution of a time-dependent convection-diffusion problem.

In 2013, Wang and Ye [18] introduced the first weak Galerkin finite element
method for the solution of general elliptic equations. Since then, there has been
an active application of weak Galerkin methods for linear and non-linear convection-
diffusion problems. Li and Wang [13] proposed a newly developed weak Galerkin
method for the solution of a parabolic problem. Gao et al [8] presented numerical
schemes based on the weak Galerkin finite element method for one class of Sobolev
problems. Zhang and Lin[21] presented and analyzed the weak Galerkin finite element
method for stationary Navier-Stokes equations. Cheichan [3] applied the weak Galerkin
finite element method for the solution of the one-dimensional and two-dimensional
nonlinear convection-diffusion equations and the two-dimensional linear convection-
diffusion problem, respectively. Hussein [11] applied the weak Galerkin method for the
solution of coupled Burger’s equations (one-dimensional and two-dimensional). Song et
al [17] introduced an over-penalized weak Galerkin finite element method for elliptic
interface problems with non-homogeneous boundary conditions and discontinuous
coefficients. In this paper, we present a detailed study of a weak Galerkin method
for solving non-linear convection-diffusion problems, combined with the Crank-Nicolson
scheme. Abdullah and Kashkool [1] described a nonlinear system of two couple PDE
models for two-dimensional incompressible immiscible displacement fluids in porous
media by the weak Galerkin mixed finite element method.

The rest of the paper is organized as follows. In Section 2, we will introduce the
variational form for non-linear convection-diffusion equations using the weak Galerkin
method. In Section 3, we will prove the stability of the method. In Section 4, we will
give an error equation and show convergence and optimal rates in H'— norm and L?—
norm in the view of non-linear assumptions for the convection-diffusion problems. In
Section 5, we report numerical results to validate our theoretical results.
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2. Preliminary

In this paper, we used the standard definitions and notations for the Sobolev
spaces. In this section, we concentrate on the preliminaries, including some definitions
of weak function, weak gradient, weak divergent, and approximation spaces.

The space of weak function associated with K [18]

W(K) = {1} = {vo, v} : vo € L2(K), v € H%(aK)},

Let 73, be a shaped regular and body-fitted partition of © (see [17]). Denote by P (T')
the set of polynomials on 7' with degree on more than k, and Py (e) the set of polynomials
on e with degree no e € £ with degree no more than k, where £ by a set of all edges in
Th, in particular.

For any weak function w = {w® w’} on a polygon K with boundary OK satisfying
W € L2(K),w® € H2(0K), we define its weak gradient[18] denote by Vaw, in the dual
space of H(div, K) and weak divergent[20] denote by V4w in the dual space of H!(K),
respectively.

(Vaw, q) := —(wOV QK + (wbq “nYor; Vg € H(div, K),
(V- w,) == —(w VY)k + (W’ n,¢)or; Vo € H(K),

where n is the outward normal direction to 0K. Based on a weak function, the weak
Galerkin finite element space is defined by

Vi, = {w = {w°,w’} : W € Py(T),w’ € Pyle), ¥ edge eV OT,T € 73},
furthermore
Vi? = {{wovwb} S Vh,wb‘aTQBQ =0,VTEe Th}.

Assume that u € H**1(Q);k > 1 the exact solution of (1.1)-(1.3), and the following
L? projections are introduced

Qpn : L*(T) — Pu(T);VT € 7,
Ry, : [L*(T))? = [Pe_1 (T3 VT € 7,

3. The Fully-Discrete Weak Galerkin Method

The weak variational formulation for equations (1.1-1.3). Find u = {ug,us} €
W(K) and v € W(K) such that

(uo,¢,v0) + (a(w)Vau, Vav) — (ueb(uo), Vav) — (uoVab(u), vo) + (cuo, vo) = (f,vo),

(ug(z,0),v) = (ug,vo)-

In a fully-discrete scheme, the time space [0, T is then uniformly discretized by n+ 1
points t, = N7,N = 0,1,--- ,n, where the time step size is 7 = T'/n. A fully-discrete
weak Galerkin finite element method can be constructed as: For any N > 1. The Crank-

Nicolson-weak Galerkin finite element solution. Find uflV'H = (ugﬂ’o,ugﬂ’b) S
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satisfying
(M, 1;0) + (a(ug’o)vd,rwv Varv) + (cuiaw_l 02+ u;:w’ 0)
o U o2+ 0 ), V) (ufﬂ,o;— up”’ Varb(uy ), v")
_ <M o), Y € V. -

3.1. Stability. In this section, we show the stability of the Crank-Nicolson-weak
Galerkin finite element by the following lemma:

Lemma 3.1. For the solution uN'H of equation (3.1) with a positive constant C1, then
lay 712 < Clh{(l 7 )y TP )y NP+ N )P

+ Vel ) (3.2)

Proof. In equation (3.1), select v = uhN+1

N+1,0 N,y ,  N+1,0 N
(a0 =),y ™) + (ra(uy ) Va =g, Vaup )
N0 4 N0 N0
+up” +uy’
— (T% ( )Vdr N+1) (r Up 5 h Va.rb(u) )ulzlv+1 0)
N+10 N+1 | ¢N
+u N+1, f Jrf N+1,
+ (Tc 5 h LUy, Oy = (Tf,uh L0y,
Suppose the above equation is
5
> AW = A0, (3.3)
=1
Using the inequality (o — 8, a) > %(||oz||2 —1811?) [10], we have
N+1,0 N,0
A > Hu T = gy ).

By using Cauchy-Schwarz inequahty and Young’s inequality for the above equation, we
get

(2 a(“hN %) N+1 N+1 a(uN’O) N+1
(A = (== Varuy ™, Vagew, )+ (7 Varuy's Varuy Tl
N,0 2 2
al\u a
S || ( )”Hv N+1H2 || (16]1 )” Hvdruh H2+||VdruN+1”2
> 2
_ T7lalu
< on 1||u5¥“||2 + 2 Oy, e,
b N0 N,0
|A(3)| — |(7_ ( g )U}J:PH,O’vd N+1)|+|( ( 2 ) Vdr N+1)‘
2)|b(ul0)|2
< || (1]16 )H ||vd7 ;11V+1H2+7'2||UN+1 0H2_|_7_2||uhN,0H2
N el R i
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Va, b( ) N+1,0 N 1,0 Va, b(UN) N,0 N+1,0
AW = |(r T#U;ﬁ up O+ (7 %uh’ s )]
T Vbl nt10 [ Varb(w)I” | na10 N,
< Tr R TR N4 10y 2 g TRE AR T N0 )12 02
2 16
< ao(m 4 )y O+ a0,
C N+1,0 N10 C N0 N+1,0
AP = gy O O g uy )
7'||CH N+1,0 HC” N+1,0 N,0
< [ g, TP + g )
< as(T+T )HuN“OIIQHIUh 2.

A9 < — IIuN+1 N R (VARSI ]

Then the above equation becomes

2 N, 2
T alu
(O — 02 4 (0 a4 I I g, e
+ 2|| N+1°|\2 (72 + Dlup 1 + az(r + 72)upy TN + as(r + 72)Juy) THO)2
N,0 N+1,0
+ luy Cl? < || RO (T )13
S0,
T2 1
(C+a)h Huy T2 < (1—6—5—72—a2(r+72)_a3(7+7))\|uN+10||
2 N,0y 12
7 |la(uy, )|
I ) - T v |
3 N0
— G+,
then

lup *H* < Clh[(lJrT+T)IIUNHOHQ+(1+72)IluhN’°H2+H(fN“ﬂ”V)II2

+ Va1

lla(uN0y)2
where C; = maac{—%7 —(a2 + a3), —(% + as + as), %7 1, W}/(C + aq).

4. Error Analysis of the Fully-Discrete Weak Galerkin Finite Element
Scheme

In this section, we derive an error estimate for the weak Galerkin finite element
method (3.1). Let us begin with the derivation of an error equation for a Crank-Nicolson-
weak Galerkin approximation uflv 1 and the L? projection of the exact solution «N*t1 in
the weak finite element space V3, which will prove the error estimate for L? norm and
H' norm and so, the finality optimal order error estimate for each.
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4.1. The Error Equation of the Fully-Discrete Scheme. An error equation is
given by the following lemma 4.1, for analyzing the difference between an L? projection
of the exact solution u¥*' of the original problem and a numerical solution u,{LV +1

from the weak Galerkin finite element approximation. Let eN+! = QuuN*t! — N1 =
N+1,0 _ , N+1,0 N+1b _ , N+1L,by _ ¢ N+1,0 N+1b
{QruNTh0 — ) ™0 QpruN T — oy T} = {eN O N LY

Lemma 4.1. Let uN+1 be the solution of (3.1). Then for each v € V), the error
equation s

N+1,0 _ _N,0 N+1 4 N N+1,0 , ,N,0
e m—e e +e e T e
() () Vi g V) + (g )
N+1,0 4 ,N,0 N+1,0 ,_ ,N,0
- (b ), Vaw) - (Vb u), ) (1)
_ (QhUN+1’O _ QhUN’O B auN-i-l,O ;
T ot
Proof. From the bilinear equation (3.1) by using the operator projection Qy,
QhuN+1 + QhUN QhuNJrl,O +QhUN’O
> (a(wy ")V, 5 Varv)x + (¢ 5 U)K
KeTy
uN+L0 L ) N0 uN+LO L) N0
- (00, e — (PO G ), 00
uNt! N+1 0 N,0
+uly +u
= (a ( )Vd rVd Tfh v) — (vdr 2 . b(“hNﬁ)’U)
N+1,0 N+1 0
(@ g b))+ (e
auN+1,0 0 fNJrl +fN 0
= *(Tﬂ) )+(f70 ).
Replacing (Mﬂ)o) in the equation (3.1), we have
uNtL £ OV uN+LO ) N0
> (G(U;],\,I’O)Vd,rQh 5 o 7Vd,rv)K+(CQh 5 n )k
KeTh
QhuN+1,0 + QhUN’O QhuN+1,0 + QhUN’O
- . b ), Vo) — ( - Vb))
HuN+1,0 o uhN+1,0 _ hN,O 0 NoO w1 +“h
= (T ) (e ) 4 (au) ) T, V)
N+1,0 N,0 N+1,0
u +uy,’ u +u
- (T b(u#%,vd,rv) — (v ), o)
N+1 0
+ulY
+ 3 ,vo),

2
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which leads to the error equation for the Crank-Nicolson-weak Galerkin scheme (3.1):

N+1,0 _ ,N,0 N+1 4 N N+1,0 L N0
e H—e e +e e T e
) 0 )V g Vi) o ()
N+1,0 L ,N,0 N+1,0 L _N,0
e ) _l’_ eV e ) + e’
- (b 0), Vo) — (Vb))
(QhuN+1,0 _ QhUN’O 6uN+1’0 0)
= — V).
T ot
O
Lemma 4.2. For any u satisfying ‘Ztg € L*(0,T), we have
N+l _ N guN 2 N1 | H2q
“ LI / ds, (4.2)
T ot 12 o2

Proof. By using Taylor expansions

0 L[ 92
uN T =N =N 4 = / au. (tn+1 — s)ds,
tN

ot 2 ot?
we have
uNHL N gy |2 1 [ty 52 2
_ = —/ tN—i—l )dS
T ot 27 Jiy

1 tN+1 32 tN+1 9

L — ds | - t — ds|d

S e < o S) (/m Grea =) S) ’
1 tN+1 32 7.3 T tN+1 a2u 2

< — d C— = — —1 d

= e tN 2| )3 T 12 oz |

which conclude the proof.
O

4.2. L? Error Estimates of the Fully-Discrete Weak Galerkin Finite Element
Scheme.

Lemma 4.3. Let eVt be the error estimate equation (4.1) and Cy be a constant. Then
we have

e < Clh{e + (MO + [ Vare™[1P) + (™0 + [ Vare™ %)
tN+1 32 2
Nop2 . T u
’ — —| ds|. 4.3
e e g [ ] ] (1.3
Proof. When we use v = eV in the equation (4.1), we get
N41,0 _ ,N,0 N+1 | N
e t—e e +e
T ) (Vi i Vi)
N+1,0 | N0 N+1,0 | ,N,0
e T tet e s 4et
- S ), V) — (Vb)) )

eN+10 4 (N0

NO) (QhuN+1,0 _ QhUN’O auN+1,0
eV YY) = _

N,0
+ (C 2 ) T ot ) € )7
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if we rewrite the above equation, we get

((6N+1’0 _ eN,O) eN,O) + (T(L(u )V eN+1l 4 N v N)
s h d,r 9 , Vd,r€
eN+1,0 4 (N0 eN+1,0 4 (N0
- ), VareY) - (r Vbl V)
eN+L0 4 oMo QuuN+10 — QuuN0  GuN+1.0 No
+ (ch,e )(7’( - T >,e ).
Suppose the above equation is
5
D> AD = A0, (4.4)
i=1
By Cauchy-Schwarz inequality and Young’s inequality, we get
1
[ AW = [(eNH10, M 0)| 4 |(eN0,eN0)| < e + e + A0
eN+1 eN
A = |(raup ) Va, S, Vare™)| + |(rafup” )Vdr ,VareV)]
a(u; )| AT
< TZMHVMW 190+ AT ) [V
(3) NHALO v N M0 No N
AG] = | b(u™), Vape™)] 4 (75 -b(u ), VareV)]
bluN0Y]12 b ’U,N’O 2
< 7_2” ( :}ll6 )” ||vd)T€N||2+||6N+1’0||2+7'2H ( ]}_LG )H HvdJeN”Q_’_HeN,OHQ.
@ eN+L0 o eNO
AD] = J(reS MO+ [(re S, e )
c
S 2” ” He +||6N+1’0||2+T@>\ ||€N’0||2.
(5) eN Lo Ny _N,0 N0 N,0
A = (7 Varb(ul) ), e+ |(r 5=V b(ul) ), e¥0)|
2
Var 2 VarbulY
< 2” d, (uh)” H N,OH2_|_||6N+1,O||2_|_7_H d, (uh)”)\ ||€N,0||2.

6
By Young’s inequality and lemma (4.2), we get

2

QuuN+L0 — QuuN0  gyN+1.0
T ot

9%u|?
ot?

409

IN

T /tN+1
2,

2
12+ ZjleMo)

IA

2

T
d S n,.N,0 2'
s+ o]
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Then the above equation is
L Noj2 N+1,0(2 Noyz 2 latuy )| N2 N+1j2
IO 4 NP N2 4 72 g N2 7N
N,0
(up )12

T b(u
T a0 [VareN 2 472

V42 + N+
b N,0\ (12
TQH (up, )|

T e S
Var
+ TM)\ HeN,0H2+ 2” d, ( )H ” N0||2+|| N+1, 0”2
2 16
||Vdrb(uﬁv)|| N0 )2 < T /tN+1 o%ul’ 7 N,0(|2
NV droiTh Ny I s Loy
S0,
2 2
5 el llell
VTN+12 < 4 L777>\7 200 LY
e P P L S
2
_ pIVarb@DIP - IVarbli ]y ovop2 . T / Ful
16 2 12 ot?
la(uy )* 7 No [b(uy )12
S e O R
2 by )2 N2
)\7 - .
+ R L g,
Hence
N2 < ik {IIGNHOII2 (P + 7+ D[V + (72 + 7)[[Vare™|?
T tN4+1 82
3/ o2 S]’
where ) - N o
5 llell llell IV a,rb(up)l 1Va,rb(up)l lla(uy ")II?
Cl mal'{ 4,4,71;\[2)\;7W77?>\, ? 16} s 4 2 : )\77 fﬁ ’
, |b(u, ") b(ulY
~Hla(uy ), - LU\ D
O

4.3. H! Error Estimates of the Fully-Discrete Weak Galerkin Finite Element
Scheme.

Theorem 4.4. Let eV 11 be the error estimate of equation (4.1) and a constant C exist.
Then we have

N2 + (| Vg, eV Y2 < Bzh[lle“l’on%||eN’°||2+|vd,reN||2 (4.5)

tN4+1 2
+ 72/ ds|.
tN

2u
ot?
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Proof. Using the v = M in equation (4.1), we get

eN+1,0 _ oN,0 oN+1,0 _ N0 eN+L 4 N

€ N,0
) )+ (a(uh )vdﬂ“ »Vr )
T T 2 T

eN+10 | (N0 N+1 N eN+L0 L N0 (N+1,0 _ N0

N,0 (& — €

b ), Va )+ (S
N+1,0 4 N0

e T te Ny € e

- (b)), )

QuuN+10 — QuuN0  GuN+LO NH+1L0 _ N0

- ( T - ot ) - )7

rewritten the above equation

-

N+1,0 _ _N,0

N+1 N
+e
2 7vd,r (6N+1 - eN))

eN+1.0 4 (N0
2

((ENFLO — N0) (NH1L0 _ NOY) | (7 ()T,

N+1,0 N,0
- S b ), V(N = M)+ (e

eNHLO 4 N0 Ny ( N+1,0 _ N,
- S b)), (N - eNO))
( (QhuNJrl,O —QuuNO  GuNHLO
= T —
T ot
Suppose the above equation is

, (eN—i-l,O o eN,O))

)’ (€N+1,0 o €N’0)).

Z B — B©) (4.6)

By Cauchy-Schwarz inequality and Young’s inequality, we get
|B(1)| _ |(€N+1’07€N+1’0)| =+ |(6N’0,6N’0)| < C||€N+1’0||2 + C||6N’O||2.
T T
1BY| = |<§a<u,¥’°>vd,reN“, VareM )| + \(*a(ug’o)vdmeN, Vel

THCL(2 )H||vd,r€N+1||2 T”a’(Q )||Hvd,reN||2

Tlla(u, )l
2

IN

TChH M2 + IVare™.

T T
B = I(56N“’Ob(uhN’0),Vd,reN“)\+|(§6N’°b(uhN’°),Vd,reN)I
N,0y\ (12 N,0y 12
7||b(u 7|[b(u;,
< ” (16 )H ||6N+1,O||2+7_||vd7reN+1H2+ H (1}& )” HEN’O||2+7_HV(1,T6N”2-

BO| = (5N 0V, b(u), N0 + (5N OV buf), €0
N N
7| Va,rb(uy, )| H6N+1,0H2 + T(|Va,rb(uy, ) g

<
- 2 2

T T TI|C TIC
|B(5)| _ ‘(§C€N+1’O 6N+1,0)|_|_|(506N,0 eN,O)| < H2 ” ||eN+1,0||2_|_ ” H||6N’OH2.

) )
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By Young’s inequality and lemma (4.2), we get

QhuN+1,0 _ QhuN’O auN-i-l,O

BO] = | . eV L))
QuuN+10 — QuuN0 gy N+1.0
+ I : - S e
N+1,0 _ NO g, N+1,0
< 7_2||6N-‘4-1,0||2_’_7_2||6N,0||2_~_2||Qhu Qnu _ou ”2
ot
3 tN+1 (9211, 2
< OlleNFLO2 1 N2 L/ g s
< OO+ T [ G s
Then, from the above equation, we get
N+1,0/2 N+1)2 TH“(“;:[’O)H N2 1L N+12
Clle™ 7 + 7l Vare™ |7 + (7 + ——5=) [Vare™ |7 + 7Ch™ ||
7llb(uy )| 7llb(uy )| 7[[Va,rb(up)) |
v TS IL vy (o TR JL o2 THEA R o2
2
THvdrb(U}{LV)H Noyz , Tlell N+1,02 7llell w2 7'3/tN+1 >u
—_ 7 N R ) i ) - i < — - d
- e O+ TN PR+ T < T [ (B s
+ ClleNTROE 4 Clle™O?,
S0,
3 tN+1 82’& 2
Ch=YeN+1)2 V'N+12<L/ g g
T e 17+ 7 Vare [ < 6 /. 12 §
N,0 N,0
— (T”b(uh )”2 THvdﬂb(uhN)” THC”)”eN,O”Q_(T”a’(uh )||+T)||v €N||2
16 2 2 2 dr
N,0
B (Tllb(uh' WP 7 Varbu)|l T||C||)||6N+1,O”2
16 2 2 ’
then
tN41 a2u 2
|eN+1||2+||vd,reN+1||2Sﬂzh[IIeN“vonu||eNv°||2+||vd,reN||2+72 L 1a) )
tN

mhere oGy N | [IVa.rb(uiDll | Jle] oGy U | IVarb(iDll | Jle] laCuy )|
Bo = maz{— (g + g+ ), (gt ), (e

1), 1} /min{C, 1}. i

O

4.4. Estimates of the L?— Normal Optimal Order Error. We derived the optimal
order error estimate in the L2-norm for discrete time weak Galerkin finite element
methods in this subsection. Let uN*1 € HE(Q) (N H?(2) and I, u™N 1 denote the elliptic
projection of uflv *1 onto finite element space VY.

Theorem 4.5. Suppose that the exact solution of equation (3.1) is so reqular that
ulN+tl € H*1(Q) and there exists a constant 3. Then
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1OYFH2 < BRI+ 720N TR + (1 + )0V + (147 + 1) Va, 07 |* (4.7)

+ (RO 4 N O A [T Vg uN TP A [T Vg u |2) ]

Proof. In equation (3.1), choose u,ly =II,u" and u,ly = Qnu™ respectively.

IL uN+1.0 _ 11, V.0 uNHL N
") + (e )V g Va,0) (4.8)
1I UN+1’O+H UN’O I UN+1’0+H uN,O
- (b)), Vagr) = (F—————Vab(up), o)
IL uN+1.0 40T, V.0 N+1 N
+ (e Rl 2+ hU ,vo):(%’vo)v

and,

QhuN+1,0 _ QhUN’O QhuN+1 + QhUN

( . ,0%) + (a(up ) Var 5 V) (4.9)
UN+1,O_|_ uN,O Q,UN+1’O—|—Q;LUN’O
(RO 00, V) — (P Varb(uf), o)
N+1,0 N0 N+1 4 (N
(TR oy o (LT ),
we get by subtracting equation (4.9) from (4.8)
L uN+1.0 _ T, N0 N+1,0 _ N0
L M) - () (4.10)
T T
N+ N uNtL 4 Oy ulV
+  (a(Tpu™O)I,V g, 7Vd7rv)*(a(QhUN’0)Vd,rQh 5 @n ,Varv)
T, uN+10 1 IT, V0 uN+LO L QN0
- (R 10,%0), Vg )+ (P 9uu¥0), Vg )
II N+1,0 1I N,0 1I N+1,0 1I N,0
- (I Vb)) + (e )
N+1,0 N0 N+1,0 N0
4 Qrut u T+ Qput
b (DG b(Qu), o) - (P 0y =,
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rewrite the equation (4.10), and use v = 6~ = u™ — Qpu’y, we have

N+1,0 pN,0 N,0 pN,0 N,0 g+ N oN-0 N,0
(6 20T — (070670 + (ra(Ipu™ )Vd,T.T,VdJ.H )+ (te——,0%7)

2
a(Il,u™"0) — a(Qnu™")

oN
+ (Ta(HhuNﬂ)vd,ria vd,reN) + (T Hhvd,7'uN+la vd,raN)

2 2
I w0y — N,0 eN+1,0
+ (T (a( e ) 9 a(Qhu ))Hhvd,rqu vd,TeN) - (T b(HhuN70)7Vd,r9N)
N,0 11 N,0\ _ N,0
- ), 9, 0Y) — (HE SO, Y0, )

b(HhuN’O) _ b(QhuN’O) 9N+1,0

- (7 5 ,u0, Vg, 0N) — (7 1,V g,rb(u), 6M0)
9N,0 - b(1I Ny _ b N
— (r 5 Hth,Tb(uN),HN’O) _ (Tvd, (b(ITpu™) (Qnu ))HhuN“’O,HN’O)
I Ny _ N N+1,0
_ (Tvd,r(b( hU 2) b(Qnu ))HhuN,O79N,O) + (7_09 5 ,GN,0> -0
Suppose the above equation is
16
>y i =o. (4.11)
i=1
By Cauchy-Schwarz inequality and Young’s inequality, we get
1
[CW] < [[NFHO)12 + 1 167012
|C®] < g2,
a(Il UN’O 2 B
|C(3)‘ STQH ( h16 )” ||vd}r9N||2+ Hvd,rgNJrlHQ §a72||Vd,T9N||2+Ch 1H6‘N+1H2'
a(IT,uN-0
|C(5)| < 7_” ( h2 )” Hvd,reNHQ-
I V0 N,0
|C(6)| = |(T%Hhvd7ru1\”l, Vd,TGN)| + |(T%Hhvd7ru1\”1, VdVTGN)|

7 (la@@yu™0)|* + |a(@nu™)|)
16

Vg u™ 2 + 2|V, 072

< 0417_2||Hhvd,ruN+1”2 + 2||Vcl,v"9N||2-
1I N,0 N,0
0@ < D, 9, 0 9,07 41,0, 9, 0Y)
2 I . NV-0) |12 N,0Y(|2
< T (”a( rl )ngFHa(QhU )” )”Hhvd,rUN”Q+2||vd,r0N||2
< |V, u | 42|V, 0V]2

|C(8)‘ < 7 Hb(HhuNﬂ) ”2

< TR L |0, 072 + 0V 0.
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7B (1L u™0)

2
e < TRy, 0|2 4 %),
b(I1,u™-0 b(QpuN°
|C(10)| _ |(7_ ( h2 >HhUN+1’O,Vd’T9N)|+‘(T (Qh2 )HhuN-’—l’O;Vd,reN)‘
7_2 bHUN’O 2+ b UN’O 2
< (” ( h )H16 ” (Qh )H )||HhuN+1’o||2+2||Vd,T0N||2
< as? [V T 4 2|V, 07
b(II,uN:0 b uN-0
e = I g0 %) 4 1 O N0 )
221 b(TL N0 |12 22(1b(Or uN-0Y (12
< H ( 116 )” ||HhuN,OH2+2Hvd’T€NH2+ ” (Q]/-IG )” HHhuN,OHZ
< agm?([Tpu™ 01?4+ 2|V 0|2
2 0, v 70b N\ |12
|C(12)| < T ” h ?6 (u )” ||0N+1,0H2_|_H9N,0”2 SCT2||9N+1’0||2+||9N’O||2.
N
|C(13)| < THHhvdéTb(u )H ||0N,0||2 < CT||9N’O| 2
(I uY /) N
009 = Yty oo gavoy 4 Yaebl @)y a0 g
72|V g b(TTpu™)||? + || Vg.rb uM)||?
< (” d, ( h )”16 ” d, (Qh )” )||HhuN+1’O||2+2||9N’O|2
< oz572||HhuN+1’0||2+2||9N’0||2.
1I N N
|C(15)| _ |(Tvd,rb(2 rU )HhuN7079N7O)|+‘(TVd7Tb(§2hu )HhuN’O,eN’O)|
72|V g b(ITpuN) |2 72|V 2. b(Qnu™) ||
< ” d, 1(6 h )H ||HhuN’0|2+2||9N’O||2+ || d, 1(g2h )H ||HhuN’0|2
< Oé5T2||HhuN’O|2+2||9N’0||2.

2
|C(16)| < 72”52 ||9N+1,0||2 + HQN,O”Z.

C
0@) <1 ygrope
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Then, the above equation becomes, we get
1
20N+ 2 07O + CIONON? + ar?[[Va 0N* + ChH[ON

a (I, u™N0
77” (T i ||V,7l7T0N||2 + a17'2||Hth7,.uN+1H2 + 04272||l_IhV,jl7TuN||2

+ 2
72||b(I1,u™0)||2 72||b(TL,u™0)||2
b 9,02+ TR g, gy T g, v
10V + g [T O + 294,07 | + agr? [0 + 2 9,6V |
+ 07_2||0N+1,0H2_’_H9N70||2_’_CTHQN,OHZ+a572||HhuN+l7O||2+4||9N,0||2
2
+ gm0 + 2l genoe ooz Il g <
S0,
—1|gN+12 2 2HC||2 N+1,0(2 1 lelly  an,0p2
Ch™0 I~ < —-2+4+Cre+7 W)HG el *(71+C+CT+T7)H9 |
11 N,0
o (O”_2+7_||a( h2u )” +8+72||b(HhuN’0)H2)||Vd77,9N||2
— (a4 as) T (I u™ 102 4+ e 0)?) — ar 72T, Vg eV |2
— oz27'2||Hth7ruN||2,
then

[0 < AR+ POV + (4 D)0V + (14 T+ ) Var 0N

+ (e TP 4 IO )?) 4 72 Ve uN P 4 72 V™ P |

where N0
B =maz{-2,-(1+C), -8 - C,~C — Igl, —a — ||p(11,u™0) |2, -8, “lellre 2l _q,,
— g, —(az +as)}/C.

O

4.5. Estimates of the H'— Norm’s Optimal Order Error. We derived the optimal
order error estimate in the H'— norm for discrete time weak Galerkin finite element

methods in this subsection. Let uN*! € H} ()N H?(2) and I, u™N ! denote the elliptic

projection of u,]y 1 onto finite element space vy

Theorem 4.6. Suppose that the exact solution of equation (3.1) is so regular that
uNtl e H*1(Q) and there exists a constant 31. Then

NN + Va2 < Bk |7 a0+l P+ IV g™ 1P+ Va2

+ IV IP) + @+ )0V + (L+ 7+ 7)oV 2 .

(4.12)
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Proof. Rewrite equation (4.10) and using v = V1 = IT,uN ! — Qnu™N+!, we have

(V10 g0y o (o (ollnu™0) — a(@nuT))
’ 2

a(TluN"0) — a(QnulN0)
2

I,V a,u, V08t

_ (91\7,0’ 9N+1,0) + (7_ Hhvd,rUN+1, vd’T9N+1)

9N+1 HN’O N+1,0
+ (TG/(Hh'U/Nﬂ)Vd}TT, Vd,T9N+1) + (TCT, 0N+170) + (TCT, 9N+17O)
eN,O b(IT N,0\ _ b N,0
_ (’T b(HhuN,O%vd,reN-&-l) _ (T ( rl ) (Qhu )HhuN-i-l,O’Vd’reN-i-l)

2

b(HhuN’O) _ b(QhuN’O) 0N+1,0

- (r 5 ™0, Vg, 0840 = (7= — (™), V4,,07)
1I uN,O _ UN’O 9N
O 0 b ), 0N ) 4 (oM )V,  Va,07)
@ Vd,r(b(l_[hu]\;) - b(QhUN))HhuN—ﬁ-l,O’aN—&-l,O)
- Vd,r(b(HhUN; - b(QhuN))HhuN,O’eN-&-LO)
I N+1.0 _ N+1,0
B (7_ rU 5 Qhu Hhvdﬁrb(uN)’eN#»l,O) =0.
Suppose the above equation is
16
> D% =o. (4.13)
i=1

By Cauchy-Schwarz inequality and Young’s inequality, we get
|D(1)| < C||9N+1’0||2.

1
D] < 76V + [0V +1)2

la (1T, %)

0] < AU g, g,

a(Tl,u?N:9)||?
0] <2 O 15, gV 4 9,67+ 2

a(IL,uN0)
2
a(QpuN0)

5 I, Vg, uN T v, 08

(la(Mpu™0)|1? + [|a(Qru™-2)[1?) N+1y2 N1
I,V 2V y,0
16 T,V aru™ 0" + 2| Vg, I

20y |V up TH2 4 20ROV T2

D@ = |(r I,V uV T Vg, 0N+

+ |

7_2

N
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ID®)|

D)

|DUO)|

D]

|D(12)

(a (I, u™-0)
2
a ’LLN’O
T A AR A
2 ([lo(nu™ )2 + a(@uu™0)]?) |
16
a1 72| Vaup |2 +2Ch~ OV T2,

= |(r I, Va,u, Ve, 0N

IN

T,V g, u|1? + 2|V, 0N 2

IN

HhuN’O)
2

(11, u™"0)
2

b 2
|D(11)| < 7_2” ( H ||0N+1,0||2+ |‘vd,r9N+lH2~

b 2
|D(8)| §7_2|| ” HGN,OHZ+ ||vd,r9N+1||2~

b(HhuN’O)
2
b(@Qnu™0)

bl 0,67
22 (1oL, + [[b(Qnu™)[?)

- 16

T2a2||u}ll\7+1.,0”2+20h71”0N+1”2'

= |

HhUN+1’O7 vd7T0N+1)|

T 102 429,07

N

b(IL,uN-0)
2
b(QruM0)

b N, v, 6N

2 (D™ )| + [[b(@nu™0)[?)
16
o7 ||up || + 2CH7 9N 2.

(7

w0 Vg, 0N )

IN

T O 2V, 67

IN

HhUN+1"O
2

+ |(TQhU;V+1’OHth7Tb(uN)’9N+1,0)|
22 (I uN+HO)2 4 [|QpuN 10 12)

- 16

asm? ||V apup |2+ |0V,

< |(r I,V b(u), 0N T10)|

L Va, b(™)|* + 2|6V 102

A

Hh'LLN’O

(T I, Va,rb(u™), 0N T10)]

N,0
+ |(r th I, Vg, b(u), 0N T10)]

L uN0|12 + uN0 |12
7_2(” h 16HQh I )”Hhvd’rb(uN)HQ+2||9N+1,0”2

a5 7| Vaup |2 + (10702,

IN

IN

17
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(13) 2||HhUN+1’OH2 Ny Ny (2 N+1,0(2
D] < 2V () — b(@uu™)) + 010
< a7 Va0V |2 + [0V T2
(15) 2||Hh“ o) Ny Ny (2 N+1,0(2
D) < A g () — b(@uu™)) + 010

< ar?[Va 0V + 0V,

Do) < 1l grerope

2
DY <« 2|l oN-0|2 gN+1,0(12.
L T |
Then, the above equation becomes, we get
1 a(llpu
(€ + 10 1 Lpprope 4 LT o gy oy, gy

e N o))?

+ T IVar 0N 1* + 2 [V arup TP+ aa7?|| Vg |12
b(II 2 b(1I N,0\||2
+ 4Ch71||9N+1||2+ 2” ( h; )” H0N+1,O||2_|_7_2|| ( h; )” |
+ Va0V + PPagfuy )P + 4CRTH IOV + a7 up )2
£V 4 aar [T |7+ 10N 4 asr [Vl I+ g7 Va6V
2
T e N AL
+ ||9N+1,0||2 S 0’
S0,
11 N,0
8Ch71||9N+1||2+(T”a( ;u )H 3)||Vd,r0N+1||2
a(Il,u
S _(a7+a6+H) 2||vd,r0N||2 7_ o HuN+1 0” OQTQH,U,iLV»OHQ
c b(II,uN9)||2
— (@641 2 PEROI vano2 (0, 4+ a5) Vi
1 b(II,u™N0)(|2
— oyr ||vdrUN+1||2 (Z+7_2” ( h';b )H +7_2||f£ )HQN,O”Z
then
OV T2 + ([VarOV T2 < Bub 72 (g Uyl + [ Varuy TP+ (I Vauy ||
+ (Va1 + T OVO + (L4 7+ 70N 2,
where la(@ru™) )%\ —1 [b(ITpu™0)|?
B1 = max{—ai, —a, —(a1 + as + as), — (a7 + ag + =), T, —(Fts—— +

15800, (04 6), I, I i (8, (1=l 4 3)), 0
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5. Numerical Experiment

In order to demonstrate the effectiveness and reliability of the weak Galerkin
finite element method for solving non-linear convection-diffusion problems, we present
a numerical example. MATLAB is used as a software development environment.

Here, we consider the equations (1.1-1.3),[15]

ou

E—V (eVu)+u-Vu+cu= f;Qx(0,T] (5.1)

u(z,t) = 0;T x (0,T] (5.2)

u(z,0) = u’(z);2 € Q. (5.3)

In the example, the uniform triangle partition is employed, where (h = %, i, %, 6 @, 5 4)

denotes the spatial mesh size. Let Q = [0, 1]?, and f and g are calculated by determining
the exact solution.
u(@,y,t) = e 'a(l—a)y(l —y).
We took ¢t = 0.2, At = 0.001 and ¢ = 0.0001. We calculated the error value in a
table 1 and fig. (1) demonstrate the order error scheme.

[ h [ lu—wunllg: [ Order [ lu—wunllpz || Order [ [lu—up]r=[ Order |
[ 3 [ 5.0027¢-03 | 0 [ 2.5000e-03 | 0 [ 2.5177e-03 || 0 |
[ % [ 2.5018¢-03 [ 9.9974e-01 || 6.2501e-04 [| 2.00e+0 || 6.2634e-04 || 2.0071e+0 ||
[ 5 [| 1.2510e-03 ] 9.9985e-01 || 1.5625e-04 [| 2.00e+0 [| 1.5634e-04 [ 2.0022e+0 |
[ 75 [ 6.2554e-04 [] 9.9993e-01 || 3.9063¢-05 [| 2.00e+0 || 3.9068¢-05 || 2.0006e+0 ||
[ 35 [| 3-1278¢-04 [ 9.9996e-01 || 9.7657¢-06 || 2.00e+0 || 9.7660e-06 || 2.0002¢+0 ||
[ g1 | 1.5639e-04 ] 9.9998e-01 [ 2.4414e-06 [| 2.00e+0 [| 2.4413e-06 [| 2.0001e+0 |

TABLE 1. Errors of the weak Galerkin method with fixed t = 0.2,
At = 0.001 and £ = 0.0001 .

6. Conclusions

In this paper, we introduce the weak Galerkin method, including the stabilizer
of weak functions and the Crank-Nicolson scheme for the solution of a non-linear
convection-diffusion problem. We have analyzed the stability and assured the error
equation and the convergence rates are optimal in the H' and L? norms. The
convergence and flexibility of the weak Galerkin method result in good approximations
to the problem (see fig. 1), while the theory has been verified with numerical examples.
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FIGURE 1. Order error for the velocity with H!—, L?2— and L*°— norms.
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