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Abstract. Weighted Zygmund type estimates are obtained for the mixed continuity
modulus of some convolution type integrals. In the case of mixed fractional integrals
this strengthened to a result on isomorphism between certain weighted generalized
Holder type spaces

1. Introduction

In [3]-[10] the kernel and the weight function were power functions. Now, in the paper
we deal here with arbitrary kernels and weights, i.e. not necessarily power ones. We
study mixed integral of the Volterra convolution type of function of two variables in
weighted generalized Holder spaces of different orders in each variables.

We consider mixed integral operator of the Volterra convolution type

1 T2

(R)(z1, 22) = //k(ml ) k(s — b))t ta)dbydts (1.1)
0 0
in rectangle @ = {(z1, x2): 0 <z <by, 0< 29 <bo}.

We obtain weighted Zygmund type estimates for mixed integrals of the Volterra
convolution type in the weighted generalized Holder space of the function of two variables
defined by the mixed modulus of continuity. Estimates of Zygmund type make it possible
to reveal the nature of the action of mixed integral operators of the Volterra convolution
type in weighted generalized Holder spaces. We consider weighted generalized Holder
spaces defined both by first order differences in each variable and also by the mixed
second order difference, the main interest being in the evaluation of the latter for the
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136 Tulkin Mamatov and Nemat Mustafoev

mixed integral of Volterra convolution type in both the cases where the density of the
integral belongs to the weighted generalized Hélder space.

2. Preliminaries

We follow the paper [11] in the definitions and theorems that we will need to present
the issues under consideration below. Positive constants which can be different at
different pales be denoted by C7, C5 and Cis.

Definition 2.1. [11] We say that ¢(z) € W, = W, ([0, {]), x> 0 if
(1) ¥(x) € C([0,1]), ¥(0) =0, ¥(x) > 0 for z > 0;

(2) 9(x) is almost increasing;
(3) ¢(z)/x" is almost decreasing;
(4) there exists Cy such that
-y x

Definition 2.2. [11] We say that a non-negative function k(x) on [0, {] belongs to the
class Vi, A > 0 if

(1) k(z) # 0, 2*k(z) is almost increasing and z*k(x) =0;

=0
(2) there exists £, 0 < € < ), such that 2*~¢k(z) is almost decreasing;
(3) there exists C; such that

k(z) — k(y)
r—y

In the sequel we shall use the following inequalities:

if w(ip, h) is the continuity modulus, then

k(xz*)

x*

< x* = max(x,y). (2.2)

W 2) ey s (2.3)
X
if 0 < a <1 then
h
w(p, h) w(yp, t)
<O / Sradt: (24)
0
if ¥(z) € W, then
“w
x
v <0 (2) v, o2 (25)
if ¢(z) € W, with 0 < p < 1 then (2.1) holds with x* replaced both by = and y:
)90 ¢ 1) g [HED=V0)| Y00, 06
T —y x T —y y
if k(x) € V) then
k(z) < C (Q)Ak( ), < (2.7)
>~ 1] x Y), >, .
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and there exists € > 0 such that

ko) < (L) k), 22 (28)
x
if A <1 then
|x>‘—y>‘| <Cilz -yt 2>y >0, (2.9)
and if A > 0 then
|x/\—y)‘| <Oz —y)z*t x>y >0, (2.10)

Lemma 2.3. [11] Let k(z) € Vi, A > 0 and let w(xz) > 0 be an almost increasing

function. Then
1

w(z)k(z) < 01/

x

@w(t)dt
for 0 <x <1/2.

Definition 2.4. [12] Let function ¢(z) bounded on [a, b] The modulus of continuity is
understood as expression

w(p; 0) = sup sup p(z1) — p(z2)]|,
|Z17I2|S57QSI1,I2Sb

defined for all § satisfying condition 0 < § < b — a.

Definition 2.5. [12] We denote by ®! the class of function w(d) € (0, b — a] satisfying
the conditions:

(1) w(d) is the continuity modulus;

(2) fgflw(t)dt < Ciw(d);
0

(3) & bfat—%(t)dt < Cw(d);
)
(4) W' (6) ~ 5= w(é).

For a continuous function ¢(z1, x2) on R, we introduce the notation
0,1

1,0
(Ahl w) (1, 2) = p(x1+h1, x2)—p(x1, T2), (Ahg @) (1, z2) = p(x1, Totho)—p(z1, T2),
1,1
(Ahl, ha @) (z1, T2) = p(w1+h1, z2the)—p(v1+h1, 22)—p(T1, T2+h2)+p(1, T2),
so that
1,1 0,1 1,0
o(x1+h1, xothe) = (Ahl, ha tﬂ) (x1, $2)+(Ah2 90) (1, $2)+<Ah1 90) (1, 22)+@(r1, 22).

While studying the properties ¢(x1,x2) of continuous functions of several variables
(that is, p(x1,z2) € C(Q)) in particular the following class of functions arise [1]:

1,0 0,1

H™ = H @@ = {@(561, 22) € C(Q): Wy (01, 0) = O(w1(01)), Wy (0, d2) = O(w2(d2)),

1,1
W, (61, 02) = O(w1,1(01, 52))} ;
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where
(a) private modules of continuity

1,0 1,0
Wy (61, 0) = sup sup <Ah1 <p> (z1, x2)| and
z2€[az, b2], 0Sh1<61
0,1 0,1
wy (0; 02) = sup sup || An, ¢ ) (21, T2) |5
z1€[a1, b1], 0<ha <62

(b) mixed modulus continuity of order 1, 1
1,1
Wy, (01, 02) = sup sup
z;€lag, b;], 0<hi <oy
where 0 < 9; < b; —a;, i =1, 2.
1,1
It follows from the definition that the function W, (61, d2) belongs to ®! for each of
the variables. In addition, we note the following inequality

)

1,1
(Ahl,hz <p> (@1, x2)

1,1 1,1 (10 0,1
Wy (01, 02) =w (p; 01, 02) < 2mm{w (¢35 1, 0), w (p; 0, 62)}-

Definition 2.6. We denote by ®! the class of functions of two variables w(dy, o)
satisfying the following conditions:

(1) w(d1, d2) in 41, for any fixed da;

(2) w(d1, d2) in dy, for any fixed d;.

We call this as the class of mixed modulus of continuity of the first order of
continuous functions of two variables. In [1] it is shown that the properties 1) and
2) are characteristic for continuity modulus in the sense that for every w(zy, x3) € ®!
there exists a function ¢ € C(Q) such that

1,1 1,0 0,1
w (p; 01, d2) ~w1,1(d1, b2), w (5 1, 0) ~wi(d1), w (g3 0, 02) ~ wa(da).
Definition 2.7. We denote by ® the set satisfying the conditions on (w1, ws, w1,1)
given by

(1) wi(d1), wa(da) € @Y
(2) W171(51, 52) S q)l’l;
(3) W171(51, 52) S 012 min {wl(él), w2(52)}.

Definition 2.8. Let w(d1,02) € ®(Q). We will say that function ¢(z1,22) belongs to
class HZ(Q) = HYv#2w11(Q) if it is defined on @ and satisfies conditions

1,0 0,1
v (¢;81,0 0 (¢:0,6
qp @00 o CW0%) o d sup

0<6,<bi—a;  wi1(01) 0<83<br—as w2(02) 0<8;<bi—a; wWi,1(01,02)

1,1

where ¢ = 1,2. Functions wi(d1),w2(d2),w1,1(d1,d2) will be called the characteristic
functions of the generalized Holder space H¥1:%2%1.1(Q).

Let (w1, w2, w1,1) € ®(Q). Then we introduce norm in H™ = H@i w2, w1) by

1,1
w (p;61,02)

6;>0,i=1,2 w1,1(51,52)

1,0 0,1
w (9;01,0)  w (;0,02)

Pl = = Lllc , Sup , Sup )
Il Iellew) s>0  wi(d1) 5>0  wa(62)

w (p;01,02)

)
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We say that ¢ € HF(Q) if ¢ € H(Q) and ¢(z1, x)

T;=a;

(,0(.131, 'TQ)
:Ei:bi

0,i=1,2.

Definition 2.9. Let H%(p) = H%(Q;p) denote the set of all functions ¢(z1, x2)

satisfying condition p(z1, z2)¢(x1, z2) € H¥(Q), where p(x1, x2) is a non-negative

weight function.

As usual the norm in H “(p) is given by
||§0||f1w(p) = ||P<P||Hw~

Denote by HZ(p) = HF(Q;:p) the spaces of functions o(z1,22) such that

p(x1, x2)p(x1, 22) € HF (Q).
Consider a one-dimensional integral operator of the Volterra convolution type

x

(Kyp)(z) = /k(l’ —t)p(t)dt, 0<z<b.
0

(2.11)

The following theorem is known [11].

Theorem 2.10. Let k(z) € Vi, 0 <A <1 and ¢(x) € C([a, b]), ¢(a) =0. Then

b—a
WK, B) < Oy | hk(h)w(eo, h)+h / @w(% bt (2.12)
h

3. Zygmund type estimates

In [2] we give non-weighted Zygmund type estimates for mixed integrals of the
Volterra convolution type.

Theorem 3.1. . Let k(z;) € Vi,,0 < \; < 1, 9(z1, x2) € C(Q) and ¢(z1,z2)

T;=a;

0,7 =1,2. Then the following Zygmund type estimates hold

hik(hq)

b1—ay

k(t
(9 h1, by — ag) + (tl)
1

1,0
w

1,1
w

1,1
w

(K;hy,0) < Cy (p3t1,b2 — ag)dty |,

[

0,
w

=
[

s

w

(K;0,hs)

(K@; h1, hs

<Oy

) < Cs | hik(hy)hok(he) w (p;h1, he) + hik(h)ha

hok(hsg)

[ay

,1
w

(@501 — a1, ha) + ho

1,1

h1

ba—a2

ha

k(t2)

to

—_

,1

w (301 —ay, ta)dta |,

ba—az

E(t2) 11

W
to

(@3 h ta)dta+
ha
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bl—alk ; bi—ai ba—a2 1,1 -
hyk(ha)ha / (tll) & (ita, ha)dty + hiha %k(tl)k(tg)dtldw
h1 h1 ha

Now we give weighted Zygmund type estimates for mixed integrals of the Volterra
convolution type. To do this, we first give notation and auxiliary assertions. Let us
introduce the notation:

Mz, 1) = 21 jgt_zflgt =D k(e — 1), and Mi(z, h, t) = M(z + h, £) — Mz, 1),

where ¢(z) e W, a<t <z, z+h<b
Lemma 3.2. . Let p=(z —a),¢(x) € Wy, n € R and k(x) € Va, A > 0.Then

r—a max(p—1,0) Tt
M(z,8)] < Cy kw— 1), (3.1)
t— t—a
_ max(p—1,0)
| My (x, h,t)] < Cy (W) ?k(m +h—t). (3.2)

Proof. Let p < 1,then from inequalities (2.1) and (2.6) we have
Yz —a) —¢P(t—a)
P(t—a)

If 1 < p, then from (2.1) and (2.5), we obtain

r—t
t—a

|M(z,t)] = k(:r—t)‘ <y k(x —t).

Y(e—a) xz—t z—a\" "zt
M 0) < 0P w(t_a)uzt)gcl(t_a) Ko —1).

Now let’s estimate M;j(x,h,t) . Let u < 1, then from inequalities (2.1), (2.5), (2.2)
and (2.7), we obtain

Y(x+h—a)—Y(x—a)
M1(a?,h7t)|§’ o —a) k(z+h—t)
Pz —a) —¢P(t —a) Ll ba—a) h o
+ ot —a) |k(x +h—1t) — k( t)|<Cl[ — w(t—a)k( +h—t)

Yit—a) x—t kz+h-—t) k(x+h—a), [(x—a\"
t—a Y(t—a) z+h—t h}g(ﬁ{ x—a h<t—a>

+tfak(x+h—t)]=C’1tiLa (xtf;a)u 1+1 k(z +h —t).
Since p < 1, then
t—a\"" h
|M1(a;,h,t)Sclt_ak(a:+h—t)l(x_a) +1 SC’lt_ak($+h—t).
If 1 < p, then
My (b, 1)] < ‘w(“h;(:)_;;’”(x_“) k(z+h—1)
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Yz —a)—yY(t—a Yxt+h—a) h
Y(t —a) zr+h—a ¢Y({t—a)

Yx—a) z—t kzx+h—1t) k(x +h—1t)Y(x+h—a)
x—a Yt—a) x+h—t h]<cl[ x+h—a YPt—a)

+

) |k(x+h—t)—k(z—t)] < Cy [ k(x+h—1)

+

Y(x+h—a) k
Y(it—a) xz+h-—a

rz+h—a

t—a

k(a:+h—t)} §2C1tha< )H_lk(ﬁh—t).

O

The following theorem is already known [11], but since its proof is much more
complicated, we use Lemma 3.2 to simplify its proof.

Theorem 3.3. . Let k(z) € V3,0 < XA <1 and p(z) = ¢(z — a), where Y(x) € W,,0 <
w <1+ X Assume that po(z) = p(z)p(z) € C([a,b]), wo(a) =0 and

b—a

t
/ w(fS’ )dt < 00, where v =max(1,u).
0

Then the following Zygmund type estimate holds:

h

w(pKp,h) < Cy | E(h /““po’ dt +h /“’ )t | . (3.3)
0 h

Proof. Let wo(z) = p(z)p(x) € C([a,b)] and po(a) = 0. We have

(PK)(z) = / polt)k(z — )dt + / M(a t)po(t)dt = fi(z) + fola).

a

Here the question of estimating the modulus of continuity for the first term is known in
Theorem 2.10.
Let us estimate the second term. Let be h > 0; z, x+h € [a,b]. Consider the difference

x+h
fa(x + 1) = fo(x /Ma:+ht)<po dt+/M1xht)¢o<)d

Further
x+h

|fa(z+ h) — fa(z)] < / |M(x+h,t)|w(g00,tfa)dt+/ | M (2, h, t)|w(po, t—a)dt = fo+f"2.

x

(3.4)
We estimate f5. I) Let 0 < p < 1. Using (3.1), we have
x+h h x+h
i< / x:—ik(x +h— t)w (g, t — a)dt < Crhk(h) / wdt.
—a —a

€T x
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w(po,t—a)

= , we obtain
a

Taking into account the almost decreasing

x+h

h
f5 < Crhk(h) / % — Cyhk(h /‘”
0

x

I If 1 < p < 1+ A, then from (3.1) we have
x+h

r—a t—a

-1
chwmmx/<x+h_a>u @+h_ﬂmx+h—md%¢—aMt

We distinguish two cases * —a < h and © — a > h. In the case
z+h ( ) z+h ( )
— t—a
/ < m ()005 < / w{¥o, _
15 < C1h*k(h) / 705 — ) dt < C1h*k(h) 7@ — ) dt

x x

h
Cyhik(h /w%’
0

In the second case
x+h

h
f5 < Cihk(h)(z+h—a)" ! / wivo,t —a) , _ Cihk(h) /w((iof:ta;#a) 0

(t —a)* (x+h—a)l=r )

x

h
t_
Cihk(h /W%”+ wipo,z +t—a)
r+t—a
0

(500,75)

Taking into account the almost decreasing < , we obtain

h
< Cukn) [ <1208
0

Gathering all the estimates for f}, we have

h
15 < Ci1h7k(h) / %dt, ~v = max(1, ).
0

(3.7)

Let us estimate f”,. Here we also use the estimates from Lemma 3.2. In 0 < p < 1,

we have
t
Qgclh/@k(ﬂh—t—a)dt.

In the case £ — a < h we obtain

r—a h
[72 < Cihk(h) / Mdt < Olhk(h)/w(io’t)dt.
0 0

(3.8)
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In the case  — a > h we represent the right side of inequality (3.8) as the sum of three
terms

h z+}217a r—a
t
79 < Chh /+ / + / W(SDTO?)]C(I+}L7t7Q)dt:Al+AQ+A3.
0 h oth—a

Since t < x — a, then it immediately follows

h
t
Ay < clhk(h)/”(‘io’ Jat.
0

The term A satisfies the inequality z + h —t — a > ¢, so we have

z+h—a
2

A—e b—a
Ay < C1h / ”(‘io’t)k(t)< ! ) dt < Clh/ @k(ﬂdt.
h h

r+h—t—a

The term Ajg satisfies the inequality x +h —t —a < t, so

r—a

h—t—
e / ”(“”Jf’f;_t_a Dble+h—t — a)dt.

z+h—a
2

We make the substitution x + h — ¢t — a = t and obtain

z+h—a
2

b—a
As < Chh / w(io’t)k(t)dtgclh/w(io’t)k(t)dt.
h

h

Thus, for 75, for 0 < p < 1 we have
h

2 < Cy MW/ Dt +n /w a | . (3.9)
0 h
Let 1 < pu <1+ A. Use estimates from Lemma 3.2 for My (x, h,t) we obtain
r—a B p—1
fascma/(m+f “) ‘“?J%u+h—t—@m. (3.10)

In the case z — a < h from (3.10) we obtain
fla < Cih* / Wk(m +h—t—a)dt < Cih"k(h) /
0 0

w(@Ovt)dt
th(x+h—t—a) ~

h
Cuh k() / w(ffj’t) dt.
0
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If £ — a > h, then we represent the right side of inequality (3.10) as the sum of three
terms:

—a h . pn—1 t
/ (x + i a) w(<pto, )k(;Hh—t—a)dt = T+ To+Ts.

Since z + h —a < 2(x + h —t — a) in T}, we obtain

h h
—t—g\ "
7 <cib [ (”ht t a) “(‘Pf’%(ﬁh—t—a)dtgclhuk(h)/“(fﬁ’t)dt.
0 0

Further z + h — a > 2t in T, then

z+h—a

b—a
T, < Cih / tﬂ—lk(t)%ﬁ’t)dtg Clh/ Mk(t)dt.
h

Let us estimate the term 73. Here t > x + h — t — a, therefore @ <

Clw hence it follows that

rz+h—t—a
o z4+h—a\" " wlpy,z+h—t—a)
T3 < 4 <
3 < Cih / ( ” ) 1 h—i—a E(x+h—t—a)dt <
a:+gfa
i w(po,z+h—t—a)
Clh/ PO R — k(x 4+ h—t—a)dt,

because x + h — a < 2t. Making the substitution £ = x + h —t — a and passing again to
the variable ¢, we obtain

Ty < Cih 2 t)dt.

Gathering all estimates of f”5 in the case 0 < p < 14 A, we have
h —
w w(
ffa<Cr | Wk(h / dt +h / dt |, ~y=max(1,pu). (3.11)
h

0

From inequalities (3.7) and (3.11), we obtain estimate for 0 < <1+ A

h

\falz + h) — fo(x)| < Cy | WVE(R /““00’ dt—l—h/ %’)k(t)dt . (3.12)
0

where v = max(1, ). O
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We introduce the following notation

Y(x1 — ar)(ws — az) — Yt — ar)P(ta — az)
Y(ty — a1)p(ta — az)

M(z1,29;t1,t2) = k(zy —t1)k(ze — 1),

(3.13)
where a; < t; < x; < b;,1=1,2.

Lemma 3.4. Let p(x1,22) = ¥ (21 — a1)(ze — az), then
M(.’l?l, To;ty, tz) = M(ml, tl)M(.’L‘27 tz)-i—M(.’l?l, tl)k(wg—t2)+M(.’L‘27 tg)k(wl—tl), (314)

here

V(@i —ai) =Pt —ai)
Y(ti — a;)
Proof. Since p(x1,z2) = ¥ (x1 — a1)y(x2 — az2), then
Y(z1 — a1)p(@2 — az) — Yt — a1)y(t2 — az)
= [¥(z1 — a1) = Pty — ar)] [ (22 — az) — P(t2 — az)]
+1(t2 — az) [h(z1 — a1) — Pty — a1)] + ¥ (t1 — a1) [Y(x2 — az) — (2 — az)].
Taking into account this equality in (3.13), we have
[¢(x1 — a1) — Y(t1 — ar)] [W(z2 — az) — P(tz — a2)]
V(1 — a1)y(t2 — az)

M (xi,t;) = k(z; —t;),i=1,2.

M(xlvx2§tlat2> = k‘(.’lﬁl—tl)k(l’z—tg)

LY —an) — ot - al)k(zl_tl)k(xQ_t2)+¢($2 —az) —Y(t2 — az)

Y(ty —a1) Y(t2 — az)
= M(.’Iﬁl,tl)M(SL‘Q,tg) + M(l‘l,tl)k’(.’ﬂz — tg) + M(!L‘Q,tg)k(l’l — tl). O

k(ml—tl)k(l‘g—t2>

Theorem 3.5. . Let k(z;) € V),,0 < A\; < 1, p(x1,22) = (21 — a1)(z2 — az), where
(z;) € Wy, 0 < py < 1+ X0 =1,2. Assume that wo(z1,22) = p(z1,22)0(21,22) €
C(Q)Mo@um)‘ =0 and

T;=a;

bi—ai by—az1 1 -
o )
Wdtldtg < oo, where §; =max(1,p;),i=1,2.
1ty
0 0

Then the following Zygmund type estimates hold

hi1,1
W (pK ;i hy,0) < Cy h(flk(hl)/ “ (SDOQtlé,le - a2)dt1
0 f
bi—a111
+hy it (300”5;71’2 - a2)k(t1)dt1] : (3.15)
; 1
h211

W (pK;0,h5) < Cs

’ ;b1 —a,t
hgzk(hQ)/ (800, 1 ai, Q)dtQ
0
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P (oo t
+hy w (o; ;_“1’ 2) (ta)dts | | (3.16)
ho 2
"y t1,t
1,1 ~ ; N
& (pKp;hi,ho) < Cra h‘jlhﬁ?k(hﬁk(@)//W(ﬁld@
tl t22
0 0
hi by—azq 1 - bi—ay ha 11 -
+h2h§1k(h1)/ / wmtg)dtldtg—khlhg?k(hg) / /Wk(tl)dtldtg
31, 132ty
0  hy hi1 O
bi—a1 by—az21 1 -
Vhaohy / / Wk(tl)k(m)dtldtg . (3.17)
102

h1 ha

Proof. Let wo(x1,x2) = p(x1,x2)p(T2,22). We note

1 T2

D((El,$2) = (pkgﬁ)(l’l,l'g) = //gﬁo(tl,tg)k(xl — tl)k(.’EQ - t2)dt1dt2
a] az
r1 T2
+ //]\4(],‘17 332;t1,t2)(p0(t1,t2)dt1dt2 = D1(1‘1, 3;‘2) + Dg(xl,xg). (318)
al az

Here the question of estimating the modulus of continuity for the first term is solved
by us in Theorem 3.1. Let us estimate the second term. Taking into account (3.14), we
represent Da(x1,x2) in the following form

xr1 T2
DQ(Z‘l,Ig) = //M(le,tl)M(l‘g,tg)(po(thtz)dtldtg
a1 az
1 T2 1 T2
+//M($1,t1)k($2 — tg)(po(tl,tg)dtldtz +//]€(.”L'1 — tl)M(.%‘g,tQ)gDQ(tl,tg)dtldtg
ai; as ail a2

= my(r1,72) + ma(z1, T2) + ma(z1, T2).
We shall estimate each term m;(z1, x2),j = 1,2, 3 separately. Let hy > 0;x1,21+h1 €
[a1,b]. Consider the difference

r1+hy x2
m1($1 —+ hl, %2) — m ($1, IQ) = M(IL’l + hl, tl)M(IEQ, tQ)(po(tl, tQ)dtldtQ
Xy a
1 T2
"r//Ml(xlahlatl)M(x%t?)‘PO(tlyt2)dt1dt2-
a] a

Since ¢o(z1,22) =0,7=1,2, then

T;=a;

Imi(z1 + hi,22) — ma(w1, 22)]
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r1+h1 x2
1,1
< Ch2 / /\M($1+h1,t1)||M($27t2)| w (po;t1 — ai,ta — ag)dtidts

xry a2

1 T2

1,1
+ [Mi (21, b, t1)] [ M (z2,t2)| w (@o;t1 — a1, ta — az)dtidts
a1 a

Let us estimate the integral

T
i 1,1
|M(1‘2,t2)| w ((po;tl — al,tg — az)dtg.
az

Let 0 < pa < 1. From Lemma 3.2, we have
Z2
1,1
/|M(9€2at2)| w (@o;t1 — a1,ty — ag)dty <
as

zz—az1]

w (po;t1 — a1, 1,1
( ; )dtz < Cy w (post1 —ai, by — az).
2

Cg(mg — ag)k‘(l‘g — ag)
Inl1<pu <1+ Ao

xr
i 1,1
M (z2,t2)| w (o;t1 — a1,ta — ag)dty <

az
To2—az

02(1'2 - ag)k(l‘g - a2) dtg S

-1 1,1
T2 —ax\"*T W (poits — ai,t2)
tQ t2

1,1
Cy w (po;t1 — ar, by — as).

From here and from estimates f}, f”9 in Theorem 3.3, one can easily verify the validity
of the inequality, for 0 < pu; < 1+ Aq

hi11
w it1,00 —a
‘ml(xl + hl,xQ) - m1(l’171'2)| S ClQ hil k(hl)/ (SOO t1§1 2 Z)dtl

5 1

" k)

1,1
+hy / Tl W (po;ty, by — az)dty |, (3.20)
1
h1

where 61 = max(1, u1).
Now we estimate ma(x1, z2). Let hy > 0;21,21+h1 € a1, b1]. Consider the difference

z1+h1 x2

ma(z1 + hy, x2) — ma(21,22) = / /M($1 + hi,t)k(z2 — t2)po(t, ta)dtidits
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1 T2
+//M1(I1,h1,t1)k(l‘2 —tg)gﬁo(tl,tg)dtldtg.

ay az

The following inequality holds

|ma(z1 + hi, 22) — ma(w1, 22)]

z1+h1
1 1 2 171
§ Cl ‘M(fﬂl + hl,t1)| k(lL’Q — tg) w (gﬁo;tl — al,tQ — ag)dtldtQ
Xy a
xr1 T2
1,1
+// ‘Ml(fﬂl,hl,tlﬂ k(SUQ — tg) w (QD();tl — al,tg — ag)dtldtg . (321)
al az
Since
T2 T2
1,1 1,1
/ w (post1 — a1, ta — ag)k(we —ta)dts < Co w (post1 — a1,z — az)/k(l’Q — 1) <
ag az
1,1
Cr w (post1 — a1,by — as). (3.22)
Taking into account inequality (3.22), we obtain
z1+hy
1,1
[ma(z1 + ha, x2) — ma(z1,22)] < Cq / M (21 + hi,t1)| @ (po;t1 — a1, b — az)dty
1
1
1,1
+ | [Mi(z1,h1,t1)] W (post1 — a1, b2 — az)dt;
ay

It is easy to verify the validity of the estimate if estimates f5 and f”5 are taken into
account in 0 < g <1+ X\

hi11
|ma (21 + 1, 9) — ma(21, 32)| < Cy hflk(hl)/ < “00?“(;152 —a2) g,
0 f
bi—ai1
+hq it (gpmt;bz — az)k(tl)dtl , where §; = max(uq,1).
; 1
Now we estimate mg. Imagine the difference
w1+h1 Ts
ms (e + by, w2) — ma (1, 22) = / /¢0(t1,t2>k(x1 T — )M (2, b2)dt di
@1 as
@1 w2
—|—// [k(x1 + hy —t1) — k(z1 — t1)] wo(t1, ta) M (22, t2)dt dts.
a1 as

Since ¢g(z1,a2) = 0, we have

|m3(x1 + hy,22) — ma(r1,22)| <
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0 T2
1,1
C12 / / w (QOO;tl,tQ — a2)|M(x2,t2)|k(h1 + tl)dtldtg

h1 a2
xr1—ayp T2
1,1
+ / /|k(h1 +t1) — k(tl)‘ w (@O;tl,tg — QQ)‘M(IQ,tQ)‘dtldtQ
0 as

Using the integral estimate (3.20), we obtain
0
1,1
Ims(z1 + h1, 2) — ma(21,22)| < Cy (/ w (po;t1,ba — az)k(hy +t1)dt
h1

r1—aq
1,1
+ / ‘k(hl + tl) — k(t1)| w (g@o;tl, bg — ag)dtl
0
Using the estimates for Ay, As from Theorem 2.10, we obtain the estimate

1,1
|m3(x1 + h1,$2) - m3($1,$2)| <Gy (hlk‘(hl) w (<P0§h17b2 - 02)

blfal 171
w (po;t1,by — az)

h
+hq t

(1)t
hy

Gathering estimates of m;(z1,x2),j = 1,2,3 we obtain

hi1,1
|Da(@1 + ha,22) — Da(a1,32)| < C4 hflk(hl)/ “ (‘po;“é’le —92) gy,
0 g
bi—aiq 1
+hy v (‘po;t;’ b= a2) ity | where 6 = max(ug, 1). (3.22)
7 1
Symmetrically, we can obtain the estimate
h211
Dy (a1, 22 + ha) — Doz, 22)| < Cs hgzk(hg)/ © (poibi —ante) g
0 t2’
ba—az11
thy © (o; b;; 912 Vit | where 8 — max(jia, 1). (3.23)
hao

Now, let us prove the validity of estimate (3.17). Let h; > 0;x;, x; + h; € [a;, b],4 =
1,2. We represent the difference

. 12
(Ahl,hz Dz) (w1, 22) =Y Vi,
k=1
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where
x1+hy x2+ha

Yl = / / M(ml+h1’t1>M(x2+h2’t2)§00(t1,t2)dtldt27

T, T2
}/2 = //Ml(xl’hl’tl)M2<x2’h2’t2>¢0(t1;t2)dt1dt2’
a1 as

r1+h1 x2

Y; = / /M(a:1 + hy,t1) My (22, ho, ta)wo(t1, ta)dtidts,

z1 2+ho
Yy = / / My (x1, ha,t1) M (z2 + ha, t2)wo(t1, t2)dtidts,
a1 m
z1+hy xo+ho
Y; = / / M(x1 + hy,t1)k(xa + ha — t2)po(t1, ta)dt1dls,

&1 @9
z1+h1 2
Ys = / /M(m + hi,t1) [k(xo + hg — t2) — k(x2 — t2)] wo(t1, ta2)dt1dts,
@1 as
z1 T2+h2
Yr = / / My (z1, b1, t1)k(x2 + ho — t2)po(ty, t2)dtdts,
a1 @
@1 s
Ys = //M1(361 + hi,t1) [k(xe + he — t2) — k(zg — t2)] wo(t, t2)dtidts,

a1 as
z1+h1 z2+he
Yy = / / E(x1 4+ h1 — t1) M (x2 + ho, t2)po(t1, ta)dt1dla,

@ @
1 w2+ha
Yio = / / [k(z1+ h1 —t1) — k(z1 —t1)] M (22 + ha, t2)po(te, t2)dt1dts,
a1 @2
@1+h1 T2
= / /k(“"“ + h1 — t1) My (22, ho, t2) o (b1, ta)dtrdts,
21 as
@1 s

Y12 = //[k(fﬂl + hl - tl) - k((El — tl)] Ml(xZ’h27t2)‘p0(t1,t2)dt1dt2,

aip az
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=0, then

T;=—a;

Since o (1, z2)

z1+h1 z2+ha

1,1
[Y1] < Ci2 / / M (xy + hi,t1)M (2o + ho,ta) w (wo;t1 — a1, ta — ag)dtidts,
] )
xr1 T2
1,1
[Ys| < C12//M1(£C17h17t1)M2($2,hz,tz)) w (post1 — a1, ta — az)dtydty,
al az
z1+h1 T2
1,1
|Y3] < Ciz / /M(ﬂﬂl + hi,t1) My (22, ha,t2)) W (poits — a1, tz — ag)dtydts,
T az
T1 T2+ho
1,1
|Y4| S 012/ / Ml(il,hl,tl)M(l‘Q + h27t2)) w ((po;tl - al,tg — a2)dt1dt2,
al 2

r1+h1 z2+ho
1,1
|Y5| < (9 / / M(xl + hl,t1)k‘($2 + hy — tg)) w ((po; t1 —ap,ty — ag)dtldtg,

o @
21+hy o2
[Ys| < Cha / /M(ml—I—hl,tl) |k(z2 + ho — t2) — k(z2 — t2)|) ) (po; t1—a1, ta—ag)dt dts,
&1 as
xq watha
[Y7| < 012/ / My (21, ha,t1)k(2e + ho —t2)) o (o3 t1 — a1, ta — ag)dtydts,
a1 o
71 T2
|Yg| < 012//M1(5E1+h1,t1) |k(x2 + hy — t2) — k(2o — t2)]) o (po;t1—ay, ta—az)dtidts,
a1 az

z1+hy xa+ha

1,1
|Y9| < (g k(xl + hy — tl)M(IQ =+ hg,tg)) w (300; t1 —ap,to — ag)dtldtz,
Xy o
x1 T2+ho
1,1
|Y10‘ S 012/ / |k(1131 + hl - tl) — k(zl — t1)| M(I‘Q—th,tz)) w ((po; tl—al, tQ—ag)dtldtQ,

aq xro

x1+hy x2

1,1
[Y11] < Ciz / /k(l‘l +h1 —t1) My (22, h,t2)) W (@03t — a1,t2 — ag)dtidts,

Ty as

xr1 T2

1,1
|Y12‘ § 012// |]€(1’1 + hl — tl) — k(l‘l — t1)| Ml(xz,hg,tz)) w ((po;tl—al,tg—ag)dtldtg.

a1 as
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We skip the details of calculating each Yy, k = 1,2,7,12. Their calculation is carried
out in the standard way using Lemma 3.2, inequalities (3.1)-(3.2) and using the estimates
for f4, f”2 from Theorem 3.3, it is easy to verify the validity of the inequality

1,1 t
(Ahl,hz Dz)‘<C12 B k(o) / / i%’tl’ dtydiyt
2

bl—al hzw
;01,1
hh32k(hy) / /%k(tl)dtldb—k
102
hi O

h1 b2 (120.)

t1,t2)
B3t hak(hy) // @5511’2 k(ty)dty dty+

h1 h2w

hlhg// ‘pi’?’tz (t)k(ta)dtrdts | | if 0< py <14 Ng,i=1,2. (3.24)
102

From inequalities (3.22), (3.23) and (3.24), we obtain the corresponding estimates
(3.15), (3.16) and (3.17). O

4. Main Result

Theorem 4.1. Let p(x1,z2) = ¥(x1 — a1)Y(z2 — a2),¥(z;) € W, k(x;) € Vy,,0 <
AN <1L0<p; <XN+1,i=1,2. Assume that

h1 ho
max(p1,0) max(p2,0)
// ﬁ @ (tl’ Q)dtldtg < Clgw(hl,hg)
31 t2 1o
0 0

b1—a1 b2—a2
W(tl, t2)
titak(t1)k(t2)

and

dtldtQ S Clgw(hl, hg)k‘(hl)k‘(hg)

hi e
Then the operator K is bounded from HE (p) into HZ* (p) with characteristic
wk(hl, hg) = hlhgk(hl)k‘(hg)w(hl, hz)

Proof. Let f(x1,22) = (K¢)(21,22), 0 € f]é”(p) We must show that f € .FNISW’" (p). For
this, it suffices to show that

1,0 0,1
7 (pf7h170) 7 (pf707h2)
sup — P D) _ <00, su L) < 00,
o k(i )wr (hn) ! o ok (ha)ws (ho) ?
1,1
. chi,h
su w (pfih, ho) = (3 < 00.

h1>0,ip:1,2 hik(h1)hok(h2)wy 1(hi, ha)
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Note that in the case 0 < pu; < 14+ )\,

bi—aib2—az1 1 ;
wdtldlé < 00, where 51 = ma’X(]-v:ui),
o 0 'ty

for each argument. Therefore, the Zygmund type estimates (3.15), (3.16), and (3.17)
hold. Where should

1,0 ., hi1
& (pfih,0) _ o [ A0 /w(pso;tl,bz—@)

TN S dt1+
hik(h)wi () =\ wi(m) / 9 !
b1 — a111 ha
1 (P%thbz ) hfl_l /wl(tl)
—_ k(ty)dt <C = dt
E(hy)wi(hy) t1 (ha)dty | < 1”p<p”H0 w1 (hy) t(lsl i
hy 0
)
1 w1 tl
k(t)dt, | <C - 41
k(h1)wi(h) }/ tq (t)dty | < IHP('DHHO (4.1)
11
71 ha2 11
w (pf;0, hz) hy ! /W (p; b1 — al’tQ)dt2+
hzk(hz)wz(hQ) w2 (h2) ) t5?
ba—a 21 1 ho
1 (pp; b1 — a1, ta2) hy 2 /w2(t2)
—_— k(to)dt < = dt
k(h2)ws (hs) / t2 (t2)dtz | < Celloelag wa(ha) ) 13 o
ho 0
A
wa(t2
k(ty)dts | < C - 49
ity | M) ) < Calbly (42)
ha
1,1 hi ha 11
w (pf;ha,ha) h T thg ! // w (pp;ta,to)
<C o ——— L =rdtydt
hak(hy)hok(he)w i (b, he) — 12l ool wi1(h1, ha) e l
hy ba— ¢1211
hfﬁ1 (pp;t1,ta)
L APDE2) oVt dto +
k(h2)wi1(hi, ha) 14, (t2)dtrdtz
0 he
bi—ay h211
hgz_l (pp;ty, ta)
71€ t1)dtidto+
k(h1)wi,1(h1, ho) t1152 (t1)dtrdtz
hi 0
1 bi—ay ba— —a21, 1( b )
pSO,t], 2 —
k(t1)k(ta)dt1dt <C =
k(hl)k(hQ)le(hl,hQ) p ; t1ts (t1)k(t2)dtrdts | < 12HP90||H0
1 2

(4.3)
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= p(x1, x2)p(w1, 72) =0,i = 1,2.
Ti=aq z;=a;

After substitutions t; = x; — s;(z; — a;),7 = 1,2, we obtain

It remains to show that ¢g(x1,x2)

r1 —a —a
p(l‘l,lfg 5131,332 / 1)[} ! 1 ( 2 2)]{}(271 7151)]{7(%2 7t2)(p0(t1,t2)dt1dt2
Y(ty — ar)P(ta — az)
a1 az

= Y(r1 — )P (22 — az2)(@1 — a1) (22 — az)x

11 — (1 —a1)s1, 21 — (w2 — az)s2) o u o deds
0/0/1/’ (= )@ a]o [0 )z — ] 511~ @l lss(es —all dsadse

Since ¢o(z1,22) =0,7=1,2, then

T;=a;

o [r1 — (21 — a1)s1, 22 — (22 — az)s2]—po [a1, 2 — (2 — az)ss] | < Cy o (p0;1—51,0),

©o [961 - (301 - a1)81,$2 - (552 - a2)82]—300 [$1 - (xl - a1)51:a2] <O UJ (90070 1- 82)

1,1

s

S 012 w (QD(), 1-— S1, 1-— 52).

1,1
(A (z1—a1)(1—s1),(z2—az)(1—s2) <P)> (a1,az)

These estimates and inequalities (2.5), (2.7) , we obtain

1 1 1 1
k‘(l‘l — a1 l‘g — a2 // (p(), — 81, 1-— 32)d81d$2
T1,T r1,22)| < C =
(21, 22) f (21, 22)] < Cro @ —a) e —aa) ) ] T (- s
012(3?1 - al)k(gcl — CL1)($2 — a:2)k($2 — ag).
If ; — a;i = 1,2, then p(zy1,22)f(x1,22) — 0. From this we obtain
p(x1, x2)e(x1,22) =0,1=1,2. So
Ipfllcw) < 012H%0||ﬁ6w(p)~ (4.4)
Inequalities (4.1), (4.2), (4.3), and (4.4) imply the assertion of the theorem. O
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