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Abstract. Weighted Zygmund type estimates are obtained for the mixed continuity
modulus of some convolution type integrals. In the case of mixed fractional integrals
this strengthened to a result on isomorphism between certain weighted generalized
Hölder type spaces

1. Introduction

In [3]-[10] the kernel and the weight function were power functions. Now, in the paper
we deal here with arbitrary kernels and weights, i.e. not necessarily power ones. We
study mixed integral of the Volterra convolution type of function of two variables in
weighted generalized Hölder spaces of different orders in each variables.

We consider mixed integral operator of the Volterra convolution type

(K̃φ)(x1, x2) =

x1∫
0

x2∫
0

k(x1 − t1)k(x2 − t2)φ(t1, t2)dt1dt2 (1.1)

in rectangle Q = {(x1, x2) : 0 ≤ x1 ≤ b1, 0 ≤ x2 ≤ b2}.
We obtain weighted Zygmund type estimates for mixed integrals of the Volterra

convolution type in the weighted generalized Hölder space of the function of two variables
defined by the mixed modulus of continuity. Estimates of Zygmund type make it possible
to reveal the nature of the action of mixed integral operators of the Volterra convolution
type in weighted generalized Hölder spaces. We consider weighted generalized Hölder
spaces defined both by first order differences in each variable and also by the mixed
second order difference, the main interest being in the evaluation of the latter for the
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mixed integral of Volterra convolution type in both the cases where the density of the
integral belongs to the weighted generalized Hölder space.

2. Preliminaries

We follow the paper [11] in the definitions and theorems that we will need to present
the issues under consideration below. Positive constants which can be different at
different pales be denoted by C1, C2 and C12.

Definition 2.1. [11] We say that ψ(x) ∈Wµ =Wµ([0, l]), µ > 0 if
(1) ψ(x) ∈ C([0, l]), ψ(0) = 0, ψ(x) > 0 for x > 0;
(2) ψ(x) is almost increasing;
(3) ψ(x)/xµ is almost decreasing;
(4) there exists C1 such that

∣∣∣∣ψ(x)− ψ(y)

x− y

∣∣∣∣ ≤ C1
ψ(x⋆)

x⋆
, x⋆ = max(x, y). (2.1)

Definition 2.2. [11] We say that a non-negative function k(x) on [0, l] belongs to the
class Vλ, λ > 0 if

(1) k(x) ̸= 0, xλk(x) is almost increasing and xλk(x)

∣∣∣∣
x=0

= 0;

(2) there exists ε, 0 < ε < λ, such that xλ−εk(x) is almost decreasing;
(3) there exists C1 such that

∣∣∣∣k(x)− k(y)

x− y

∣∣∣∣ ≤ C1
k(x⋆)

x⋆
, x⋆ = max(x, y). (2.2)

In the sequel we shall use the following inequalities:
if ω(φ, h) is the continuity modulus, then

ω(φ, x)

x
≤ C1

ω(φ, y)

y
, x ≥ y; (2.3)

if 0 < α < 1 then
ω(φ, h)

hα
≤ C1

h∫
0

ω(φ, t)

t1+α
dt; (2.4)

if ψ(x) ∈Wµ then

ψ(x) ≤ C1

(
x

y

)µ

ψ(y), x ≥ y; (2.5)

if ψ(x) ∈Wµ with 0 < µ < 1 then (2.1) holds with x⋆ replaced both by x and y:∣∣∣∣ψ(x)− ψ(y)

x− y

∣∣∣∣ ≤ C1
ψ(x)

x
and

∣∣∣∣ψ(x)− ψ(y)

x− y

∣∣∣∣ ≤ C1
ψ(y)

y
; (2.6)

if k(x) ∈ Vλ then

k(x) ≤ C1

(y
x

)λ

k(y), x ≤ y, (2.7)
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and there exists ε > 0 such that

k(x) ≤ C1

(y
x

)λ−ε

k(y), x ≥ y, (2.8)

if λ ≤ 1 then ∣∣xλ − yλ
∣∣ ≤ C1(x− y)yλ−1, x ≥ y > 0, (2.9)

and if λ ≥ 0 then ∣∣xλ − yλ
∣∣ ≤ C1(x− y)xλ−1, x ≥ y > 0, (2.10)

Lemma 2.3. [11] Let k(x) ∈ Vλ, λ > 0 and let ω(x) ≥ 0 be an almost increasing
function. Then

ω(x)k(x) ≤ C1

l∫
x

k(t)

t
ω(t)dt

for 0 < x < l/2.

Definition 2.4. [12] Let function φ(x) bounded on [a, b] The modulus of continuity is
understood as expression

ω(φ; δ) = sup
|x1−x2|≤δ,

sup
a≤x1,x2≤b

|φ(x1)− φ(x2)| ,

defined for all δ satisfying condition 0 < δ ≤ b− a.

Definition 2.5. [12] We denote by Φ1 the class of function ω(δ) ∈ (0, b− a] satisfying
the conditions:

(1) ω(δ) is the continuity modulus;

(2)
δ∫
0

t−1ω(t)dt ≤ C1ω(δ);

(3) δ
b−a∫
δ

t−2ω(t)dt ≤ C1ω(δ);

(4) ω′(δ) ∼ δ−1ω(δ).

For a continuous function φ(x1, x2) on R, we introduce the notation(
1,0

∆h1 φ

)
(x1, x2) = φ(x1+h1, x2)−φ(x1, x2),

(
0,1

∆h2 φ

)
(x1, x2) = φ(x1, x2+h2)−φ(x1, x2),(

1,1

∆h1, h2
φ

)
(x1, x2) = φ(x1+h1, x2+h2)−φ(x1+h1, x2)−φ(x1, x2+h2)+φ(x1, x2),

so that

φ(x1+h1, x2+h2) =

(
1,1

∆h1, h2
φ

)
(x1, x2)+

(
0,1

∆h2
φ

)
(x1, x2)+

(
1,0

∆h1
φ

)
(x1, x2)+φ(x1, x2).

While studying the properties φ(x1, x2) of continuous functions of several variables
(that is, φ(x1, x2) ∈ C(Q)) in particular the following class of functions arise [1]:

H̃ϖ = Hω1,ω2,ω1,1 =

{
φ(x1, x2) ∈ C(Q) :

1,0
ω φ (δ1, 0) = O(ω1(δ1)),

0,1
ω φ (0, δ2) = O(ω2(δ2)),

1,1
ω φ (δ1, δ2) = O(ω1,1(δ1, δ2))

}
,
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where
(a) private modules of continuity

1,0
ω φ (δ1, 0) = sup

x2∈[a2, b2],

sup
0≤h1≤δ1

∣∣∣∣(1,0

∆h1
φ

)
(x1, x2)

∣∣∣∣ and

0,1
ω φ (0; δ2) = sup

x1∈[a1, b1],

sup
0≤h2≤δ2

∣∣∣∣(0,1

∆h2
φ

)
(x1, x2)

∣∣∣∣ ;
(b) mixed modulus continuity of order 1, 1

1,1
ω φ (δ1, δ2) = sup

xi∈[ai, bi],

sup
0≤hi≤δi

∣∣∣∣(1,1

∆h1, h2
φ

)
(x1, x2)

∣∣∣∣ ,
where 0 < δi ≤ bi − ai, i = 1, 2.

It follows from the definition that the function
1,1
ω φ (δ1, δ2) belongs to Φ1 for each of

the variables. In addition, we note the following inequality
1,1
ω φ (δ1, δ2) =

1,1
ω (φ; δ1, δ2) ≤ 2min

{
1,0
ω (φ; δ1, 0),

0,1
ω (φ; 0, δ2)

}
.

Definition 2.6. We denote by Φ1,1 the class of functions of two variables ω(δ1, δ2)
satisfying the following conditions:

(1) ω(δ1, δ2) in δ1, for any fixed δ2;
(2) ω(δ1, δ2) in δ2, for any fixed δ1.

We call this as the class of mixed modulus of continuity of the first order of
continuous functions of two variables. In [1] it is shown that the properties 1) and
2) are characteristic for continuity modulus in the sense that for every ω(x1, x2) ∈ Φ1,1

there exists a function φ ∈ C(Q) such that
1,1
ω (φ; δ1, δ2) ∼ ω1,1(δ1, δ2),

1,0
ω (φ; δ1, 0) ∼ ω1(δ1),

0,1
ω (φ; 0, δ2) ∼ ω2(δ2).

Definition 2.7. We denote by Φ the set satisfying the conditions on (ω1, ω2, ω1,1)
given by

(1) ω1(δ1), ω2(δ2) ∈ Φ1;
(2) ω1,1(δ1, δ2) ∈ Φ1,1;
(3) ω1,1(δ1, δ2) ≤ C12 min {ω1(δ1), ω2(δ2)}.

Definition 2.8. Let ω(δ1, δ2) ∈ Φ(Q). We will say that function φ(x1, x2) belongs to
class H̃ϖ(Q) = H̃ω1,ω2,ω1,1(Q) if it is defined on Q and satisfies conditions

sup
0<δ1≤b1−a1

1,0
ω (φ; δ1, 0)

ω1(δ1)
<∞, sup

0<δ2≤b2−a2

0,1
ω (φ; 0, δ2)

ω2(δ2)
<∞ and sup

0<δi≤bi−ai

1,1
ω (φ; δ1, δ2)

ω1,1(δ1, δ2)
<∞,

where i = 1, 2. Functions ω1(δ1), ω2(δ2), ω1,1(δ1, δ2) will be called the characteristic
functions of the generalized Hölder space H̃ω1,ω2,ω1,1(Q).

Let (ω1, ω2, ω1,1) ∈ Φ(Q). Then we introduce norm in H̃ϖ = H̃(ω1, ω2, ω1,1) by

∥φ∥H̃ϖ =

∥φ∥C(Q), sup
δ1>0

1,0
ω (φ; δ1, 0)

ω1(δ1)
, sup

δ2>0

0,1
ω (φ; 0, δ2)

ω2(δ2)
, sup
δi>0,i=1,2

1,1
ω (φ; δ1, δ2)

ω1,1(δ1, δ2)

 .
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We say that φ ∈ H̃ϖ
0 (Q) if φ ∈ H̃ϖ(Q) and φ(x1, x2)

∣∣∣∣
xi=ai

= φ(x1, x2)

∣∣∣∣
xi=bi

≡

0, i = 1, 2.

Definition 2.9. Let H̃ϖ(ρ) = H̃ϖ(Q; ρ) denote the set of all functions φ(x1, x2)

satisfying condition ρ(x1, x2)φ(x1, x2) ∈ H̃ϖ(Q), where ρ(x1, x2) is a non-negative
weight function.

As usual the norm in H̃ϖ(ρ) is given by
∥φ∥H̃ϖ(ρ) = ∥ρφ∥H̃ϖ .

Denote by H̃ϖ
0 (ρ) = H̃ϖ

0 (Q; ρ) the spaces of functions φ(x1, x2) such that
ρ(x1, x2)φ(x1, x2) ∈ H̃ϖ

0 (Q).
Consider a one-dimensional integral operator of the Volterra convolution type

(Kφ)(x) =

x∫
0

k(x− t)φ(t)dt, 0 < x < b. (2.11)

The following theorem is known [11].

Theorem 2.10. Let k(x) ∈ Vλ, 0 < λ < 1 and φ(x) ∈ C([a, b]), φ(a) = 0. Then

ω(Kφ, h) ≤ C1

hk(h)ω(φ, h) + h

b−a∫
h

k(t)

t
ω(φ, t)dt

 . (2.12)

3. Zygmund type estimates

In [2] we give non-weighted Zygmund type estimates for mixed integrals of the
Volterra convolution type.

Theorem 3.1. . Let k(xi) ∈ Vλi , 0 < λi < 1, φ(x1, x2) ∈ C(Q) and φ(x1, x2)

∣∣∣∣
xi=ai

=

0, i = 1, 2. Then the following Zygmund type estimates hold

1,0
ω (K̃φ;h1, 0) ≤ C1

h1k(h1) 1,1
ω (φ;h1, b2 − a2) + h1

b1−a1∫
h1

k(t1)

t1

1,1
ω (φ; t1, b2 − a2)dt1

 ,
0,1
ω (K̃φ; 0, h2) ≤ C2

h2k(h2) 1,1
ω (φ; b1 − a1, h2) + h2

b2−a2∫
h2

k(t2)

t2

1,1
ω (φ; b1 − a1, t2)dt2

 ,
1,1
ω (K̃φ;h1, h2) ≤ C3

h1k(h1)h2k(h2) 1,1
ω (φ;h1, h2) + h1k(h1)h2

b2−a2∫
h2

k(t2)

t2

1,1
ω (φ;h,t2)dt2+
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h1k(h2)h2

b1−a1∫
h1

k(t1)

t1

1,1
ω (φ; t1, h2)dt1 + h1h2

b1−a1∫
h1

b2−a2∫
h2

1,1
ω (φ; t1, t2)

t1t2
k(t1)k(t2)dt1dt2

 .
Now we give weighted Zygmund type estimates for mixed integrals of the Volterra

convolution type. To do this, we first give notation and auxiliary assertions. Let us
introduce the notation:

M(x, t) :=
ψ(x− a)− ψ(t− a)

ψ(t− a)
k(x− t), and M1(x, h, t) =M(x+ h, t)−M(x, t),

where ψ(x) ∈Wµ, a < t < x, x+ h < b

Lemma 3.2. . Let ρ = ψ(x− a), ψ(x) ∈Wµ, µ ∈ R and k(x) ∈ Vλ, λ > 0.Then

|M(x, t)| ≤ C1

(
x− a

t− a

)max(µ−1,0)
x− t

t− a
k(x− t), (3.1)

|M1(x, h, t)| ≤ C1

(
x+ h− a

t− a

)max(µ−1,0)
h

t− a
k(x+ h− t). (3.2)

Proof. Let µ < 1,then from inequalities (2.1) and (2.6) we have

|M(x, t)| =
∣∣∣∣ψ(x− a)− ψ(t− a)

ψ(t− a)
k(x− t)

∣∣∣∣ ≤ C1
x− t

t− a
k(x− t).

If 1 ≤ µ, then from (2.1) and (2.5), we obtain

|M(x, t)| ≤ C1
ψ(x− a)

x− a

x− t

ψ(t− a)
k(x− t) ≤ C1

(
x− a

t− a

)µ−1
x− t

t− a
k(x− t).

Now let’s estimate M1(x, h, t) . Let µ < 1, then from inequalities (2.1), (2.5), (2.2)
and (2.7), we obtain

|M1(x, h, t)| ≤
∣∣∣∣ψ(x+ h− a)− ψ(x− a)

ψ(t− a)

∣∣∣∣ k(x+ h− t)

+

∣∣∣∣ψ(x− a)− ψ(t− a)

ψ(t− a)

∣∣∣∣ |k(x+ h− t)− k(x− t)| ≤ C1

[
ψ(x− a)

x− a

h

ψ(t− a)
k(x+ h− t)

+
ψ(t− a)

t− a

x− t

ψ(t− a)

k(x+ h− t)

x+ h− t
h

]
≤ C1

[
k(x+ h− a)

x− a
h

(
x− a

t− a

)µ

+
h

t− a
k(x+ h− t)

]
= C1

h

t− a

[(
x+ h− a

t− a

)µ−1

+ 1

]
k(x+ h− t).

Since µ < 1, then

|M1(x, h, t)| ≤ C1
h

t− a
k(x+ h− t)

[(
t− a

x− a

)1−µ

+ 1

]
≤ C1

h

t− a
k(x+ h− t).

If 1 ≤ µ, then

|M1(x, h, t)| ≤
∣∣∣∣ψ(x+ h− a)− ψ(x− a)

ψ(t− a)

∣∣∣∣ k(x+ h− t)
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+

∣∣∣∣ψ(x− a)− ψ(t− a)

ψ(t− a)

∣∣∣∣ |k(x+h−t)−k(x−t)| ≤ C1

[
ψ(x+ h− a)

x+ h− a

h

ψ(t− a)
k(x+ h− t)

+
ψ(x− a)

x− a

x− t

ψ(t− a)

k(x+ h− t)

x+ h− t
h

]
≤ C1

[
k(x+ h− t)

x+ h− a

ψ(x+ h− a)

ψ(t− a)
h

+
ψ(x+ h− a)

ψ(t− a)

k

x+ h− a
k(x+ h− t)

]
≤ 2C1

h

t− a

(
x+ h− a

t− a

)µ−1

k(x+ h− t).

�

The following theorem is already known [11], but since its proof is much more
complicated, we use Lemma 3.2 to simplify its proof.

Theorem 3.3. . Let k(x) ∈ Vλ, 0 < λ < 1 and ρ(x) = ψ(x− a), where ψ(x) ∈Wµ, 0 <
µ < 1 + λ. Assume that φ0(x) = ρ(x)φ(x) ∈ C([a, b]), φ0(a) = 0 and

b−a∫
0

ω(φ0, t)

tγ
dt <∞, where γ = max(1, µ).

Then the following Zygmund type estimate holds:

ω(ρKφ, h) ≤ C1

hγk(h) h∫
0

ω(φ0, t)

tγ
dt+ h

b−a∫
h

ω(φ0, t)

t
k(t)dt

 . (3.3)

Proof. Let φ0(x) = ρ(x)φ(x) ∈ C([a, b)] and φ0(a) = 0. We have

(ρKφ)(x) =

x∫
a

φ0(t)k(x− t)dt+

x∫
a

M(x, t)φ0(t)dt = f1(x) + f2(x).

Here the question of estimating the modulus of continuity for the first term is known in
Theorem 2.10.

Let us estimate the second term. Let be h > 0;x, x+h ∈ [a, b]. Consider the difference

f2(x+ h)− f2(x) =

x+h∫
x

M(x+ h, t)φ0(t)dt+

x∫
a

M1(x, h, t)φ0(t)dt.

Further

|f2(x+ h)− f2(x)| ≤
x+h∫
x

|M(x+h, t)|ω(φ0, t−a)dt+
x∫

a

|M1(x, h, t)|ω(φ0, t−a)dt = f ′2+f”2.

(3.4)
We estimate f ′2. I) Let 0 < µ < 1. Using (3.1), we have

f ′2 ≤ C1

x+h∫
x

x+ h− t

t− a
k(x+ h− t)ω(φ0, t− a)dt ≤ C1hk(h)

x+h∫
x

ω(φ0, t− a)

t− a
dt.
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Taking into account the almost decreasing ω(φ0,t−a)
t−a , we obtain

f ′2 ≤ C1hk(h)

x+h∫
x

ω(φ0, x− t)

t− x
dt = C1hk(h)

h∫
0

ω(φ0, t)

t
dt. (3.5)

II) If 1 ≤ µ < 1 + λ, then from (3.1) we have

f ′2 ≤ C1hk(h)

x+h∫
x

(
x+ h− a

x− a

)µ−1
(x+ h− t)

t− a
k(x+ h− t)ω(φ0, t− a)dt. (3.6)

We distinguish two cases x− a ≤ h and x− a > h. In the case

f ′2 ≤ C1h
µk(h)

x+h∫
x

ω(φ0, t− a)

(t− a)µ
dt ≤ C1h

µk(h)

x+h∫
x

ω(φ0, t− x)

(t− x)µ
dt =

C1h
µk(h)

h∫
0

ω(φ0, t)

tµ
dt.

In the second case

f ′2 ≤ C1hk(h)(x+h−a)µ−1

x+h∫
x

ω(φ0, t− a)

(t− a)µ
dt =

C1hk(h)

(x+ h− a)1−µ

h∫
0

ω(φ0, x+ t− a)

(x+ t− a)µ
dt ≤

C1hk(h)

h∫
0

ω(φ0, x+ t− a)

x+ t− a
dt.

Taking into account the almost decreasing ω(φ0,t)
t , we obtain

f ′2 ≤ C1hk(h)

h∫
0

ω(φ0, t)

t
dt.

Gathering all the estimates for f ′2, we have

f ′2 ≤ C1h
γk(h)

h∫
0

ω(φ0, t)

tγ
dt, γ = max(1, µ). (3.7)

Let us estimate f”2. Here we also use the estimates from Lemma 3.2. In 0 < µ < 1,
we have

f”2 ≤ C1h

x−a∫
0

ω(φ0, t)

t
k(x+ h− t− a)dt. (3.8)

In the case x− a ≤ h we obtain

f”2 ≤ C1hk(h)

x−a∫
0

ω(φ0, t)

t
dt ≤ C1hk(h)

h∫
0

ω(φ0, t)

t
dt.
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In the case x− a > h we represent the right side of inequality (3.8) as the sum of three
terms

f”2 ≤ C1h

 h∫
0

+

x+h−a
2∫

h

+

x−a∫
x+h−a

2

 ω(φ0, t)

t
k(x+ h− t− a)dt = A1 +A2 +A3.

Since t ≤ x− a, then it immediately follows

A1 ≤ C1hk(h)

h∫
0

ω(φ0, t)

t
dt.

The term A2 satisfies the inequality x+ h− t− a ≥ t, so we have

A2 ≤ C1h

x+h−a
2∫

h

ω(φ0, t)

t
k(t)

(
t

x+ h− t− a

)λ−ε

dt ≤ C1h

b−a∫
h

ω(φ0, t)

t
k(t)dt.

The term A3 satisfies the inequality x+ h− t− a ≤ t, so

A3 ≤ C1

x−a∫
x+h−a

2

ω(φ0, x+ h− t− a)

x+ h− t− a
k(x+ h− t− a)dt.

We make the substitution x+ h− t− a = t and obtain

A3 ≤ C1h

x+h−a
2∫

h

ω(φ0, t)

t
k(t)dt ≤ C1h

b−a∫
h

ω(φ0, t)

t
k(t)dt.

Thus, for f”2, for 0 < µ < 1 we have

f”2 ≤ C1

hk(h) h∫
0

ω(φ0, t)

t
dt+ h

b−a∫
h

ω(φ0, t)

t
k(t)dt

 . (3.9)

Let 1 ≤ µ < 1 + λ. Use estimates from Lemma 3.2 for M1(x, h, t) we obtain

f”2 ≤ C1h

x−a∫
0

(
x+ h− a

t

)µ−1
ω(φ0, t)

t
k(x+ h− t− a)dt. (3.10)

In the case x− a ≤ h from (3.10) we obtain

f”2 ≤ C1h
µ

x−a∫
0

ω(φ0, t)

tµ
k(x+ h− t− a)dt ≤ C1h

µk(h)

x−a∫
0

ω(φ0, t)dt

tµ(x+ h− t− a)
≤

C1h
µk(h)

h∫
0

ω(φ0, t)

tµ
dt.
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If x − a > h, then we represent the right side of inequality (3.10) as the sum of three
terms:

f”2 ≤ C1h

 h∫
0

+

x+h−a
2∫

h

+

x−a∫
x+h−a

2

(
x+ h− a

t

)µ−1
ω(φ0, t)

t
k(x+h−t−a)dt = T1+T2+T3.

Since x+ h− a ≤ 2(x+ h− t− a) in T1, we obtain

T1 ≤ C1h

h∫
0

(
x+ h− t− a

t

)µ−1
ω(φ0, t)

t
k(x+ h− t− a)dt ≤ C1h

µk(h)

h∫
0

ω(φ0, t)

tµ
dt.

Further x+ h− a ≥ 2t in T2, then

T2 ≤ C1h

x+h−a
2∫

h

tµ−1k(t)
ω(φ0, t)

tµ
dt ≤ C1h

b−a∫
h

ω(φ0, t)

t
k(t)dt.

Let us estimate the term T3. Here t ≥ x + h − t − a, therefore ω(φ0,t)
t ≤

C1
ω(φ0,x+h−t−a)

x+h−t−a , hence it follows that

T3 ≤ C1h

x−a∫
x+h−a

2

(
x+ h− a

t

)µ−1
ω(φ0, x+ h− t− a)

x+ h− t− a
k(x+ h− t− a)dt ≤

C1h

x−a∫
x+h−a

2

ω(φ0, x+ h− t− a)

x+ h− t− a
k(x+ h− t− a)dt,

because x+ h− a ≤ 2t. Making the substitution ξ = x+ h− t− a and passing again to
the variable t, we obtain

T3 ≤ C1h

b−a∫
h

ω(φ0, t)

t
k(t)dt.

Gathering all estimates of f”2 in the case 0 ≤ µ < 1 + λ, we have

f”2 ≤ C1

hγk(h) h∫
0

ω(φ0, t)

tγ
dt+ h

b−a∫
h

ω(φ0, t)

t
k(t)dt

 , γ = max(1, µ). (3.11)

From inequalities (3.7) and (3.11), we obtain estimate for 0 ≤ µ < 1 + λ

|f2(x+ h)− f2(x)| ≤ C1

hγk(h) h∫
0

ω(φ0, t)

tγ
dt+ h

b−a∫
h

ω(φ0, t)

t
k(t)dt

 , (3.12)

where γ = max(1, µ). �
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We introduce the following notation

M(x1, x2; t1, t2) =
ψ(x1 − a1)ψ(x2 − a2)− ψ(t1 − a1)ψ(t2 − a2)

ψ(t1 − a1)ψ(t2 − a2)
k(x1 − t1)k(x2 − t1),

(3.13)
where ai < ti < xi < bi, i = 1, 2.

Lemma 3.4. Let ρ(x1, x2) = ψ(x1 − a1)ψ(x2 − a2), then
M(x1, x2; t1, t2) =M(x1, t1)M(x2, t2)+M(x1, t1)k(x2−t2)+M(x2, t2)k(x1−t1), (3.14)

here

M(xi, ti) =
ψ(xi − ai)− ψ(ti − ai)

ψ(ti − ai)
k(xi − ti), i = 1, 2.

Proof. Since ρ(x1, x2) = ψ(x1 − a1)ψ(x2 − a2), then
ψ(x1 − a1)ψ(x2 − a2)− ψ(t1 − a1)ψ(t2 − a2)

=
[
ψ(x1 − a1)− ψ(t1 − a1)

][
ψ(x2 − a2)− ψ(t2 − a2)

]
+ψ(t2 − a2)

[
ψ(x1 − a1)− ψ(t1 − a1)

]
+ ψ(t1 − a1)

[
ψ(x2 − a2)− ψ(t2 − a2)

]
.

Taking into account this equality in (3.13), we have

M(x1, x2; t1, t2) =

[
ψ(x1 − a1)− ψ(t1 − a1)

][
ψ(x2 − a2)− ψ(t2 − a2)

]
ψ(t1 − a1)ψ(t2 − a2)

k(x1−t1)k(x2−t2)

+
ψ(x1 − a1)− ψ(t1 − a1)

ψ(t1 − a1)
k(x1−t1)k(x2−t2)+

ψ(x2 − a2)− ψ(t2 − a2)

ψ(t2 − a2)
k(x1−t1)k(x2−t2)

=M(x1, t1)M(x2, t2) +M(x1, t1)k(x2 − t2) +M(x2, t2)k(x1 − t1). �

Theorem 3.5. . Let k(xi) ∈ Vλi
, 0 < λi < 1, ρ(x1, x2) = ψ(x1 − a1)ψ(x2 − a2), where

ψ(xi) ∈ Wµi
, 0 < µi < 1 + λi, i = 1, 2. Assume that φ0(x1, x2) = ρ(x1, x2)φ(x1, x2) ∈

C(Q), φ0(x1, x2)
∣∣
xi=ai

= 0 and
b1−a1∫
0

b2−a2∫
0

1,1
ω (φ0; t1, t2)

tδ11 t
δ2
2

dt1dt2 <∞, where δi = max(1, µi), i = 1, 2.

Then the following Zygmund type estimates hold

1,0
ω (ρK̃φ;h1, 0) ≤ C1

hδ11 k(h1) h1∫
0

1,1
ω (φ0; t1, b2 − a2)

tδ11
dt1

+h1

b1−a1∫
h1

1,1
ω (φ0; t1, b2 − a2)

t1
k(t1)dt1

 , (3.15)

0,1
ω (ρK̃φ; 0, h2) ≤ C2

hδ22 k(h2) h2∫
0

1,1
ω (φ0; b1 − a1, t2)

tδ22
dt2
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+h2

b2−a2∫
h2

1,1
ω (φ0; b1 − a1, t2)

t2
k(t2)dt2

 , (3.16)

1,1
ω (ρK̃φ;h1, h2) ≤ C12

hδ11 hδ22 k(h1)k(h2) h1∫
0

h2∫
0

1,1
ω (φ0; t1, t2)

tδ11 t
δ2
2

dt1dt2

+h2h
δ1
1 k(h1)

h1∫
0

b2−a2∫
h2

1,1
ω (φ0; t1, t2)

tδ11 t2
k(t2)dt1dt2+h1h

δ2
2 k(h2)

b1−a1∫
h1

h2∫
0

1,1
ω (φ0; t1, t2)

tδ22 t1
k(t1)dt1dt2

+h2h1

b1−a1∫
h1

b2−a2∫
h2

1,1
ω (φ0; t1, t2)

t1t2
k(t1)k(t2)dt1dt2

 . (3.17)

Proof. Let φ0(x1, x2) = ρ(x1, x2)φ(x2, x2). We note

D(x1, x2) := (ρK̃φ)(x1, x2) =

x1∫
a1

x2∫
a2

φ0(t1, t2)k(x1 − t1)k(x2 − t2)dt1dt2

+

x1∫
a1

x2∫
a2

M(x1, x2; t1, t2)φ0(t1, t2)dt1dt2 = D1(x1, x2) +D2(x1, x2). (3.18)

Here the question of estimating the modulus of continuity for the first term is solved
by us in Theorem 3.1. Let us estimate the second term. Taking into account (3.14), we
represent D2(x1, x2) in the following form

D2(x1, x2) =

x1∫
a1

x2∫
a2

M(x1, t1)M(x2, t2)φ0(t1, t2)dt1dt2

+

x1∫
a1

x2∫
a2

M(x1, t1)k(x2 − t2)φ0(t1, t2)dt1dt2 +

x1∫
a1

x2∫
a2

k(x1 − t1)M(x2, t2)φ0(t1, t2)dt1dt2

= m1(x1, x2) +m2(x1, x2) +m3(x1, x2).
We shall estimate each termmj(x1, x2), j = 1, 2, 3 separately. Let h1 > 0;x1, x1+h1 ∈

[a1, b]. Consider the difference

m1(x1 + h1, x2)−m1(x1, x2) =

x1+h1∫
x1

x2∫
a2

M(x1 + h1, t1)M(x2, t2)φ0(t1, t2)dt1dt2

+

x1∫
a1

x2∫
a2

M1(x1, h1, t1)M(x2, t2)φ0(t1, t2)dt1dt2.

Since φ0(x1, x2)

∣∣∣∣
xi=ai

= 0, i = 1, 2, then

|m1(x1 + h1, x2)−m1(x1, x2)|
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≤ C12

 x1+h1∫
x1

x2∫
a2

|M(x1 + h1, t1)| |M(x2, t2)|
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2

+

x1∫
a1

x2∫
a2

|M1(x1, h1, t1)| |M(x2, t2)|
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2

 .
Let us estimate the integral

x2∫
a2

|M(x2, t2)|
1,1
ω (φ0; t1 − a1, t2 − a2)dt2.

Let 0 < µ2 < 1. From Lemma 3.2, we have
x2∫

a2

|M(x2, t2)|
1,1
ω (φ0; t1 − a1, t2 − a2)dt2 ≤

C2(x2 − a2)k(x2 − a2)

x2−a2∫
0

1,1
ω (φ0; t1 − a1, t2)

t2
dt2 ≤ C2

1,1
ω (φ0; t1 − a1, b2 − a2).

In 1 ≤ µ2 < 1 + λ2
x2∫

a2

|M(x2, t2)|
1,1
ω (φ0; t1 − a1, t2 − a2)dt2 ≤

C2(x2 − a2)k(x2 − a2)

x2−a2∫
0

(
x2 − a2
t2

)µ2−1 1,1
ω (φ0; t1 − a1, t2)

t2
dt2 ≤

C2
1,1
ω (φ0; t1 − a1, b2 − a2).

From here and from estimates f ′2, f”2 in Theorem 3.3, one can easily verify the validity
of the inequality, for 0 ≤ µ1 < 1 + λ1

|m1(x1 + h1, x2)−m1(x1, x2)| ≤ C12

hδ11 k(h1) h1∫
0

1,1
ω (φ0; t1, b2 − a2)

tδ11
dt1

+h1

b1−a1∫
h1

k(t1)

t1

1,1
ω (φ0; t1, b2 − a2)dt1

 , (3.20)

where δ1 = max(1, µ1).
Now we estimate m2(x1, x2). Let h1 > 0;x1, x1+h1 ∈ [a1, b1]. Consider the difference

m2(x1 + h1, x2)−m2(x1, x2) =

x1+h1∫
x1

x2∫
a2

M(x1 + h1, t1)k(x2 − t2)φ0(t1, t2)dt1dt2
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+

x1∫
a1

x2∫
a2

M1(x1, h1, t1)k(x2 − t2)φ0(t1, t2)dt1dt2.

The following inequality holds
|m2(x1 + h1, x2)−m2(x1, x2)|

≤ C1

 x1+h1∫
x1

x2∫
a2

|M(x1 + h1, t1)| k(x2 − t2)
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2

+

x1∫
a1

x2∫
a2

|M1(x1, h1, t1)| k(x2 − t2)
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2

 . (3.21)

Since
x2∫

a2

1,1
ω (φ0; t1 − a1, t2 − a2)k(x2 − t2)dt2 ≤ C2

1,1
ω (φ0; t1 − a1, x2 − a2)

x2∫
a2

k(x2 − t2) ≤

C2
1,1
ω (φ0; t1 − a1, b2 − a2). (3.22)

Taking into account inequality (3.22), we obtain

|m2(x1 + h1, x2)−m2(x1, x2)| ≤ C1

 x1+h1∫
x1

|M(x1 + h1, t1)|
1,1
ω (φ0; t1 − a1, b2 − a2)dt1

+

x1∫
a1

|M1(x1, h1, t1)|
1,1
ω (φ0; t1 − a1, b2 − a2)dt1

 .

It is easy to verify the validity of the estimate if estimates f ′2 and f”2 are taken into
account in 0 ≤ µ1 < 1 + λ1

|m2(x1 + h1, x2)−m2(x1, x2)| ≤ C1

hδ11 k(h1) h1∫
0

1,1
ω (φ0; t1, b2 − a2)

tδ11
dt1

+h1

b1−a1∫
h1

1,1
ω (φ0; t1, b2 − a2)

t1
k(t1)dt1

 , where δ1 = max(µ1, 1).

Now we estimate m3. Imagine the difference

m3(x1 + h1, x2)−m3(x1, x2) =

x1+h1∫
x1

x2∫
a2

φ0(t1, t2)k(x1 + h1 − t1)M(x2, t2)dt1dt2

+

x1∫
a1

x2∫
a2

[k(x1 + h1 − t1)− k(x1 − t1)]φ0(t1, t2)M(x2, t2)dt1dt2.

Since φ0(x1, a2) = 0, we have
|m3(x1 + h1, x2)−m3(x1, x2)| ≤
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C12

 0∫
−h1

x2∫
a2

1,1
ω (φ0; t1, t2 − a2)|M(x2, t2)|k(h1 + t1)dt1dt2

+

x1−a1∫
0

x2∫
a2

|k(h1 + t1)− k(t1)|
1,1
ω (φ0; t1, t2 − a2)|M(x2, t2)|dt1dt2

 .

Using the integral estimate (3.20), we obtain

|m3(x1 + h1, x2)−m3(x1, x2)| ≤ C1

 0∫
−h1

1,1
ω (φ0; t1, b2 − a2)k(h1 + t1)dt1

+

x1−a1∫
0

|k(h1 + t1)− k(t1)|
1,1
ω (φ0; t1, b2 − a2)dt1

 .

Using the estimates for A1, A2 from Theorem 2.10, we obtain the estimate

|m3(x1 + h1, x2)−m3(x1, x2)| ≤ C1

(
h1k(h1)

1,1
ω (φ0;h1, b2 − a2)

+h1

b1−a1∫
h1

1,1
ω (φ0; t1, b2 − a2)

t1
k(t1)dt1

 .

Gathering estimates of mj(x1, x2), j = 1, 2, 3 we obtain

|D2(x1 + h1, x2)−D2(x1, x2)| ≤ C1

hδ11 k(h1) h1∫
0

1,1
ω (φ0; t1, b2 − a2)

tδ11
dt1

+h1

b1−a1∫
h1

1,1
ω (φ0; t1, b2 − a2)

t1
k(t1)dt1

 , where δ1 = max(µ1, 1). (3.22)

Symmetrically, we can obtain the estimate

|D2(x1, x2 + h2)−D2(x1, x2)| ≤ C2

hδ22 k(h2) h2∫
0

1,1
ω (φ0; b1 − a1, t2)

tδ22
dt2

+h2

b2−a2∫
h2

1,1
ω (φ0; b1 − a1, t2)

t2
k(t2)dt2

 , where δ2 = max(µ2, 1). (3.23)

Now, let us prove the validity of estimate (3.17). Let hi > 0;xi, xi + hi ∈ [ai, bi], i =
1, 2. We represent the difference(

1,1

∆h1,h2 D2

)
(x1, x2) :=

12∑
k=1

Yk,
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where

Y1 =

x1+h1∫
x1

x2+h2∫
x2

M(x1 + h1, t1)M(x2 + h2, t2)φ0(t1, t2)dt1dt2,

Y2 =

x1∫
a1

x2∫
a2

M1(x1, h1, t1)M2(x2, h2, t2)φ0(t1, t2)dt1dt2,

Y3 =

x1+h1∫
x1

x2∫
a2

M(x1 + h1, t1)M1(x2, h2, t2)φ0(t1, t2)dt1dt2,

Y4 =

x1∫
a1

x2+h2∫
x2

M1(x1, h1, t1)M(x2 + h2, t2)φ0(t1, t2)dt1dt2,

Y5 =

x1+h1∫
x1

x2+h2∫
x2

M(x1 + h1, t1)k(x2 + h2 − t2)φ0(t1, t2)dt1dt2,

Y6 =

x1+h1∫
x1

x2∫
a2

M(x1 + h1, t1) [k(x2 + h2 − t2)− k(x2 − t2)]φ0(t1, t2)dt1dt2,

Y7 =

x1∫
a1

x2+h2∫
x2

M1(x1, h1, t1)k(x2 + h2 − t2)φ0(t1, t2)dt1dt2,

Y8 =

x1∫
a1

x2∫
a2

M1(x1 + h1, t1) [k(x2 + h2 − t2)− k(x2 − t2)]φ0(t1, t2)dt1dt2,

Y9 =

x1+h1∫
x1

x2+h2∫
x2

k(x1 + h1 − t1)M(x2 + h2, t2)φ0(t1, t2)dt1dt2,

Y10 =

x1∫
a1

x2+h2∫
x2

[k(x1 + h1 − t1)− k(x1 − t1)]M(x2 + h2, t2)φ0(t1, t2)dt1dt2,

Y11 =

x1+h1∫
x1

x2∫
a2

k(x1 + h1 − t1)M1(x2, h2, t2)φ0(t1, t2)dt1dt2,

Y12 =

x1∫
a1

x2∫
a2

[k(x1 + h1 − t1)− k(x1 − t1)]M1(x2, h2, t2)φ0(t1, t2)dt1dt2.
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Since φ0(x1, x2)

∣∣∣∣
xi=ai

= 0, then

|Y1| ≤ C12

x1+h1∫
x1

x2+h2∫
x2

M(x1 + h1, t1)M(x2 + h2, t2)
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2,

|Y2| ≤ C12

x1∫
a1

x2∫
a2

M1(x1, h1, t1)M2(x2, h2, t2))
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2,

|Y3| ≤ C12

x1+h1∫
x1

x2∫
a2

M(x1 + h1, t1)M1(x2, h2, t2))
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2,

|Y4| ≤ C12

x1∫
a1

x2+h2∫
x2

M1(x1, h1, t1)M(x2 + h2, t2))
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2,

|Y5| ≤ C12

x1+h1∫
x1

x2+h2∫
x2

M(x1 + h1, t1)k(x2 + h2 − t2))
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2,

|Y6| ≤ C12

x1+h1∫
x1

x2∫
a2

M(x1+h1, t1) |k(x2 + h2 − t2)− k(x2 − t2)|)
1,1
ω (φ0; t1−a1, t2−a2)dt1dt2,

|Y7| ≤ C12

x1∫
a1

x2+h2∫
x2

M1(x1, h1, t1)k(x2 + h2 − t2))
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2,

|Y8| ≤ C12

x1∫
a1

x2∫
a2

M1(x1+h1, t1) |k(x2 + h2 − t2)− k(x2 − t2)|)
1,1
ω (φ0; t1−a1, t2−a2)dt1dt2,

|Y9| ≤ C12

x1+h1∫
x1

x2+h2∫
x2

k(x1 + h1 − t1)M(x2 + h2, t2))
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2,

|Y10| ≤ C12

x1∫
a1

x2+h2∫
x2

|k(x1 + h1 − t1)− k(x1 − t1)|M(x2+h2, t2))
1,1
ω (φ0; t1−a1, t2−a2)dt1dt2,

|Y11| ≤ C12

x1+h1∫
x1

x2∫
a2

k(x1 + h1 − t1)M1(x2, h2, t2))
1,1
ω (φ0; t1 − a1, t2 − a2)dt1dt2,

|Y12| ≤ C12

x1∫
a1

x2∫
a2

|k(x1 + h1 − t1)− k(x1 − t1)|M1(x2, h2, t2))
1,1
ω (φ0; t1−a1, t2−a2)dt1dt2.
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We skip the details of calculating each Yk, k = 1, 2, ?, 12. Their calculation is carried
out in the standard way using Lemma 3.2, inequalities (3.1)-(3.2) and using the estimates
for f ′2, f”2 from Theorem 3.3, it is easy to verify the validity of the inequality∣∣∣∣(1,1

∆h1,h2
D2

)∣∣∣∣ ≤ C12

hδ11 hδ22 k(h1)k(h2) h1∫
0

h2∫
0

ω

( φ0; t1, t2)

tδ11 t
δ2
2

dt1dt2+

h1h
δ2
2 k(h2)

b1−a1∫
h1

h2∫
0

ω

( φ0; t1, t2)

t1t
δ2
2

k(t1)dt1dt2+

hδ11 h2k(h1)

h1∫
0

b2−a2∫
h2

ω

( φ0; t1, t2)

tδ11 t2
k(t2)dt1dt2+

h1h2

h1∫
0

h2∫
0

ω

( φ0; t1, t2)

t1t2
k(t1)k(t2)dt1dt2

 , if 0 ≤ µi < 1 + λi, i = 1, 2. (3.24)

From inequalities (3.22), (3.23) and (3.24), we obtain the corresponding estimates
(3.15), (3.16) and (3.17). �

4. Main Result

Theorem 4.1. Let ρ(x1, x2) = ψ(x1 − a1)ψ(x2 − a2), ψ(xi) ∈ Wµi
, k(xi) ∈ Vλi

, 0 <
λi < 1, 0 < µi < λi + 1, i = 1, 2. Assume that

h1∫
0

h2∫
0

(
h1
t1

)max(µ1,0) (h2
t2

)max(µ2,0) ω(t1, t2)

t1t2
dt1dt2 ≤ C12ω(h1, h2)

and
b1−a1∫
h1

b2−a2∫
h2

ω(t1, t2)

t1t2k(t1)k(t2)
dt1dt2 ≤ C12ω(h1, h2)k(h1)k(h2).

Then the operator K̃ is bounded from H̃ϖ
0 (ρ) into H̃ϖk

0 (ρ) with characteristic
ϖk(h1, h2) = h1h2k(h1)k(h2)ω(h1, h2).

Proof. Let f(x1, x2) = (K̃φ)(x1, x2), φ ∈ H̃ϖ
0 (ρ). We must show that f ∈ H̃ϖk

0 (ρ). For
this, it suffices to show that

sup
h1>0

1,0
ω (ρf ;h1, 0)

h1k(h1)ω1(h1)
= C1 <∞, sup

h2>0

0,1
ω (ρf ; 0, h2)

h2k(h2)ω2(h2)
= C2 <∞,

sup
h1>0,i=1,2

1,1
ω (ρf ;h1, h2)

h1k(h1)h2k(h2)ω1,1(h1, h2)
= C12 <∞.
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Note that in the case 0 < µi < 1 + λi

b1−a1∫
0

b2−a2∫
0

1,1
ω (ρφ; t1, t2)

tδ11 t
δ2
2

dt1dt2 <∞, where δi = max(1, µi),

for each argument. Therefore, the Zygmund type estimates (3.15), (3.16), and (3.17)
hold. Where should

1,0
ω (ρf ;h1, 0)

h1k(h1)ω1(h1)
≤ C1

 hδ1−1
1

ω1(h1)

h1∫
0

1,1
ω (ρφ; t1, b2 − a2)

tδ11
dt1+

1

k(h1)ω1(h1)

b1−a1∫
h1

1,1
ω (ρφ; t1, b2 − a2)

t1
k(t1)dt1

 ≤ C1∥ρφ∥H̃ϖ
0

 hδ1−1
1

ω1(h1)

h1∫
0

ω1(t1)

tδ11
dt1+

1

k(h1)ω1(h1)

b1−a1∫
h1

ω1(t1)

t1
k(t1)dt1

 ≤ C1∥ρφ∥H̃ϖ
0
, (4.1)

0,1
ω (ρf ; 0, h2)

h2k(h2)ω2(h2)
≤ C2

 hδ2−1
2

ω2(h2)

h2∫
0

1,1
ω (ρφ; b1 − a1, t2)

tδ22
dt2+

1

k(h2)ω2(h2)

b2−a2∫
h2

1,1
ω (ρφ; b1 − a1, t2)

t2
k(t2)dt2

 ≤ C2∥ρφ∥H̃ϖ
0

 hδ2−2
2

ω2(h2)

h2∫
0

ω2(t2)

tδ22
dt2+

1

k(h2)ω2(h2)

b2−a2∫
h2

ω2(t2)

t2
k(t2)dt2

 ≤ C2∥ρφ∥H̃ϖ
0
, (4.2)

1,1
ω (ρf ;h1, h2)

h1k(h1)h2k(h2)ω1,1(h1, h2)
≤ C12∥ρφ∥H̃ϖ

0

 hδ1−1
1 hδ2−1

2

ω1,1(h1, h2)

h1∫
0

h2∫
0

1,1
ω (ρφ; t1, t2)

tδ11 t
δ2
2

dt1dt2+

hδ1−1
1

k(h2)ω1,1(h1, h2)

h1∫
0

b2−a2∫
h2

1,1
ω (ρφ; t1, t2)

tδ11 t2
k(t2)dt1dt2+

hδ2−1
2

k(h1)ω1,1(h1, h2)

b1−a1∫
h1

h2∫
0

1,1
ω (ρφ; t1, t2)

t1t
δ2
2

k(t1)dt1dt2+

1

k(h1)k(h2)ω1,1(h1, h2)

b1−a1∫
h1

b2−a2∫
h2

1,1
ω (ρφ; t1, b2 − a2)

t1t2
k(t1)k(t2)dt1dt2

 ≤ C12∥ρφ∥H̃ϖ
0
.

(4.3)
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It remains to show that φ0(x1, x2)

∣∣∣∣
xi=ai

= ρ(x1, x2)φ(x1, x2)

∣∣∣∣
xi=ai

= 0, i = 1, 2.

After substitutions ti = xi − si(xi − ai), i = 1, 2, we obtain

ρ(x1, x2)f(x1, x2) =

x1∫
a1

x2∫
a2

ψ(x1 − a1)ψ(x2 − a2)

ψ(t1 − a1)ψ(t2 − a2)
k(x1 − t1)k(x2 − t2)φ0(t1, t2)dt1dt2

= ψ(x1 − a1)ψ(x2 − a2)(x1 − a1)(x2 − a2)×
1∫

0

1∫
0

φ0 [x1 − (x1 − a1)s1, x1 − (x2 − a2)s2]

ψ [(1− s1)(x1 − a1)]ψ [(1− s2)(x2 − a2)]
k [s1(x1 − a1)] k [s2(x2 − a2)] ds1ds2.

Since φ0(x1, x2)

∣∣∣∣
xi=ai

= 0, i = 1, 2, then∣∣∣∣φ0 [x1 − (x1 − a1)s1, x2 − (x2 − a2)s2]−φ0 [a1, x2 − (x2 − a2)s2]

∣∣∣∣ ≤ C1
1,0
ω (φ0; 1−s1, 0),∣∣∣∣φ0 [x1 − (x1 − a1)s1, x2 − (x2 − a2)s2]−φ0 [x1 − (x1 − a1)s1, a2]

∣∣∣∣ ≤ C2
0,1
ω (φ0; 0, 1−s2),∣∣∣∣(1,1

∆ (x1−a1)(1−s1),(x2−a2)(1−s2) φ)

)
(a1, a2)

∣∣∣∣ ≤ C12
1,1
ω (φ0; 1− s1, 1− s2).

These estimates and inequalities (2.5), (2.7) , we obtain

|ρ(x1, x2)f(x1, x2)| ≤ C12
k(x1 − a1)k(x2 − a2)

(x1 − a1)−1(x2 − a2)−1

1∫
0

1∫
0

1,1
ω (φ0; 1− s1, 1− s2)ds1ds2

sλ1
1 sλ2

2 (1− s1)µ1(1− s2)µ2

=

C12(x1 − a1)k(x1 − a1)(x2 − a=2)k(x2 − a2).

If xi → ai, i = 1, 2, then ρ(x1, x2)f(x1, x2) → 0. From this we obtain

ρ(x1, x2)φ(x1, x2)

∣∣∣∣
xi=ai

= 0, i = 1, 2. So

∥ρf∥C(Q) ≤ C12∥φ∥H̃ϖ
0 (ρ). (4.4)

Inequalities (4.1), (4.2), (4.3), and (4.4) imply the assertion of the theorem. �
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