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Abstract. In this new research paper we introduce and investigate the new kind
of open sets a-Hs-open, o-Hg-open, m-Hs-open, [-Hs-open sets in hereditary
generalized topological spaces. Also, we obtained a decomposition of (a-Hs, A)-
continuity and decompositions of (i, A)-continuity.

1. Introduction and Preliminaries

In the year 2002, Csdszar [5] introduced very usefull notions of generalized topology
and generalized continuity. Consider Z be a nonempty set and u be a collection from the
subsets of Z. Then p is called a generalized topology (briefly GT) if ) € p and an arbitrary
union of elements from p belongs to u. Let p be a generalized topology on Z, the elements
of p are called p-open sets and the complement of p-open sets are called u-closed sets.
The generalized-closure of a subset A of X, denoted by c,(A), is the intersection of
all p-closed sets containing A and the interior of A, denoted by i,(A), is the union of
all p-open sets contained in A. A subset L of a space (Z,p) is called asp-a-open [6]
(resp. p-o-open [6], p-m-open [6], u-B-open [6]) if L C i,¢,0,(L) (resp. L C cuiu(L),
L Ciycy(L), L C cyipeu(L)). Let Z be a space. Then p(x) ={U :x € U € pu}. A
space Z is called a Cy-space [14], if Cy = Z, where Cj is the set of all representative
elements of sets of u and x is called a represent element of u € u if w C v for each
v € p(x). A nonempty family H of subsets of Z is called as a hereditary class [7], if
L eHand BC L,then B € H.Foreach L C Z, L*(H,u)={z € Z : LNV ¢ H
for all V' € p such that z € V}[7]. For L C Z, define (L) = LU L*(H,pn) and
w={LCZ:Z~L=c,(Z~- L)} If His a hereditary class on Z, then (Z, u, H) is
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called a hereditary generalized topological space H.G.T.S. Also papers [1, 2, 3, 4] have
introduced some property related to Decomposition of continuity and hereditary class

H.

Definition 1.1. [11] Consider L be a subset of H.G.T.S. (Z, 1, ). Then L% (H, u)={z €
Z:LNV ¢&#H for all V € p-o-open such that z € V}.

Consider (Z, u,H) be a hereditary generalized topological space. For L C Z, define
(L)y=LUL:(H,pn) [11] and ¢ (L) is enlarging, monotone and idempotent.

*

Co

Definition 1.2. [12] A subset L of a H.G.T.S. (Z,u, H) is said to be 7*-H,-set, if
ipch(L) =1i,(L).

Definition 1.3. A function f : (X,7) — (Y, 0) is called a-continuous [13] (resp. Pre-
continuos [9], AB-continuous [8]), if f~1(U) is a-open (resp. pre open, AB-set) in (X, 7)
for each open set in (Y, 0).

2. a-H,-open sets

Definition 2.1. A subset L of a H.G.T.S. (Z, u, H) is called as
(1) a-Hq-open, if L C i chiy(L).
(2) o-Hq-open, if L C cki,(L).
(3) m-Hq-open, if L Ci,c(L).
(4) p-Ho-open, if L C c,i,ch(L).

Proposition 2.2. In H.G.T.S. (Z, u, H) the following hold:
(1) All u-open set is a-H -open.
(2) All p-open set is o-H,-open.

(3) All p-open set is m-H,-open.

(4) All p-open set is 8-H,-open.

Proof. Consider a subset L of H.G.T.S. (Z,u,H) is p-open. Then L = i,(L). Now
L Ci,(L) Ciycs(L) Ciuchin(L). Hence, L is a-H-open.
Proof of (2), (3) and (4) are similar to proof (1). O

Remark 2.3. The converse of Proposition 2.2 need not be true from the following
example.

Example 2.4. Consider Z = {(1,(2,(3,Ca}, p= {0, {G}, {G}, {G, G
{C27C33<4}vz}> H = {®7{<1}’{C3}} Then L = {ClaCQaC3} is a-H,-open (resp. o-Ho-
open, m-Hy-open, B-H,-open) but not p-open.

Proposition 2.5. For a subset of a H.G.T.S. (Z, u, H) the following hold:
(1) All a-H,-open is p-a-open.

(2) All o-H,-open is p-c-open.

(3) All 7-H,-open is p-m-open.

(4) All B-H,-open is u-B-open.
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Proof. (1) Consider L be an a-Hs-open set. Then, we have L C 4,c}i,(L) C
inCrin(L) Ciycuiy(L). Hence, L is p-a-open.
Proof of (2), (3) and (4) are similar to proof (1). O

Remark 2.6. The converse of Proposition 2.5 need not be true from the following
examples.

Example 2.7. ConsiderZ = {(1,(2,(3,C4,C5}, 1 = {0, {C1}, {2}, {G}, {Cr, G2

{1, G} {C2, G315 {C1, G2, G}, { €15 Co, Ga s {C2, G35 Cad {1, G2, G35 Cat ) H = {0, {¢1 }}. Then
L ={¢1,{2, (4} is p-a-open (resp. p-m-open) but not a-H,-open (resp.m-H,-open) and
M = {(5,{4} is p-o-open but not o-H-open.

Example 2.8. ConsiderZ = {Cl, CQ, <3, C4, (5},# = {(b, {C1}, {Cg}, {Cl, CQ},
{1, G} {C15Ca, G35 {€1, G35 Cas G5 3,462, 63, Ca, G5 3, 23, Ho= {0, {¢1},{Ca}}. Then L =
{¢1,{4} is p-p-open but not S-Hs-open.
Proposition 2.9. For a subset of a H.G.T.S. (Z, u, H) the following hold:
(1) All a-H,-open is a-H-open.
(2) All 0-H,-open is o-H-open.
(3) All m-H,-open is m-H-open.
(4) All B-H,-open is B-H-open.

Proof. (1). Consider L be an a-H,-open set. Then, we have L C i,c5i, (L) C i,cyin(L).
Hence, L is a-H-open.
Proof of (2), (3) and (4) are similar to proof (1).

O

Remark 2.10. The converse of Proposition 2.9 need not be correct from the following
examples.

Example 2.11. Consider Z = {(1,(2,¢3,4, G}, o= {0, {¢}, { ¢} {G) {GL G

{cla C3}7 {<27 43}7 {Ch 427 C3}a {Cla C?n C4}; {CQ) C37 C4}a {Cla 4-27 <37 <4}}7H:{®7 {Cl}} Then7
L ={¢2,(3,(4,(5} is o-H-open but not o-H,-open.

Example 2.12. Consider Z = {Ch C2a <37 <47 <5}7 u= {®7 {<1}7 {C3}a {Qh C3}a
{€3,Ca, G5}, {¢15 €2, €G3} {€15, G35 €y G5 1, 2}, H = {0, {C1}, {Ca}}- Then, L = {(3,(} is 7-
‘H-open but not m-H,-open.

Proposition 2.13. In H.G.T.S. (Z, u, H), every a-H-open is o-H-open.

Proof. Consider a subset L of H.G.T.S. (Z, u, H) is a-H,-open. Then, L C i,cki,(L).
Now, L Ci,c}i,(L) C chiy(L). Hence, L is o-H-open. O

Proposition 2.14. In H.G.T.S. (Z, i, H), every a-H,-open is m-H-open.

Proof. Consider a subset L of H.G.T.S. (Z, u, H) is a-H,-open. Then, L C i,cki,(L).
Now, L Ci,ctiy(L) Ci,c¢i(L). Hence, L is m-H-open. O

Theorem 2.15. A subset L of a H.G.T.S. (Z, u, H), the following results are equivalent.
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(1) L is a-Hs-open.

(2) L is o-H,-open and 7-Hq-open.
Proof. (1) = (2). Consider L is a-H,-open. Then by Proposition 2.13 and 2.14, L is
0-H,-open and 7-H,-open.
(2) = (1). Consider L is both o-H,-open and m-H,-open. Then, L C i,ci(L) C

ipciciiy (L) Ciyucii,(L). Hence, L is a-Hy-open. O

Remark 2.16. Converse part of the Theorem 2.15 need not be true from the following
counter example.

Example 2.17. Consider Z = {Cl7<2a<3a<47€5}? m= {®7 {€1}7 {C2}7 {C?)}’ {ClaCQ}’

{C17<3}7{<27<3}7{§17<2a<3}a{C1a<3a<4}a{<13<27<3}7{<17<27C37<4}}7 H = {®7{<1}}
Then, L = {(1,(5} is 0-H,-open but not a-H,-open.

Example 2.18. Consider Z = {(1,(2,(3,8}, p = {0,{¢, ¢}, {C} {G, Gy Gl 2,
H = {0,{¢}}. Then, L = {(1,(2,¢s} is m-Ho-0open but not a-H,-open.

Remark 2.19. The notions of o-H,-open and 7-H,-open are independent.

Example 2.20. Consider Z = {417 <27 CS) C47 CS}? n= {®7 {Cl}? {CZ}a {C3}a {Cla <2}7

{(17 C3}7 {(27 C3}7 {Ch CQa <3}a {Cla C?n C4}a {C27 C37 C4}7{C17 C27 C3a <4}}7H:{@7 {Cl}} Then, L=
{¢1,¢3} is o-H-open but not m-H,-open.

Example 2.21. Consider Z = {(1,(2,(3,0}, p = {@7{C17C3}7{§4}>{C1>C37C4}7Z}7
H ={0,{¢}}. Then, L = {(1,(3,(4} is m-H-0open but not o-H,-open.

Proposition 2.22. Every m-H,-open set is 5-H,-open but not conversely.

Proof. Consider a subset L of H.G.T.S. (Z,u,H) is m-H,-open. Then, L C i,c}(L).
Now, L Ci,ci(L) C cuiych(L). Hence, L is S-H-open set. O

For several sets defined above, we have the following implications.

a-H-open o-H-open
m-H-open (B-H-open
p-open — a-H,-open o-Hs-open

/
./

Ho-open ‘H,-open

H-a-open Q-o-open

/
/

1 -T-open u-B-open
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Theorem 2.23. A subset of HG.T.S. (Z,p,H) is o-He-open if and only if ci(L) =
chin(L).

Proof. Consider a subset L of H.G.T.S. (Z,u,H) is o-H,-open. Then, L C c}i,(L).
Now, ¢ (L) C ¢iekiy(L) C ciiy(L). Always ciiy(L) € ¢ (L). Hence, ¢ (L) = ckiu(L).
Conversely, consider ¢ (L) = c}iy(L). Then, L C ¢} (L) = c4iu(L). Hence, L is 0-H,-
open. [l

Definition 2.24. A subset L of a H.G.T.S. (Z,u,H) is said to be o-H,-closed, if
inch(L) C L.

Definition 2.25. A subset L of a H.G.T.S. (Z, u, H) is said to be R*?-set, if A=UNV,
where U is p-open and V is o-H,-closed.

Proposition 2.26. Every p-open is R*?-set but not conversely.
Proof. Obvious. O

Example 2.27. Let Z = {a,b,c,d}, u = {0,{a},{b},{a,b},{b,c,d},Z} and H =
{0,{a},{c}}. Then, L = {c} is R*?-set but not p-open.

Theorem 2.28. Let (Z,u,H) be a strong H.G.T.S., where Z is Cy-space and L C Z.
Then the following conditions are equivalent.

(1) L is p-open.

(2) L is a-Hy-open and R*?-set.

(3) L is m-Hs-open and R*?-set.

Proof. (1) = (2). Let a subset L of Z is p-open. Then, it is a-H,-open and R*?-set by
Propositions 2.2 and 2.26.
(2) = (3). Let a subset L of Z is both a-H,-open and R*?-set. Then, it is both
m-H-open and R*7-set by Proposition 2.14.
(3) = (1). Let a subset L of Z is both 7-H,-open and R*?-set. Then, L C i,c} (L)
and L = U NV, where U is p-open and V is o-H-closed.
Now, L Ci,ci(L) =i,ci(UNV) Ci,(ci(U)Nci(V)) Cipei(U) Niyeh (V).
Since V' is o-Hq-closed, i,¢5 (V) CV = d,cs (V) C i, (V).
Hence, L Ci,c;(U) Niu (V).
Now as L C U, we have L=UNL
CUNiuca(U)Niy (V)
— U Ny (U)] (V)
=UnNi,(V)
i (U) A iu(V)
=i, (UNV)
=iu(L).
Therefore, L C i,(L). Hence, L is p-open. O
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Remark 2.29. The notions of a-H,-open (resp. m-Hy-open) and R*?-set are
independent.

Example 2.30. Let Z = {a,b,c,d}, u = {0,{a},{b},{a,b},{b,c,d},Z} and H =
{0,{a},{c}}. Then, L = {b,c} is a-H,-open (resp. m-H,-open) but not R*’-set and
M = {c} is R*?-set but not a-H,-open (resp. m-H-open).

Definition 2.31. A subset L of a H.G.T.S. (Z, u, H) is said to be o-H,-regular, if L is
both 7*-H,-set and o-H,-open set.

Definition 2.32. A subset L of a HG.T.S. (Z,u,H) is said to be o-ARy-set, if
A=UnNYV, where U is y-open and V is o-H,-regular set.

Proposition 2.33. Every p-open is 0-AR3-set but not conversely.
Proof. Obvious. O

Example 2.34. Let Z = {a,b,c,d, e}, u = {0,{a},{b}, {c}, {a,b},{a,c}, {b,c},
{a,b,c},{a,c,d},{b,c,d},{a,b,c,d}} and H = {0,{a}}. Then, L = {c,d} is o-ARy-set
but not p-open.

Theorem 2.35. Let (Z,u,H) be a strong HG.T.S., where Z is Cy-space and L C Z.
Then the following conditions are equivalent.

(1) L is u-open.

(2) L is a-Hq-open and o-ARy-set.

(8) L is m-H,-open and o-ARy-set.

Proof. (1) = (2). Let a subset L of Z is p-open. Then, it is a-H,-open and o- ARy -set
by Propositions 2.2 and 2.33.
(2) = (3). Let a subset L of Z is both a-Hs-open and o-ARy-set. Then, it is both
m-H,-open and o-ARy-set by Proposition 2.14.
(3) = (1). Let a subset L of Z is both m-H,-open and o-ARy-set. Then, L C i,¢} (L)
and L = U NV, where U is p-open and V is o-H,-regular set.
Now, L Ci,ci(L) =i,ci(UNV) Ci,(ci(U)Nci(V)) Cipci(U) Niyes (V).
Since V is o-H,-regular set, so i,ci (V) =14,(V).
Hence, L C i,ci(U) Niu(V).
Now, as L CU, we have L=UNL
CUNiucy(U)Niy (V)
— U Qe (U)] (V)
=UnNi,(V)
— i (U) NV
i,(UNV)
=1i,(L).
Therefore, L C i,(L). Hence, L is p-open. O

Remark 2.36. The notions of a-H,-open (resp. w-Hy-open) and o-ARy-set are
independent.
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Example 2.37. Let Z = {a,b,c,d}, u = {0,{a},{b},{a,b},{b,c,d},Z} and H =
{0,{a},{c}}. Then L = {b,c} is a-H,-open (resp. m-Hq-open) but not o-ARz-set.

Example 2.38. Let Z = {a,b,c,d, e}, u = {0,{a},{b}, {c}, {a,b},{a,c}, {b,c},
{a,b,c},{a,c,d},{b,c,d},{a,b,c,d}} and H = {0,{a}}. Then L = {c,d} is o-ARy-set
but not a-H,-open (resp. m-H,-open).

3. Decomposition of (a-H,,\)-continuity

Definition 3.1. A map j: (Z,u,H) = (W, ) is (a-H,, A)-continuity (resp.(o-Hs, A)-
continuity, (7-Hq, A)-continuity, (R*?, A)-continuity, (0-ARs, A)-

continuity), if j 71 (V) is a-H,-open (resp. o-H,-open, m-H,-open, R*7-set, o-ARy-set)
for each A-open set V' in (W, A\, H).

Proposition 3.2. Every (a-Hs,A)-continuity is (o-H,,A)-continuity but not
conversely.

Proof. Consider the map j : (Z, u, H) — (W, \) be a (a-H,, A)-continuity. Then j~1(V)
is a-Hq-open for each A-open set V in (W, \,H). By Proposition 2.13, j71(V) is o-H,-
open. Hence, j is (0-H,, \)-continuity. O

Example 3.3. Consider Z = {Clv CHENEN CS}’ = {®7 {Cl}’ {CZ}a {<3}7 {Clv €2}7

{¢1, Gl {2, G 3 {Cn: G2 G} {G1, G, Gabo {20 G30 Ga b G, G2, G, Gat s A = {0,{G, &)}
and H = {0,{¢1}}. Then, the identy map j : (Z, u, H) — (W, ) is (0-He, A)-continuity
and but not (a-H,, A)-continuity.

Proposition 3.4. Every (a-Hg,\)-continuity is (7-H,,\)-continuity but not
conversely.

Proof. Consider the map j : (Z,u,H) — (W, \,H) be a (a-H,, A)-continuity. Then
j~H(V) is a-Hq-open for each A\-open set V in (W, \,H). By Proposition 2.14, j=1(V)
is m-H-open. Hence, j is (m-H,, \)-continuity. O

Example 3.5. Consider Z = {Clv <2a C3a <4}1 = {®7 {<17 C3}7 {<4}a {Cla <37 44}7 Z}a
A= {@, {€13C37<4}}3,H = {®7{<3}} Then the identy map j : (Za,Uﬂ,H) - (VV, )‘) is
(m-Hy, A)-continuity but not (a-H,, A)-continuity.

Remark 3.6. The notions of (0-Hs,\)-continuity and (m-H,,A)-continuity are
independent.

Example 3.7. Consider Z = {Cl, CQ, C3, <4, <5}, o= {@, {Cl}, {CQ}, {C3}, {Cl, Cg},
{GLGHAG, GHA{G, G, GG, Gy Gl {6, G Gl {6 G G G A = {0.{G, G}
and H = {0, {¢s}} Then, the identy map j : (Z,u, H) — (W, ) is (0-H,, A)-continuity
but not (7-H,, A)-continuity.

Example 3.8. Consider Z = {C17C27<37C4}7 /’[/:{(Z)a {ClaC?)}a{C3}7{<17<3a€4}az}7 A=
{0,{¢1,¢3,¢}}, H = {0,{¢3}}. Then, the identy map j : (Z,u,H)— (W,)) is (m-
H,, \)-continuity but not (o-H,, A)-continuity.
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Theorem 3.9. Foramap j: (Z,u, H) — (W, \,H), the following results are equivalent.
(1) j is (a-Hy, A)-continuity.
(2) j is (0-Hg, N)-continuity and (m-Hq, X)-continuity.

Proof. (1) = (2) : Follows from the Proposition 3.2 and Proposition 3.4.

(2) = (1) : Consider the map j : (Z,u, H) = (W, \,H) be (6-H,, A)-continuity and
(m-Ho, A)-continuity. Then j=1(V) is o-Hs-open and 7-H,-open for each A-open. By
Theorem 2.15, j71(V) is a-H,-open. Hence, j is (a-H,, \)-continuity. O

Theorem 3.10. For a map j : (Z,u, H) = (W, A\, H) where Z is Cy-space, the following
results are equivalent.

(1) j is (u, \)-continuity.

(2) j is (a-Hy, A)-continuity and (R*, X)-continuity.

(3) j is (m-He, A)-continuity and (R*?, \)-continuity.

Proof. Proof is trivial from Theorem 2.28. (]

Theorem 3.11. For a map j: (Z,u, H) = (W, A\, H) where Z is Cy-space, the following
results are equivalent.

(1) j is (u, \)-continuity.

(2) j is (a-Hy, A)-continuity and (o-AR3, \)-continuity.

(3) j is (m-He, A)-continuity and (o-ARyq, \)-continuity.

Proof. Proof is trivial from Theorem 2.35. (]
If H =10, and = 0 = 7, then we obtain the following corollary.

Corollary 3.12. For a map j : (Z,u,H) — (W,\,H) the following results are
equivalent.

(1) j is continuous.
(2) j is a-continuous and AB-continuous.
(3) j is pre-continuous and AB-continuous.
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