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Abstract. In this manuscript, we shall introduce hybrid contractions and prove
fixed point theorems for such contractions in metric-like spaces. Some existing
results of literature shall also be deduced from our main results. We shall provide
an example to support the main result. In the end, a fractional integral equation
shall also be solved using our main result.

1. Introduction

Since the last few decades solving fractional differential and integral equation in non
linear functional analysis is the major topic of research. Fixed point technique is one of
the technique to obtain the solution of such fractional equations. In 1922, Banach [14]
was the first Mathematician, who gave the constructive method to get the fixed point.
Later by seeing the usability of fixed point results Kannan ([11]-[12]) in 1968 tried to
generalize the Banach contraction principle. In this sequence, in 2018, Karapinar [3]
introduce the new notion of interpolation by revisiting Kannan contraction in metric
space as follows:
Let (X, d) be a metric space and T be a self map on X. Then T is said to be interpolative
Kannan type contraction, if there exists λ ∈ (0, 1) such that

d(Tx, Ty) ≤ λ[d(x, Tx)]α.[d(y, Ty)]1−α

for all x, y ∈ X.
In 2019, Karapinar and Fulga [4] defined hybrid contraction using interpolation in b-
metric space. In the same year, Karapinar et al. [7] solved a Volterra fractional integral
equation by defining hybrid contractions in metric spaces. For more results via hybrid
and iterpolative contractions see([2], [6], [8], [9]). In this paper we shall also find the
solution of Volterra fractional integral equation by defining hybrid contractions in metric
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like spaces.

Definition 1.1. Let Φ be the set of all non-decreasing functions θ : [0,∞) → [0,∞)
such that there are k0 ∈ N and δ ∈ (0, 1) and a convergent series

∑∞
i=1 vi such that

vi ≥ 0 and
θ(i+1)(t) ≤ δθk(t) + vi, (1.1)

for i ≥ i0 and t ≥ 0.

Each θ ∈ Φ is called a (c) - comparison function. (see [10], [13]).
The following lemma demonstrate the usability and the power of such auxiliary
functions:

Lemma 1.2. [13] If θ ∈ Φ, then
(1) The series

∑∞
i=1 θ

k(σ) is convergent for σ ≥ 0;
(2) {θn(σ)}n∈N converges to 0 as n → ∞ for σ ≥ 0;
(3) θ continuous;
(4) θ(σ) < σ for any σ ∈ (0,∞).

Definition 1.3. [1] Let X be a non-empty set. A function d : X ×X → [0,∞) is said
to be dislocated (metric-like) metric on X if for any x, y, z ∈ X, the following conditions
hold:

(1) d(x, y) = d(x, x) = 0 ⇒ x = y;
(2) d(x, y) = d(y, x);
(3) d(x, y) ≤ d(x, z) + d(z, y).

The pair (X, d) is then called dislocated (metric-like) metric space.

Definition 1.4. [1] Let (X, d) be a metric-like space.
(1) A sequence {xn} in X is a Cauchy sequence if limn,m→∞ d(xn, xm) exists and

is finite.
(2) (X, d) is complete if every Cauchy sequence {xn} in X converges to a point

x ∈ X; that is,

lim
n→∞

d(x, xn) = d(x, x) = lim
n,m→∞

d(xn, xm) = 0.

Definition 1.5. [1] Let (X, d) be a metric-like space. A mapping T : (X, d) → (X, d)
is continuous if for any sequence {xn} in X such that d(xn, x) → d(x, x) as n → ∞, we
have d(Txn, Tx) → d(Tx, Tx) as n → ∞.

Definition 1.6. [5] Let (X, d) be a metric-like space. Let {xn} be a sequence in X
such that xn → x where x ∈ X and d(x, x) = 0. Then, for all y ∈ X, we have
limn→∞ d(xn, y) = d(x, x).

2. Main Results

In this section we shall define the new hybrid contractions and prove fixed point
theorems for such contractions.
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Definition 2.1. Let (X, d) be a metric-like space. A mapping T : X → X is called a
hybrid contraction of type A, if there is θ in Φ such that

d(Tx, Ty) ≤ θ(Gs
T (x, y)) (2.1)

where s ≥ 0 and σi ≥ 0, i = 1, 2, 3, 4 such that
∑4

i=1 σi = 1 and

Gs
T (x, y) =


[σ1(d(x, y))

s + σ2(d(x, Tx))
s + σ3(d(y, Ty))

s + σ4(
d(x,Tx)+d(y,Ty)

2 )s]
1
s ,

if s > 0, x, y ∈ X

(d(x, y))σ1(d(x, Tx))σ2(d(y, Ty))σ3(d(x,Tx)+d(y,Ty)
2 )1−σ1−σ2−σ3 ,

if s = 0, x, y ∈ X − FT (X).

where FT (X) = {v ∈ X : Tv = v}.

Theorem 2.2. Let (X, d) be a complete metric-like space and a self map T on X is a
hybrid contraction of type A. Then, for any v0 ∈ X, the sequence {Tnv0} converges to
v if either
(C1) T is continuous at v;
or
(C2) (σ3 +

σ4

2 )
1
s < 1;

or
(C3) (σ2 +

σ4

2 )
1
s < 1.

Then T possesses a fixed point v.

Proof. Let {vn} be a sequence defined by the recursive relation vn+1 = Tvn, n ≥ 0,
by taking an arbitrary point v0 ∈ X . Hereafter, we shall assume that vn ̸= vn+1 ⇔
d(vn, vn+1) > 0 for all n ∈ N.
Indeed, it is easy that the converse is trivial and terminate the proof. More precisely, if
there is n0 so that vn0

= vn0+1 = Tvn0
, then vn0

turns to be a fixed point of T .
Now, we shall examine the cases s = 0 and s > 0, separately.
We first consider the case s > 0.
In equation (2.1), taking x = vn and y = vn−1, we obtain

d(vn+1, vn) ≤ θ(Gs
T (vn, vn−1)) (2.2)

where

Gs
T (vn, vn−1) = [σ1(d(vn, vn−1))

s + σ2(d(vn, T vn))
s + σ3(d(vn−1, T vn−1))

s

+ σ4(
d(vn, T vn) + d(vn−1, T vn−1)

2
)s]

1
s

= [σ1(d(vn, vn−1))
s + σ2(d(vn, vn+1))

s + σ3(d(vn−1, vn))
s

+ σ4(
d(vn, vn+1) + d(vn−1, vn)

2
)s]

1
s .

Suppose if possible that d(vn, vn+1) ≥ d(vn−1, vn), then by using
∑4

i=1 σi = 1, we get

Gs
T (vn, vn−1) ≤ d(vn+1, vn)

Using this in equation (2.2), we have

d(vn+1, vn) ≤ θ(Gs
T (vn, vn−1)) < d(vn+1, vn)



168 Pankaj, Manoj Kumar and Vinit Mor

a contradiction.
So, d(vn, vn+1) ≤ d(vn−1, vn) and further

d(vn+1, vn) ≤ θ(d(vn, vn−1)) < d(vn−1, vn).

Inductively, from the above inequalities, we deduce
d(vn+1, vn) ≤ θn(d(v1, v0)), (2.3)

for all n ∈ N.
From the equation (2.3) and the triangle inequality for all k ≥ 1, we have

d(vn, vn+k) ≤ d(vn, vn+1) + ...d(vn+k−1, vn+k)

≤
n+k−1∑
r=n

θr(d(v1, v0))

≤
∞∑

r=n

θr(d(v1, v0)).

Taking n → ∞ in the above inequality, we have
d(vn, vn+k) → 0.
Thus the constructive sequence {vn} is a Cauchy sequence in (X, d). Since, (X, d) is
complete, we conclude that {vn} is a convergent sequence in (X, d), so there exist v ∈ X
such that

lim
n→∞

d(vn, v) = d(v, v) = lim
n,m→∞

d(vn, vm) = 0. (2.4)

Since T is continuous, from equation (2.4) we obtain that
lim

n→∞
d(vn+1, T v) = d(Tv, Tv) = lim

n→∞
d(Tvn, T v) = 0. (2.5)

On the other hand, by equation (2.4) and Lemma 1.6
lim

n→∞
d(vn+1, T v) = d(v, Tv). (2.6)

Comparing equations (2.5) and (2.6), we get
d(v, Tv) = d(Tv, Tv). (2.7)

Now by using equations (2.1)and (2.7), we have
d(v, Tv) = d(Tv, Tv) ≤ θ(Gs

T (v, v)) (2.8)
where

Gs
T (v, v) = [σ1(d(v, v))

s + σ2(d(v, Tv))
s + σ3(d(v, Tv))

s + σ4(d(v, Tv))
s]

1
s .

Now, either σ1 = 0 or σ1 ̸= 0.
Case 1. If σ1 = 0 then σ2 + σ3 + σ4 = 1
So, Gs

T (v, v) = d(v, Tv).
Now equation (2.8) implies that
d(v, Tv) = d(Tv, Tv) ≤ θ(Gs

T (v, v)) = θ(d(v, Tv)) < d(v, Tv), which holds when
d(v, Tv) = 0.
So, v is the fixed point of T .
Case 2. If σ1 ̸= 0 then σ2 + σ3 + σ4 < 1, so
Gs

T (v, v) < d(v, Tv) and equation (2.8) implies that
d(v, Tv) = d(Tv, Tv) ≤ θ(Gs

T (v, v)) = θ(d(v, Tv)) < d(v, Tv), which holds when
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d(v, Tv) = 0.
So, v is the fixed point of T .
Suppose that d(v, Tv) > 0 and condition (C2) holds. Using equation (2.1), we get

d(v, Tv) ≤ d(v, vn+1) + d(vn+1, T v)

≤ d(v, vn+1) + θ(Gs
T (vn, v))

where
Gs

T (vn, v) =

[σ1(d(vn, v))
1
s + σ2(d(vn, vn+1))

1
s + σ3(d(v, Tv))

1
s + σ4(

d(vn, vn+1) + d(v, Tv)

2
)s]

1
s

Taking limit as n → ∞, we have
d(v, Tv) ≤ µd(v, Tv)
where
µ = (σ3 +

σ4

2 )
1
s .

Since µ < 1, a contradiction, that is
v = Tv.
The proof for condition (C3) is same like (C2).
As a last step we consider the case s = 0. Here the equation (2.1) becomes

d(Tx, Ty) ≤ θ((d(x, y))σ1(d(x, Tx))σ2(d(y, Ty))σ3(
d(x, Tx) + d(y, Ty)

2
)1−σ1−σ2−σ3)

(2.9)
For all x, y ∈ X − FT (X) and σ1, σ2, σ3 ∈ (0, 1).
Set x = ζn, y = ζn−1 in the inequality (2.9), we find that
d(ζn+1, ζn) = d(Tζn, T ζn−1) ≤ θ((d(ζn, ζn−1))

σ1(d(ζn, T ζn))
σ2(d(ζn−1, T ζn−1))

σ3

. (
d(ζn, T ζn) + d(ζn−1, T ζn−1)

2
)1−σ1−σ2−σ3)

≤ θ((d(ζn, ζn−1))
σ1(d(ζn, ζn+1))

σ2(d(ζn−1, ζn))
σ3

. (
d(ζn, ζn+1) + d(ζn−1, ζn)

2
)1−σ1−σ2−σ3) (2.10)

Suppose that d(ζn−1, ζn) < d(ζn, ζn+1), then equation (2.10) implies that
[d(ζn, ζn+1)]

σ1+σ3 ≤ θ([d(ζn, ζn−1)]
σ1+σ3) < [d(ζn, ζn−1)]

σ1+σ3 . (2.11)
Thus we conclude that d(ζn+1, ζn) ≤ d(ζn, ζn−1).
which is a contradiction. Thus, we have

d(ζn+1, ζn) ≤ d(ζn, ζn−1)

for all n ∈ N.
Hence {d(ζn, ζn−1)} is a monotonically decreasing sequence of positive terms.
Together with simple elimination, using mathematical induction, the inequality (2.10)
implies that

d(ζn+1, ζn) ≤ θn(d(ζ1, ζ0)). (2.12)
Since the inequality (2.12) is equivalent to equation (2.3), by following corresponding
lines, we derive that the iterated sequence {ζn} is Cauchy and hence converges to ζ∗ in
X, that is

lim
n→∞

d(ζn, ζ
∗) = d(ζ∗, ζ∗) = lim

n,m→∞
d(ζn, ζm) = 0. (2.13)
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Since T is continuous, from equation (2.4), we obtain that
lim

n→∞
d(ζn+1, T ζ

∗) = d(Tζ∗, T ζ∗) = lim
n→∞

d(Tζn, T ζ
∗) = 0. (2.14)

On the other hand, by equation (2.13) and Lemma 1.6
lim
n→∞

d(ζn+1, T ζ
∗) = d(ζ∗, T ζ∗). (2.15)

Comparing equations (2.14) and (2.15), we have
d(ζ∗, T ζ∗) = d(Tζ∗, T ζ∗). (2.16)

From equations (2.9) and (2.16), we get
(ζ∗, T ζ∗) =

d(Tζ∗, T ζ∗) ≤ θ((d(ζ∗, ζ∗))σ1(d(ζ∗, T ζ∗))σ2(d(ζ∗, T ζ∗))σ3(d(ζ∗, T ζ∗))1−σ1−σ2−σ3)

From equation (2.13), it is clear that
d(ζ∗, T ζ∗) = 0 that is ζ∗ = Tζ∗.
Similarly one can prove for the conditions (C2) and (C3) easily. �
Definition 2.3. Let (X, d) be a metric-like space. A self mapping T on X is called a
hybrid contraction of type B, if there is θ ∈ Φ such that

d(Tx, Ty) ≤ θ(W s
T (x, y)) (2.17)

where s ≥ 0 and σi ≥ 0, i = 1, 2, 3 such that
∑3

i=1 σi = 1 and

W s
T (x, y) =

{
[σ1(d(x, y))

s + σ2(d(x, Tx))
s + σ3(d(y, Ty))

s]
1
s , if s > 0, x, y ∈ X

(d(x, y))σ1(d(x, Tx))σ2(d(y, Ty))σ3 , if s = 0, x, y ∈ X − FT (X).

where FT (X) = {v ∈ X : Tv = v}.

Theorem 2.4. Let (X, d) be a complete metric like space and a self map T on X is a
hybrid contraction of type B or there is k ∈ [0, 1) such that

d(Tx, Ty) ≤ kW s
T (x, y)

Then T possesses a fixed point u if either
(C1) T is continuous at v;
or
(C2) (σ3 +

σ4

2 )
1
s < 1;

or
(C3) (σ2 +

σ4

2 )
1
s < 1.

Then T possesses a fixed point v.

Proof. Taking θ = kt and σ4 = 0 in Theorem 2.2, we obtain the proof. �

Example 2.5. Let X = R and define d : X × X → [0,∞) as d(x, y) = |x−y|+|x|+|y|
2 ,

then (X, d) is a complete metric like space.
Taking σ1 = 2

3 , σ2 = σ3 = 1
6 and s = 1, and

θ = 1
2 t, Tx = x

3 for all x ∈ R.

d(Tx, Ty) =
|x3 − y

3 |+ |x3 |+ |y3 |
2

=
|x− y|+ |x|+ |y|

6
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and

θ(Gs
T (x, y)) =

1

2
[
2

3
d(x, y) +

1

6
d(x,

x

3
) +

1

6
d(y,

y

3
)]

=
|x− y|+ |x|+ |y|

6
+

|x− x
3 |+ |x|+ |x3 |

24
+

|y − y
3 |+ |y|+ |y3 |

24

This implies that
d(Tx, Ty) ≤ θ(Gs

T (x, y)) for all x, y ∈ X.
From the above, we conclude that equation (2.1) holds. Since T is continuous, so all the
conditions of Theorem 2.2 holds.
Hence T has a fixed point.
Clearly, 0 is the fixed point of T .

3. Consequences

Some existing results from literature are deduced from our main results as follows:

Corollary 3.1. Let T be a self map on a complete metric-like space (X, d). Suppose
that there is k ∈ [0, 1) such that d(Tx, Ty) ≤ k(Gs

T (x, y)) for all x, y ∈ X.
Then T possesses a fixed point u if either
(C1) T is continuous at v;
or
(C2) (σ3 +

σ4

2 )
1
s < 1;

or
(C3) (σ2 +

σ4

2 )
1
s < 1.

Then T possesses a fixed point u.

Proof. Taking θ = kt in Theorem 2.2, we obtain the proof. �

Corollary 3.2. Let T be a self map on a complete metric-like space (X, d). Suppose
that

d(Tx, Ty) ≤ kdσ1(x, y)dσ2(x, Tx)dσ3(y, Ty)

for all x, y ∈ X − FT (X) and σi ≥ 0, i = 1, 2, 3 such that
∑3

i=1 σi = 1. Then T possess
a fixed point.

Proof. Putting s = 0 in Theorem 2.4. �

Corollary 3.3. Let T be a self map on a complete metric-like space (X, d). Suppose
that

d(Tx, Ty) ≤ k(d(x, y)d(x, Tx)d(y, Ty))
1
3

Then T has a fixed point.

Proof. Taking s = 0 and σ1 = σ2 = σ3 = 1
3 in Theorem 2.4, we get the proof. �
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4. Solution for Volterra Fractional Integral Equations

The fundamental equation for fractional quantum mechanics is fractional Schrodinger
equation. It differs from standard Schrodinger equation by fractional Laplacian operator.
In this section, we shall find the solution of a nonlinear Volterra fractional equation using
above main result.
Set 0 < α < 1 and E = [δ, δ+a] in R(a > 0). Let X = C(E,R), the set of continuous real-
valued function on E. Now, particularly, we consider the following nonlinear Volterra
fractional integral equation (VFIE).

µ(t) = ω(t) +
1

γ(a)

∫ t

σ0

(t− s)a−1λ(s, µ(s))ds, (4.1)

for all t ∈ E, where γ is the gamma function, ω : E → R and λ : E × R → R are
continuous functions.
In the following results, under some assumptions, we ensure the existence of a solution
for the VFIE (4.1).

Theorem 4.1. Suppose that
(Q1) There is constant M > 0 such that

λ(t, u) ≤ Mu− ω(t)
γ(α)

(δ − t)α
(4.2)

for all (t, u) ∈ E× R;
(Q2) Such M verify that

Ma

γ(τ + 1)
≤ 1. (4.3)

Then the VFIE (4.1) has a solution in X.

Proof. For µ, σ ∈ X, consider the metric
d(µ, σ) = maxt∈E{µ(t), σ(t)}.
Clearly (X, d) is a complete metric like space.
Define the map T as

Tµ(t) = ω(t) +
1

γ(a)

∫ t

δ

(t− s)a−1λ(s, µ(s))ds (4.4)

t ∈ E.
Clearly, T is well defined. Let µ, σ ∈ X the for each t ∈ E,

d(Tµ(t), Tσ(t)) = max
t∈E

{Tµ(t), Tσ(t)} = Tµ(t)(say) (4.5)

Then by using condition (Q1), we have

Tµ(t) = ω(t) +
1

γ(a)

∫ t

δ

(t− s)a−1λ(s, µ(s))ds

≤ ω(t) +
1

γ(a)

∫ t

δ

(t− s)a−1(Mu(s)− ω(s)
γ(α)

(δ − s)α
)ds

≤ α

γ(α+ 1)
Mµ(t)

≤ α

τ + 1)
Md(µ, σ) = θ(d(µ, σ)).
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We deduce that
d(Tµ, Tσ) ≤ θ(d(µ, σ)). (4.6)

where θ(t) = α
γ(τ)+1) for t ≥ 0. By the hypothesis (Q2) θ ∈ Φ.

Now
d(Tµ, Tσ) ≤ θ(Gs

T (µ, σ)), (4.7)

for s > 0 with σ1 = 1 and σ2 = σ3 = σ4 = 0. Applying Theorem 2.2, T has a fixed
point in X, so the VFIE (4.1) has a solution in X. �

5. Conclusion

In this manuscript, we have defined hybrid contractions in metric like spaces and
proved fixed point theorems for these contractions. We have also provided an example
to illustrate the main result. Some result are proved as a corollaries of our main result.
In the end, we have also solved an Volterra fractional integral equation using our main
result.
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