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Abstract. In this paper, sine-cosine wavelet has been introduced and the approx-
imation errors of the function f(¢) whose first and second derivatives are bounded
have been estimated using this wavelet and it is used to solve some linear differential
equations. Solution obtained by this method is compared with Euler’s method and
with exact solution. We observe that the solution obtained by this method is better
than the solution given by the Euler’s method which shows the usefulness of this
method.

1. Introduction

Different types of orthogonal functions are widely used in approximation theory. In
which some of the well known basic orthogonal functions are the walsh function, block-
pulse functions, Laguerre, Chebyshev, Legendre polynomials, Jacobi polynomials, etc.
Also, in the Fourier Analysis, we use sine-cosine functions as orthogonal functions. Due
to the continuous nature of the orthogonal polynomials and sine-cosine functions, the
approximations obtained using these types of function are better than the approximation
obtained by piecewise constant functions. Various problems of the dynamical systems
have been solved by using these orthogonal functions. When we use these techniques to
solve these types of problems then the problems are changed into system of algebraic
equations. This is the beauty of this technique.

The authors like Chen and Hsiao 1975 [1], Chen et al. [15], Hwang and shish [2],
Chang and Wang [3], Horng and Chou [4], Razzaghi and Razzaghi [5], Paraskevopoulos
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et al. [12] have discussed about walsh functions, block-pulse functions, Lagurre
polynomial with series expansion, Legendre polynomials, Chebyshev polynomials,
Fourier and Bessel series respectively. Our choice of orthogonal polynomials depend
upon the types of signals which we have to analyse. All the orthogonal polynomial
discussed so for having support on the interval of the form [y,d]. Due to the global
support on the interval [y, ], these types of orthogonal polynomials are not very useful
for analyzing the signals which are changing in very short interval of time such as
transient signals.

To overcome the difficulities in analyzing the signals as discussed above, the wavelet
theory plays a very important role. In 1996, Gu and Jiang [10] developed the Haar
wavelet operational matrix of integration. Razzaghi and Yousefi [13] derived the
Legendre wavelet operational matrix of integration. Razzaghi and Razzaghi [6] have
discussed instabilities in the solution of heat conduction problem using Taylor series
and alternative approaches, Schechter [14] have explained the variation method in
engineering, Mohan and Datta [11] have analyzed identification via Fourier series for a
class of lumped and distributed parameter system, Endow [9] provided optimal control
via Fourier series operational matrix of integration, Chen and Hsiao [7] have studied the
Haar wavelet method for solving lumped and distributed-parameter systems, Chen and
Tsay [8] have analyzed the Walsh operational matrices for fractional calculus and their
application to distributed parameter systems. Now a days, many authors use these types
of operational matrices to solve different types of problem of mathematical analysis.

Chen and Hsiao [1] solved the variational problems using the walsh series and the
solution obtained by them was discontinuous due to the discontinuous nature of walsh
function. Chang and Wang [3], Hwang et al. [16] obtained the continuous solution of
some problems given in Chen et al. [15]using the Legendre, Chebyshev, and Laguerre
polynomials.

In this present paper, we have discussed the sine-cosine wavelet and its operational
matrix of integration. This technique has many advantages in solving several problems
in engineering. This operational matrix of integration can be used to solve different
types of problems of mathematical analysis as other kinds of orthogonal polynomials.
This paper is groomed as follows.

Section 1 is introductry. In Section 2, some basic definitions have been discussed along
with sine-cosine wavelet. Section 3 and Section 4 contains the theorems and their proofs
respectively. Section 5 is designing to discuss the numerical accuracy of the theorems
with the help of numerical example. Section 6, brief procedure for forming operational
matrix of integration is introduced. Section 7 is related to the solution of differential
equations using this technique. Finally, in Section 8 some conclusions have been given.

2. Preliminaries

2.1. Sine-Cosine wavelets. Sine-Cosine wavelets ¢, ., (t) = ¥ (n, k, m, t) have four
arguments, n, k,m & t, where n = 0,1,2,3, ...... 28 — 1,k =0,1,2,..., and m is a non
negative integer, and ¢ is normalized time and they are defined as
k41 n n+1
277 f,,(28t —n), — <t< ;
wn,’m(t) _ 2 fm( n) Qk = 2k
0, otherwise.
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with 1
—_—, m = 0;
V2
fm(t) = cos (2mmt), m=12,...,L;

sin2(m — L)nt), m=L+1,L+2 ..,2L.
Here L is any positive integer. We can easily see that the system of sine-cosine wavelets
form an orthonormal set.

2.2. Function expansion. A function f(t) defined over [0 1) can be expanded as

follows o o
f(t) = Z Z Cn,mwn,m(t)a
n=0m=0
where
Cn,m = (f(t)a qpn,m(t))' (21)

If we cut-off the above infinite series in the form of partial sums Sor 5741, then we can
write,
2k—1 2L

Sgk7 2L+1 = Z Z Cn,mwn,m(t) = CTi/)(t)

n=0 m=0
Here C and (t) are the column vectors of order 2¥(2L + 1) x 1 which are given by
T
C = [CO,O; CO,1yveeees C0,2L,C1,05 +++-- C1,2L 5 «eveen s 02’“71707 ..... 02’“71,2L} s

and

P(t) = [Yo,0(t), Yo,1(t)s .....tbo,20.(t), ¥1,0(t), omnvn PY1,20(E), cwees i1 0(E), oot 1 o1, ()]

2.3. Wavelet approximation. We define ||f|]2 = Uol |f(t)\2dtr. The Wavelet

Approximation Eor—1 p/(f) of f by Sax—1 5 of its sine-cosine expansion under the norm
|I.||2 is defined by

Eor1 p(f) = < infM 1f = Sar—1 arll2, (Zygmund[13]).

ok—1)

If Eyr-1p(f) = 0as k — oo, M — oo then Eaye—1 p/(f) is called the best wavelet
approximation of f (Zygmund[13]).

3. Main Results

) be a function belonging to L*[0,1] such that f'(t) is bounded
0,1]. Let sine-cosine wavelet expansion of f is

FO=>3" comtnm(t). (3.1)

n=0m=0

Theorem 3.1. Let f(t
ie|f/) < Ny,Vt €]

Then the sine-cosine wavelet approrimation error E;)QLH(]‘) of f is given by Sor or41
18
O (), m = 0;

EL, (f) = infl|f = Syrporir |2 =
2k’2L+1 ’ ! O(Qk\/;L-i-l)’ m>0
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Theorem 3.2. Let f be a function belonging to L?[0,1] such that f"(t) is bounded i.e
|f7(t)] < N2, ¥V t €[0,1]. Let sine-cosine wavelet expansion of f is given by (3.1).
Suppose (2%, 2L + 1) partial sums of the series (3.1) is

2k_1 2L

52’“,2L+1 = Z Z Cn,m"/]n,m~ (32)

n=0 m=0

Then the sine-cosine wavelet approzimation error of f by Sok,or+1 is given by

: 1 1
By (F) = infllf = Sae 1]l = O (QWC(?LH)Q : (3.3)

4. Proof of Theorem 3.1

Now,
k1 n n+1
272 fo(2Ft —n), — <t< ;
wmo(t) _ 2 fO( n) Qk = 2k
0, otherwise.
n n+1
2E7 — <t< ;
Pno(t) = T oE S ok
0, otherwise.
Since
o0 2k 1
f(t) = ch,0¢n,0 and 52’“,0 = Z Cn,0¢n,0~
n=0 n=0
So,
Lkl n-zl
Cho = / T oF)2sdt = 2%/ T fdt
2k 2k

I
NS

ik
%/2 f(%Jru)du Here(t:%+u)
0

= o [T () (o) o< <1

z) (g o)

)-i—/o;kuf’(;k—i—Hu)du].

I
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[SE
S—
o

| o—
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Therefore,

Ci,o (4.1)
B 2 B
=2k [2;€f2<;€)+<é2 uf’(;+9u)du> +2%f(2%)/02 Uf’(;+0u>du].
B 2 ER
G ([ oo ae) ar () [ or (G o)

(1.2
Next,
1 = [ i

- [l )l

- [

_ /07f2<u+2%>du

- [Tl e o))

[F 1) v (@) s ()or (<o)

i

. Qkfz(;)+/ju2fa(;+9u)du+2f(;)/juff(;+eu)du.
(4.3)

Now from equations (4.2) and (4.3), we have

lenollz = 1P —cno

- ) [T Grroaresr () [For oo
1 2
_%fQ (%)—2’“ (/Ozk uf/(;-i-@u)du) -

o (2) [ ur (G o)
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/O;kqu (2k+0u)du—2k [/O;kuf (2k+9u)d ‘|2

1 1 2
EL 2 k 2k e
< /0 u?|fr <2k+9u)‘ dut 2t | [T uls <?+0u)’du
* * 1
< N12/2 quu—&-QkNl2 [/2 udu] , ( f (%—I—@u)‘ SN1)
0 0
B N12 1 Nf?ki_ﬂVfi
3 23k 4 24k 12 23k°
Hence,
7N12 1
||6n0||2—||f”2 nO— 12 23k
Therefore,
2k _1 2k 1
TNZ\ 1 TNZ 1 TN? 1
2 _ 2 i\ L VY E_ V1 L
I = Sarolli = 3 llewoll < 3 () g = T 9% = 3 30
and so
1
17 = Solla =0 (55 )
Thus,
. 1
Bavo = nlf = Saeolla = 0 ().
Now, for m =1,2,....., L, we have

/fwnm)

k41

— / F)27 fr (2%t — n)dt

(t) fn (2Kt — n) dt

= / (t)cos2mm (28t — n) dt, for,m =1,2,....... L

k ot LES] - k
_ okt stmﬂ' 2%t —n)\ 2 _/ 2F f,(t)szn2m7r(2 t_n)dt
2mm(2F) n e 2mm(2F)
2k 2k
n+1
kgl ki1 [ 2R sin2m7r(2kt —n)
= 22 x0—272 "t dt
/L f ( ) 2m71’(2k)
2k
o5t e

_ 2 / . k
= _2m7r(2k) N f(t) sin 2mm (27t — n)dt
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n+1
1 k
= 7\/57(21%) /; f'(t) sin 2mm (28t — n)dt.
2k

Let 2mm (2t — n) = u and simplifying the above equation, we get

1 I (w4 2man
mmnm)/o / (M sin(u)du.

Taking modulus on both side of above equation, we get

1 w4 2mmn
- - ] d
T | ( o >bm(u) .

U+ 2mmn .
f/ <2k+11n77)‘ |Sln(u)|du

|Cn,m|

1 2mm
S
2v/2m2 2 (2%2) Jo

1 /2m71'
<N sin(u)|du
< oamer@® M, |sin(u)]

Ny

T V2m2n2(2%)
Again, form =L+ 1,L+2,.....,2L, we have

(4.4)

n+1

k
Cam = / 027 fu (2t - )t
2%
n«;l
_ 2’“—/ () sin[2(m — L)y(25t — n)]dt
ok
n+1

— o /ZT f(@t) sin[28T (m — L)n.t — 2(m — L)nx]dt

ki [HMEDInT Ty 4 9(m — Lynr du
= 2 -, ) 1 1, . .
’ A / { 2k+1(m — L)w ] sin(u) 2k+1(m — L)w

Let 2(m — L)(2¥t — n)m = u and simplifying the above equation, we get

Cn,m
ktl 2(m—L)nrw
272 u+2(m—L)nt] .
- 2k+1(m—L)7T/O f{ 26+ (m — L)1 ]Sm(“) du
) 2(m—L)mw 9 L

V2 / F [W} sin(u) du

2x22(m—L)r Jo 2kt1(m — L)

Hm—L)m u+2(m— L)nw 1

_ /
T 2 (m-D)r O+/O / ( %1 (m — L)n ) ST (m = L))

1 Am=L)m (44 2(m — L)nm
= 2%(7”_”2”2 [/0 f <2k+1(m Lim )cos(u) du| .
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Taking the modulus on both sides of above, we get

N, 1

|Cn:m| < 23(k-2+1) (m_L)Qﬂ_Q [Q(m_ L)ﬂ-]
2N
272 (m—L)m
Since
1f = Sar 2041 113
21
= > D leml’
n=0 m=2L+1
2k _1 3L 4L 5L 6L
S [ S Pt S ot 3 feamP et S fmml? o
n=0 [m=2L+1 m=3L+1 m=4L+1 m=5L+1
2k _1
1 1 1 N? ) .
= 7;) [2L+1 + YA J 3 93k 2 (using the equations(4.4)and(4.5))
1 N2 2
222722141
_ N?
w222k (20 4+ 1)
Thus
15 = Sovainlls = O (e
S TN,y
4.1. Proof of Theorem 3.2. By equation (3.1), it follows that
-2 2mm , (u+2mm 1 .
from = 2mm23 Jo f 2k+Himm ) 2k+timg sin(u)du
-2 1 /Qm’r , (u+2mm in(u)d
= — — | sin(u)du
ommr25 2k imm J, 2k+imy
—V/2
- 2, (4.6)
2mm22
where,
2mm
u+ 2mm .
I, = /O f (2’C+1m7r> sin(u) du

2mm
_ y (U 2mm 1
= /O f < DY ) ST — cos(u)du

1 amm (w4 2mm
= —/— —_— du.
2’“+1m77/0 / 2k+Himm cos(u)du
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Putting the value of I; in equation (4.6), we have

-2 1 1 am 2
Cnom = v2 / I (u+m7r> cos(u)du
0 us

Ima2s 2k lmy 2k+lmg 2k+1m

1 V2 mm (w4 2mm
= - - " =——— ) cos(u)du.
22 \/2 \/2m3n3 23kt 2k+lmm

and so
cnml AEH——
Cnml < —m——2mrm
’ 4N2m3m3 2%
Ny
= e T g form=1,2,..., L. (4.7
Now, for m = L +1,...,2L, we have
1 1 Am=L)m (44 2(m — L)nm
Cnom = 23@;1) (m—L)27r2/0 f (M’L—L)ﬂ') COS(U)dU
B 1 1
S (o Lyee2 P (m — Dym
O/Q(mL)”f u+2m Lmr
1 Hm—L)m <u—|—2(m L)n )
= —— sin(u)du. (4.8
2%25 (m — L)373 /o f 2kF1( L)m ) (48)
Again,

N, 1

2% 2373 (m— L)
N

2%oind(m— )2

By using the equations (4.7) and (4.9), we have

|Cn,m‘ S - 2(m - L)7T

21

Hf—SQk,QL-&-l H% = Z Z |Cn,m|2

n=0 m=2L+1

21

< > > 8m4ﬂ4 o 1
n=0 m=2L+1
— L%Qk i 1
- 84 25k m
m=2L+1
.M 1

874 24k (2L + 1)3°

1 1
|f = Sarortill = O — |-
sk 28 91, 1 1)

Hence

Nl
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5. Numerical justification of calculated approximation

In this section, approximation of the function f(t) = e’t2 over interval [0,1) for k = 1,
L=1; k=1, L =2 and also for k = 2, L = 2 have been calculated and it is shown in
the Figures 1, 2, and 3.

So1 3(t) =

0.203243702 + 0.05235858 cos(4rt) — 0.1818458 sin(4nt), 0 < ¢ < i;
1.46642633 + 0.1113816 cos(2m(2t — 1)) — 0.665594 sin(2m(2t — 1)), L <t < 1.

0.203243702 + 0.05235858 cos(4mt) + 0.01361042 cos(8t)
—0.1818458 sin(47t) — 0.0926076 sin(8wt), 0 <t < 1;

146642633 + 0.1113816 cos(2m(2t — 1)) + 0.028162 cos(4m (2t — 1))
—0.665594 sin(2m (2t — 1)) — 0.338076 sin(4m(2t — 1)), 3 <t < 1.

So1 5(t) =

Sp2 5(t) =

0.0299295 x 2 + 0.00424397 x 22 cos(8t) 4 0.00111471 x 2% cos(167t)
—0.0182709 x 22 sin(8mt) — 0.00909785 x 23 sin(16mt), ,0 <t < i;

0.173314 x 2 + 0.00538005 x 22 cos(8mt — 2) + 0.00135053 x 22 cos(167t — 4r)
—0.0472126 x 27 sin(8rt — 2m) — 0.0237283 x 22 sin(16nt — 47), L <t < 1;
0.470853 x 2 + 0.00799845 x 22 cos(87t — 47) + 0.00200566 x 22 cos(16mt — &)
—0.0886332 x 22 sin(8nt — 4m) — 0.0445084 x 2% sin(167t — 87), 1 <t <3,
0.995576 x 2+ 0.011915 x 2% cos(8t — 67) + 0.0029869 x 2% cos(16wt — 127)
—0.150422 x 27 sin(87t — 67) — 0.0754908 x 2% sin(167t — 127), 3 <t < 1.

-1.0 -5

[Fig 1: Graph of So1 3(t) and function f(t)]
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-1.0 0.5

[Fig 2: Graph of So1 5(t) and function f(t)]

[
i
T

-1.0 -5

[Fig 3: Graph of Sy2 5(t) and function f(t)]

6. Sine-Cosine wavelet Operational matrix of integration

Here, the operational matrix of integration derived. We find matrix P with £ = 1
and L =4.
The 18 basis function are given by,
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Yoo = V2

10,1 = 2cos(4mt)
10,2 = 2cos(8mt)
10,3 = 2cos(12mt)
10,4 = 2cos(16mt)
o,5 = 2sin(4mt)
o,6 = 2sin(8mt)
o7 = 2sin(127t)
0,8 = 2sin(16mt)

(6.2)

By integrating equation (6.1) from 0 to ¢ and using in equation 2.1 we get,

for0 <t< %

(6.1) and

Y10 =12

P11 = 2cos2m(2t — 1)
1,2 = 2cosdm(2t — 1)
1,3 = 2cos6m (2t — 1)
1,4 = 2cos8m(2t — 1)
P15 = 2sin27(2t — 1)
P16 = 2sindm(2t — 1)
1,7 = 2sinbm(2t — 1)
1,8 = 2518 (2t — 1)

Thus, we can write

/Ot Yis(t

)dt = Pigx18t13(t).

Vivek Kumar Sharma, Virendra Sharma, Shyam Lal, H. M. Srivastava and Rakesh

fi 1<t<1
or — .
5 S

1/118@),

_ —1 1
fowooa)dt—[ 0.0.0.0, 5750, 17 5 587 £:0:0,0.0.0,0,0,0
fo Yo,1(t)dt = [0,0,0,0,0,=,0, 0,070,0,070,0,0,0,0,0] P15(t),
fg Yo,2(t)dt = [0,0,0,0,0,0, 8W,o 0 0,0,0,070,0,0,0,O]Tz/)18(t),
f(f Yo,3(t)dt = [0,0,0,0,0,0,0, 13,0 0,0,0,0,0,0,0,0,0];%8(75),
[ oa(t)dt = [00000000,1%,000000000] th),
t
Jo to,5(t)dt = _Zﬂ , 4Tr,oooooooooooooooo} 1s(t),
. L
Jo Yo,6(t)dt = _ﬁ,o, +,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0} V1s(t)
[ o7 (t)dt = _Gﬂ ,0,0,—12-,0,0,0,0,0,0,0,0,0,0,0,0,0 o} P1g(t),
) L
Jo os(t)dt = Em ,0,0,0, — 7+, 0000000000000} P1g(t).
And similarly for (6.2),
t
Jo Yro(t)dt = 0,0,0,0,0,0,0,0, 0,,0,0,0,0, 572, 4fﬂ Nt Sfﬁ} P1g(t),
fgwl’l(t)dt [00000000000000,4ﬂ70 0,0] 15(t),
o (t)dt = [0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, &0 ]Twls(t),
f(fqpl,g(t)dt [0000000000000000,12,] P1s(t),
[3 1 a(t)dt = [00000000000000000,16] wlg(t),
t
JEprs(t)dt = [o 0,0,0,0,0,0,0,0, Qﬂ ,—-£,0,0,0,0,0,0 o} Drs(t),
t
by ()t = {0 0,0,0,0,0,0,0,0, N§ ,0,—L.0,0,0,0,0, 0} Drs(t),
Jy r2(8)dt = [0,0,0,0,0,0,0,0,0, 6ﬁ ,0,0,—74,0,0,0,0 o] Vs (t),
t
by ()t = [o 0,0,0,0,0,0,0,0, -1=-.0,0,0, 710,00 0] Drs(b).
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where,

Y1s(t) = [10,0,%0,1,%0,2, %035 %04, V0.5, V0,6, Y0,75 %08, Y10,
T
P11, Y12, 01,3, V1,4, V15, V16, Y1,7,01,8) " -

and, Pigx18 be an operational matrix of integration which is given as,

Pigx1s= [g i}
Here
%O O O 02\7%#4\7%776\7%71’8\7%7\'
0 0 0 0 0 = 0 0 0
0 0 0 0 0 0 = 0 0
0 0 0 0 0 0 0 ﬁ(l)
Ll L i
el ém—io 0 0 0 0 0
4\/1571' 8w 1
6\{%0 0 -1 01 0 0 0 0
L 575 O 0 = 0 0 0 0 |
(100000 0 0 0]
0000O0DO0O0O 0O
000O0O0DO0O0O 0O
0000O0DO0O0GO 0O
Boyxg=|0 0 0 0 0 0 0 0 0|,
0 00O0O0DO0O0O 0O
000O0O0DO0O0O 0O
000O0O0DOO0GO 0O
| 0000 O0O0O0O0 O]
[0 00 00O0O0O0 0]
000O0O0O0GOTO 0O
000O0O0O0GOTO 0O
000O0O0O0OT 0O
Ogxo=1]0 0 0 0 0 0 0 0 0
0000O0O0OO 0O
000O0O0O0TOT 0O
000O0O0O0O OO 0O
00 0O00O0O0O0 O |

7. Numerical Examples

Example 7.1. Application to first order differential equation.
Consider the differential equation,

y'(t) +y(t) =1, y(0) =0. (7.1)
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Exact solution of equation (7.1) is given by,

y(t) = (—e " +1).

Now, we will solve this equation by sine-cosine wavelet method for k =1, L = 4.
Let

y(t) = CT(t),

on integrating both sides of the above equation on (0 t) and simplifying, we get

/O b(e)dz = Py(z).

Expanding «(t) = 1, in the form basis function we have, a(t) = d7(t).

T
Where,d:{%OOOOOOO%OOOOOOOOO}.

Putting y(t) = CT4(t) in equation (7.1), and integrating between 0 to ¢, and simplifying,
we get,

C=(PT+1'PTa.

This is a system of 18 algebraic equations,which is solvable for C. After solving we
obtain the unknown vector C as,

0.14942700
—0.0049629
—0.0012466
—0.0005545
—0.0003120
—0.0623661
—0.0313309
—0.0209056
—0.0156840
0.36934212
—0.0030058
—0.0007550
—0.0003358
—0.0001889
—0.0377727
—0.0189759
—0.0126617
—0.0094992

In table (1), the exact solution is compared with the solutions obtained by sine-cosine
wavelet method and by FEuler method with step size 0.1.
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t Approximate Solution | Exact Solution | By Eulers Method
y(t) = CTy(t) for k = | y(t)=(—e"t +1) with step size h = 0.1
1,L=4

0.0 0.18564 0.00000 0.00000

0.1 0.09714 0.09516 0.10000

0.2 0.17197 0.18126 0.19000

0.3 0.24308 0.25918 0.27100

0.4 0.30215 0.32968 0.34390

0.5 0.51138 0.39346 0.40951

0.6 0.45828 0.45118 0.46855

0.7 0.50318 0.50341 0.52170

0.8 0.54584 0.55067 0.56953

0.9 0.58129 0.59343 0.61257

TABLE 1. Comparison between approximate solution, exact
solution and by Eulers method for K =1, L = 4.

=
=]
T

=]
in
T T 1T T T

—_— ERACT

= - - 3ppIOR val

=
[FH]

T T TT 17T
-

1 B S

-1.0 0.5 0.5 1.0

Comparison between Approximate solution and Exact solution through Graph.

Example 7.2. Solution of the Legendre differential equation.
In this example we have solved the Legendre differential equation forn = 1 with initial
conditions

(x? = 1)y" — 22y’ + 2y =0, y(0) = 0,9/ (0) = 1. (7.2)

The exact solution for equation (7.2)is y(t) = ¢t. Here we will solve the equation (7.2)
by sine-cosine wavelet method.
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To do this,let
y" = CTy(t). (7.3)

integrating equation (7.3) between 0 to ¢ and after simplifying, we get

y(t) = CTP?y(t) + d" Pi(t). (7.4)
using equations (7.2),(7.3) & (7.4) we get
CT = 24" (E - P)(F +2P% - 2PE)~ L. (7.5)

The equation (7.5), again shows the collection of 18 algebraic equations,and it is solvable
for CT. R R
Here we find F and F.

For F,
1
2 x\/2dx = L=,
fo% V2dz = 715 f% xv/2dz = 73
foé Xicos;lmcjx i g’ f%l x2cos 2w (2z — 1)dx = 0,
IO% X2COS 17;6 z __ E) f%l x2cosdn(2x — 1)dz = 0,
fo% X2COS 167mdx B 0’ Ji x2cos6m(2z — 1)dz = 0,
fo; e eos 71'2" v . and fj x2cos8m(2z — 1)dx = 0,
2 «9sin4d __ 1
b, X;’mgmdx i [ xosinon(2r — 1)de = — L,
2 % 92si _ _ 1
f(’% AT = T [F x2sindr(2e — 1)de = — L,
Ji& x2sin12nzdr = — 4=, fﬁ <250 6m(90 — Tde — L
f% x2sin 167rdr = — 14— 3 sinm(2e = 1)dv = — g5z,
0 T : _ 1
f%(ﬂcQ—l) « \de — — 11 f% x2sin 87 (2x — 1)de = — 5.
0 12V’
= X O
Eigxis = [ 0 v ] .
where X ,0 and Y are (2L + 1) x (2L + 1) matrices given by
- 1 1 1 1 1 ]
1 0 0 0 0 =5 TWEm Tear s
0 1 0 0 0 -= -+ — e
0 0 1 o o I O GO G
0 o o 1 o L I O
4 1?7‘( 4fT 4m
| o o o o + L I 1 R
Xoxo=1{ 7 R by i 0
221 8171' I%Tr 1?71’ 1%7&' 41 X
“Iex 3 “Tox Ix 8 in i 0 0
0 - -&= 0 £ 5 0 $-= 0
167 47 47 167 4 621
== - & £ o0 0 0 0 1
L 82w 127 8w 4 4 _
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0000O0OO0TO0TU OO
00 0 0 0 0 0 0O
00 0 0 0 0 0 0O
0000 O0OO0TO0OTU OO
Ogxo=|0 0 0O 0O O 0 O 0 O],
0000 O0OO0TUO0TU OO
0000 O0OOUO0OTUO 0O O
00 0 0 0 0 0 0O
(000000000
and
-3 1 1 1 1A
g g g 8 g _2\/1571' 4\/1§7r 6\{?77 8(\)/57\'
0 3 S .
0 0 4 0 0 6 67 4 8
0 0 0 30 1?% % 0 T
Yoxo = Y T 86r 46 0
2\/1571- 8177 67r1 1?71’ 1%71’ 4 X
“IEx in " Ter  axr B 0 1 0 0
1 3 _1 0 1 0 0 3 0
627 167 4r ar 4
__1 1 -1 _1 0 0 0 0 3
L 821 127 87 4 4 _
For ﬁ',
1 L) —
fol (1’2 1) X \/idac = _T\/i7 f%l(xZ 1) \/gdl' 12\/53 .
7 (2% = 1) x 2cos dmwde = g, f%l(x 1) x 2cos27m(2z — 1)dz = g,
foé (22 — 1) x 2cos8mwde = 55—, f%(xQ 1) x 2cosdm(2z —1)dz = 555,
1
Ji2 (2? = 1) x 2cos 12nzdr = =, f%(wQ 1) x 2cos 67 (22 — 1)dx = le’“
J7 (2% — 1) x 2cos 167ada = 15—, and f%l (22 — 1) x 2cos 87 (2x — 1)dx = 128”2,
foé (22 — 1) x 2sindrzdr = —a=> f%(xQ 1) x 2sin27(22x — 1)dx = 87,7
ff (22 — 1) x 2sin8radr = — 7+, f%(ﬁ 1) x 2sindm(2z — 1)dx = 167r’
[2 (22 — 1) x 2sin 12n2de = — i, f%l(xZ 1) x 28in 67 (22 — 1)dx = 87T,
1
f0§ (22 — 1) x 2sin 167xdr = —ﬁ f% (22 — 1) x 2sin87(2x — 1)dx = 327r

~ S O
Figx1s = [ O T } :
Where S ,0 and T are (2L + 1) x (2L + 1) matrices given by

A B C
Soxo=| D E F
G H Z
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Here,
_1 1 1 1 1 1
A L 4v2r 16v/27 5 86v2r?  G4V2r Vel
3x3 = | 1oz 12 T2n? y Baxs = > ror=A v
\flw 5 n L 128 2r 167
16\/§7r2 3672 12 12872 812 3272 127
-1 -1 ! 5 e B
361/2 ™ ™
o _ lsﬂﬂ 1 12\?# 16 1271' D cu 1
3X3 = | T28aZ " B T3 T Y » 3%3 64v/2m2 72”12 327712
T 327 T 8w T 167 4v2r  16m  24nm
_1 1 1 1 0 _1
2
B 112 _7&71 3%77 2 _ 817r 1 0871'
3x3 — 8711'2 ] 112477 1 y 4'3x3 — 167 S;ZT 1
327 247 12~ 3272 w2 12872  T2nm2
o % Lok -k
8v2 v s 1 2
G 0 -3 -1 |.m i A
3x3 — L 337 87 » H43x3 = L R
T 16v2r 24r 167 ~& 0 722
11 1 1 1
12 ~. 128xn2 872 3272
z _ _1_ 11 - 1 1
3x3 — 2 12 1242 82
1 L 12Vem T
3272 8m2 12
00 0 0 0 0O O0O0OTO 0
00 0 00 0 O0O0TO 0
00 0 0 0 0 O0O0O 0
00 0 0 0 0 0 O00O0
Ogx9=10 0 0O 0 O O O O O
00 0 00 O0OO0OO0OTO0
00 0 00 0 O0O0O 0
00 0 0 0 0 O0O0O 0
00 0 0 0 0 O0O0O 0
J K L
Toxo=| M N Y
U Q@ R
Where
_5 1 1 1 1 3
P 12 54\/ETF2 L 16v/2m? " 86v2r?  G4V2n apr
3x3 = 422 12 T 3272 3672 ) 143x3 = o872 torel 3o
viT 1 5 1 §m 2 "
4272 872 12 12872 812 3272 327
__3 1 3 N 5 L
82 4y 16y/2r 36v2ars 128w 87
L3y = — = — o= — Mzxz = | 752 T A2
64272 27 327 )
¥ s i > vy 73 T
327 87 167 427 167 A7
5 1 3 3 0 _3
12 872 3%71' 81
3x3 — 872 12 8 sy 43%x3 — 1?77 T )
T2 0
32pi 8m 127 92 12872
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__3 3 _3 3 3 1
Usxs = T a2r 32n  8x¢ ;Q3x3 = 0 87 12§72 |
S R _3 9

1627 /7 167 8 7272
S5 _1 1 _1_
127 1 12872 87r§ 32171'2
R3x3 = Fr ~13 8T
8711' 112 87ri
3272 872 12

After solving equation (7.5), we get
cT =1(0,0,0,0,0,0,0,0,0). (7.6)
From equations (7.4) and (7.6), we get
y(t) = dTPY(D).

Thus approximate solution & exact solution is given below in table (2).

t Approximate Solution Exact Solution
0.0 0.250000 0.000000
0.1 0.120885 0.100000
0.2 0.205066 0.200000
0.3 0.294934 0.300000
0.4 0.379115 0.400000
0.5 0.750000 0.500000
0.6 0.620885 0.600000
0.7 0.705066 0.700000
0.8 0.794934 0.800000
0.9 0.879115 0.900000

TABLE 2. Comparison between approximate solution & exact solution.
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Comparison between approximate solution & exact solution through graph.

8. Conclusions
(i) From theorems (3.1) and (3.2), it follows that

O (3r), m = 0;
EY,,  =If-9 = 7
2k 2041 |f ok 2L41 | |2 0 (Qk ;L+1) Cm>0.
and

1 1

Eéi),QL+1 =||f = Sorop41ll2 =0 (22’“(2L+1)3) .
Since E;),2L+1 and Eéi),%_ﬂ — 0 as k, L — oco. Therefore, the approximations obtained
in theorems (3.1) and (3.2) are best possible in wavelet analysis.
(ii) Approximations calculated in theorems (3.1) and (3.2) are verified by an example
in section (5) which is significant part of the paper.
(iii) These approximations are used in solving the different types of differential equations
and solutions obtained by such method are compared to the exact solutions. We observe
that the exact solution and approximate solution is very close to each other which is
shown in the graphs.
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