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Abstract. In this paper, extended Haar wavelet has been introduced in the interval
[0, λ), λ > 0. It reduces to classical Haar wavelet for λ = 1. The orthonormality of
extended Haar wavelets has been discussed. The convergence analysis of an extended
Haar wavelet series of a function f belonging to Hölder’s classes Hα[0, λ) & Hα

2 [0, λ)
have been studied. Consequently, the approximations of function f belonging to the
generalised Hölder’s class have been estimated. The solutions of Bessel’s differential
equation of order zero have been obtained by the extended Haar operational matrix
method for λ = 1 & 2. These solutions for λ = 1 & 2 are compared with their exact
solutions. It is observed that the extended Haar wavelet solutions and their exact
solutions are almost the same. This validates the adopted procedure for solutions
of Bessel’s differential equation by an extended Haar operational matrix. This is a
significant achievement in wavelet analysis.

1. Introduction

The approximations of a function f belonging to Hα[0, 1), Hα
2 [0, 1), Hα,w[0, 1), have

been determined by researchers Lal and Kumar [8], Debnath [7], Meyer [11], Zygmund
[14], Lee and Yueh [9], Aznam and Chowdhury [4] and many others. Working in the
same direction, recently Ahmedov et al. [1], Baleanu et al. [5], Umer Saeed et al. [13]
have developed the estimators of function by Haar wavelet technique. Generally, the
Haar wavelet is defined in the interval [0,1). In nature, there are several actual problems
which are associated with the interval [0, λ), λ > 0 instead of [0,1). To deal with such
a problem, the classical Haar wavelet and Haar operational matrix are not applicable.
Hence Haar wavelet and Haar operational matrix are to be defined in the interval [0, λ).
These are not considered till now. This short-comming in wavelet analysis motivates
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us to extend the definition of the classical Haar wavelet and its operational matrix in
the interval [0, λ). It is remarkable to note that the extended Haar wavelet and its
operational matrix reduces to classical Haar wavelet if λ = 1.
In precise, the objectives of this research paper are mentioned as follows.
(1) To define Haar wavelet in the interval [0, λ).
(2) To evaluate the approximations of function f belonging to classes Hα[0, λ), Hα

2 [0, λ)
and Hα,w[0, λ).
(3) To obtain the extended Haar operational matrix in the interval [0, λ).
(4) To solve Bessel’s differential equation of order zero by extended Haar operational
matrix method.
The remaining part of this paper is organised as follows: in Section 2, some fundamental
definitions and properties of the Haar wavelet and the Haar scalling function in [0, λ)
have been mentioned. The extended Haar wavelet series, extended Haar wavelet
approximations of function in Hölder’s class, and orthonormality of the extended Haar
wavelet are discussed. In Section 3, the multiresolution analysis of the wavelet series has
been studeid in the interval [0,λ). In Section 4, the convergence analysis of the extended
Haar wavelet series has been discussed. In Section 5, the approximations of function f
∈ Hα[0, λ), Hα

2 [0, λ) and  Hα,w[0, λ) by extended Haar wavelet have been estimated,
and their proofs and verification are given. In Section 6, the extended Haar operational
matrix has been developed in the interval [0,λ), and it is used to obtain the solution
of Bessel’s differential equation for different values of j in the intervals [0,1) and [0,2).
Section 7 is designated for the conclusions of this research paper.

2. Definitions and Preliminaries

In this section, related definitions and preliminaries of this research paper are
mentioned as follows:

2.1. Haar Wavelet and Haar Scaling Function. Haar wavelet ψ(λ) and Haar
scaling function ϕ(λ) in the interval [0, λ), λ > 0 are defined by

ψ(λ) =
1√
m
(χ[0,λ2 ) − χ[λ2 ,λ)), ϕ(λ) =

1√
m
χ[0,λ). (2.1)

where m = 2j (j = 0, 1, 2, ..., J , J being a positive integer) represents the level of the
Haar wavelet ψ(λ).
The family ψ(λ)

j,k of extended Haar wavelets are defined by

ψ
(λ)
j,k (t) =

1√
m


2

j
2 , if t ∈

[
k
2j λ,

k+ 1
2

2j λ
)
,

−2
j
2 , if t ∈

[
k+ 1

2

2j λ, k+1
2j λ

)
,

0, otherwise,

(2.2)

where k = 0, 1, 2, ..., 2j − 1.
The family ϕ(λ)j,k of extended Haar scaling functions are defined by

ϕ
(λ)
j,k (t) =

1√
m

{
2

j
2 , if t ∈ [ k

2j λ,
k+1
2j λ),

0, otherwise.
(2.3)
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Here
〈√

m√
λ
ψ
(λ)
j,k ,

√
m√
λ
ψ
(λ)
j,k

〉
= 1 and

〈√
m√
λ
ϕ
(λ)
j,k ,

√
m√
λ
ϕ
(λ)
j,k

〉
= 1.

2.2. Extended Haar Wavelet Series. The extended Haar wavelet of a function
f ∈ L2[0, λ) is

f(t) =

2N−1∑
k=0

dN,kϕ
(λ)
N,k(t) +

∞∑
j=N

2j−1∑
k=0

cj,kψ
(λ)
j,k (t) (2.4)

= (S2N f)(t) + (R2N f)(t),

where dN,k = m
λ

〈
f, ϕ

(λ)
N,k

〉
, cj,k = m

λ

〈
f, ψ

(λ)
j,k

〉
.

2.3. Wavelet Approximation. The wavelet approximation of function f by (SNf)
under || · ||2 is denoted by EN (f) and defined by

EN (f) = min
(SNf)

||f − (SNf)||2, (2.5)

EN (f) is said to best approximation of the function f if EN (f) → 0 as N → ∞
(Zygmund [14]).
Let (SNf)(t) = d0,0ϕ

(λ)
0,0(t) +

∑N−1
j=0

∑2j−1
k=0 cj,kψ

(λ)
j,k (t), then the estimator E(1)

N (f) is
defined by E(1)

N (f) = ||f − (SNf)||2.
For (S2N f)(t) =

∑2N−1
k=0 dN,kϕ

(λ)
N,k(t), the estimator E(2)

2N
(f) is defined by E

(2)

2N
(f) =

||f − (S2N f)||2, whereas if f ∈ Hα,ω[0, λ), then the estimator E(3)
N (f) is defined by

E
(3)
N (f) = ||f − (SNf)||2.

2.4. Orthonormality of Extended Haar Wavelets. In this section, the
proposition of orthonormality of extended Haar wavelets has been discussed.

Proposition 2.1. {
√
m√
λ
ψ
(λ)
j,k }j,k∈Z forms an orthonormal set. i.e.

〈√
m√
λ
ψ
(λ)
j,k ,

√
m√
λ
ψ
(λ)
j′,k′

〉
=

{
1, if j = j′ and k = k′,

0, otherwise.
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Proof. Case 1: j = j′ and k = k′〈√
m√
λ
ψ
(λ)
j,k ,

√
m√
λ
ψ
(λ)
j,k

〉
=

∫ λ

0

√
m√
λ
ψ
(λ)
j,k (t)

√
m√
λ
ψ
(λ)
j,k (t)dt

=
m

λ

∫ λ

0

(
ψ
(λ)
j,k (t)

)2
dt

=
m

λ

∫ k+1
2

2j
λ

kλ

2j

(
2

j
2

√
m

)2

dt+

∫ k+1

2j
λ

k+1
2

2j
λ

(
−2

j
2

√
m

)2

dt


=

m

λ

∫ k+1
2

2j
λ

kλ

2j

2j

m
dt+

∫ k+1

2j
λ

k+1
2

2j
λ

2j

m
dt


=

2j

λ

∫ k+1

2j
λ

kλ

2j

dt =
2j

λ

(
k + 1

2j
λ− kλ

2j

)
= 1.

Case 2: j ̸= j′ and k = k′〈√
m√
λ
ψ
(λ)
j,k ,

√
m√
λ
ψ
(λ)
j′,k

〉
=

∫ λ

0

√
m√
λ
ψ
(λ)
j,k (t)

√
m√
λ
ψ
(λ)
j′,k(t)dt

=
m

λ

∫ λ

0

ψ
(λ)
j,k (t)ψ

(λ)
j′,k(t)dt

ψ
(λ)
j,k is defined in [ k

2j λ,
k+1
2j λ) ⊂ [0, λ) and ψj′,k is defined in [ k

2j′
λ, k+1

2j′
λ) ⊂ [0, λ)

If j ̸= j′ , then the intervals [ k
2j λ,

k+1
2j λ) and [ k

2j′
λ, k+1

2j′
λ) are disjoint. i.e.[

k

2j
λ,
k + 1

2j
λ

)
∩
[
k

2j′
λ,
k + 1

2j′
λ

)
= ϕ.

Therefore
〈√

m√
λ
ψ
(λ)
j,k ,

√
m√
λ
ψ
(λ)
j′,k

〉
= 0 if j ̸= j′ ∀ k, k′ ∈ Z (set of integer) .

Case 3: k ̸= k′〈√
m√
λ
ψ
(λ)
j,k ,

√
m√
λ
ψ
(λ)
j,k′

〉
=

∫ λ

0

√
m√
λ
ψ
(λ)
j,k (t)

√
m√
λ
ψ
(λ)
j,k′(t)dt

=
m

λ

∫ λ

0

ψ
(λ)
j,k (t)ψ

(λ)
j,k′(t)dt

ψ
(λ)
j,k is defined in [ k

2j λ,
k+1
2j λ) ⊂ [0, λ) and ψ

(λ)
j,k′ is defined in [ k

′

2j λ,
k′+1
2j λ) ⊂ [0, λ)

If k ̸= k′ , then the intervals [ k
2j λ,

k+1
2j λ) and [ k

′

2j λ,
k′+1
2j λ) are disjoint i.e.[

k

2j
λ,
k + 1

2j
λ

)
∩
[
k′

2j
λ,
k′ + 1

2j
λ

)
= ϕ.

Therefore
〈√

m√
λ
ψ
(λ)
j,k ,

√
m√
λ
ψ
(λ)
j,k′

〉
= 0 if k ̸= k′ ∀ j, j′ ∈ Z. �
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3. Multiresolution Analysis

Let ϕ(λ) =
1√
m
χ[0,λ), ψ(λ) =

1√
m
(χ[0,λ2 ) − χ[λ2 ,λ)),

ψ
(λ)
j,k (t) =

2
j
2

√
m
ψ(λ)(2jt−kλ), W (λ)

j = clos
L2[0,λ)

< ψ
(λ)
j,k : k ∈ Z >, j ∈ Z,

ϕ
(λ)
j,k (t) =

2
j
2

√
m
ϕ(λ)(2jt−kλ), V

(λ)
j = clos

L2[0,λ)
< ϕ

(λ)
j,k : k ∈ Z >, j ∈ Z.

A sequence of closed subspaces V (λ)
J of L2[0, λ) satisfies the following properties:

(i) V (λ)
J ⊂ V

(λ)
J+1,

(ii) f(t) ∈ V
(λ)
J ⇐⇒ f(2t) ∈ V

(λ)
J+1,

(iii) f(t) ∈ V
(λ)
0 ⇐⇒ f(t+ 1) ∈ V

(λ)
0 ,

(iv) ∪∞
j=−∞ V

(λ)
J is dense in L2[0, λ) and ∩∞

j=−∞ V
(λ)
J = {0},

(v) Suppose a function ϕ(λ) ∈ V
(λ)
0 exists such that the collection

{ϕ(t− λk); k ∈ Z} is a Riesz basis of V (λ)
0 .

Then {V (λ)
J }∞j=−∞ is a multiresolution analysis of L2[0, λ).

Then this family of subspaces of L2[0, λ) gives a direct sum decomposition of L2[0, λ) in
the sence that every f ∈ L2[0, λ) has a unique decomposition
f(t) = ...+ g−1(t) + g0(t) + g1(t) + g2(t) + ...,

where gj ∈W
(λ)
j and we describe this by writing

L2[0, λ) =
∑
j∈Z

W
(λ)
j = ...+W

(λ)
−1 +W

(λ)
0 +W

(λ)
1 + ...,

= ...+W
(λ)
−1 +W

(λ)
0 + ...+W

(λ)
N−1 +W

(λ)
N +W

(λ)
N+1 + ...,

= V
(λ)
N +

∞∑
j=N

W
(λ)
j , V

(λ)
N = ...+W

(λ)
−1 +W

(λ)
0 + ...+W

(λ)
N−1.

Then f(t) =

2N−1∑
k=0

dN,kϕ
(λ)
N,k(t) +

∞∑
j=N

2j−1∑
k=0

cj,kψ
(λ)
j,k (t). (3.1)

4. Convergence of Extended Haar Wavelet Series
In this section, it is discussed that the extended Haar wavelet expansion of a function

f ∈ L2[0, λ) converges uniformly to f .

4.1. Lemma. To show the convergence, the following Lemma is required.

Lemma 4.1. If the extended Haar wavelet expansion of a function f ∈ L2[0, λ) converges
uniformly, then the extended Haar wavelet expansion converges to the function f in [0, λ).
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Proof. Let

f(t) =

2N−1∑
k=0

dN,kϕ
(λ)
N,k(t) +

∞∑
j=N

2j−1∑
k=0

cj,kψ
(λ)
j,k (t) (4.1)

Multiplying both side of (4.1) by ϕ(λ)N,p and then integrating between
[

p
2N
λ, p+1

2N
λ
)
,

∫ (p+1)λ

2N

pλ

2N

f(t)ϕ
(λ)
N,p(t)dt =

2N−1∑
k=0

dN,k

∫ (p+1)λ

2N

pλ

2N

ϕ
(λ)
N,k(t)ϕ

(λ)
N,p(t)dt

+

∞∑
j=N

2j−1∑
k=0

cj,k

∫ (p+1)λ

2N

pλ

2N

ψ
(λ)
j,k (t)ϕ

(λ)
N,p(t)dt

= dN,p

∫ (p+1)λ

2N

pλ

2N

|ϕ(λ)N,p(t)|
2dt+ 0

= dN,p

∫ (p+1)λ

2N

pλ

2N

(
2

N
2

√
m
ϕ(λ)(2N t− pλ)

)2

dt,

= dN,p

∫ λ

0

2N

m
(ϕ(λ)(u))2

du

2N
, u = 2N t− pλ

=
λ

m
dN,p

Therefore, dN,k =
m

λ
< f, ϕ

(λ)
N,k >, k = 1, 2, ..., 2N −1. (4.2)

Next, multiplying both side of (4.1) by ψ(λ)
l,q and then integrating between

[
q
2l
λ, q+1

2l
λ
)
,

∫ (q+1)λ

2l

qλ

2l

f(t)ψ
(λ)
l,q (t)dt =

2N−1∑
k=0

dN,k

∫ (q+1)λ

2l

qλ

2l

ϕ
(λ)
N,k(t)ϕ

(λ)
l,q (t)dt

+

∞∑
j=N

2j−1∑
k=0

cj,k

∫ (q+1)λ

2l

qλ

2l

ψ
(λ)
j,k (t)ψ

(λ)
l,q (t)dt

= 0 + cl,q

∫ (q+1)λ

2l

qλ

2l

|ψ(λ)
l,q (t)|

2dt

= cl,q

∫ (q+1)λ

2l

qλ

2l

(
2

l
2

√
m
ψ(λ)(2lt− qλ)

)2

dt
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= cl,q

∫ λ

0

2l

m
(ψ(λ)(u))2

du

2l
, u = 2lt− qλ

=
λ

m
cl,q.

Therefore, cj,k =
m

λ
< f, ψ

(λ)
j,k >, k = 1, 2, ..., 2N − 1. (4.3)

Then f(t) =

2N−1∑
k=0

m

λ
< f, ϕ

(λ)
N,k > ϕ

(λ)
N,k(t) +

∞∑
j=N

2j−1∑
k=0

m

λ
< f, ψ

(λ)
j,k > ψ

(λ)
j,k (t).

Let g(t) =

2N−1∑
k=0

m

λ
< f, ϕ

(λ)
N,k > ϕ

(λ)
N,k(t) +

∞∑
j=N

2j−1∑
k=0

m

λ
< f, ψ

(λ)
j,k > ψ

(λ)
j,k (t) (4.4)

Multiplying both side of (4.4) by ϕ(λ)N,p and then integrating between
[

p
2N
λ, p+1

2N
λ
)
,

< g, ϕ
(λ)
N,p > =

2N−1∑
k=0

m

λ
< f, ϕ

(λ)
N,k >< ϕ

(λ)
N,k, ϕ

(λ)
N,p >

+

∞∑
j=N

2j−1∑
k=0

m

λ
< f, ψ

(λ)
j,k >< ψ

(λ)
j,k , ϕ

(λ)
N,k >

= < f, ϕ
(λ)
N,p > +0

Therefore, < f, ϕ
(λ)
N,k > = < g, ϕ

(λ)
N,k > . (4.5)

Also, multiplying both side of (4.4) by ψ(λ)
l,q and then integrating between

[
q
2l
λ, q+1

2l
λ
)
,

< g, ψ
(λ)
l,q > =

2N−1∑
k=0

m

λ
< f, ϕ

(λ)
N,k >< ϕ

(λ)
N,k, ψ

(λ)
l,q >

+

∞∑
j=N

2j−1∑
k=0

m

λ
< f, ψ

(λ)
j,k >< ψ

(λ)
j,k , ψ

(λ)
l,q >

= 0+ < f, ψ
(λ)
l,q >

Therefore, < f, ψ
(λ)
j,k > = < g, ψ

(λ)
j,k > . (4.6)

By Eqns. (4.5) and (4.6), f = g ∀ t ∈ [0, λ).

Hence, wavelet series (4.1) converges to f in [0, λ). �

4.2. Convergence theorems of extended Haar wavelet series. In this
section, two theorems for convergence of extended Haar wavelet series of function f
in Hα[0, λ) & Hα

2 [0, λ) have been established as follows:
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Theorem 4.2. If f ∈ Hα[0, λ) for 1
2 < α ≤ 1, then its extended Haar wavelet series

f(t) =

2N−1∑
k=0

m

λ
< f, ϕ

(λ)
N,k > ϕ

(λ)
N,k(t) +

∞∑
j=N

2j−1∑
k=0

m

λ
< f, ψ

(λ)
j,k > ψ

(λ)
j,k (t) (4.7)

converges uniformly to f(t) in [0, λ).

Proof. Following Eqn.(3.1) and values of dN,k & cj,k from previous lemma,

f(t) =

2N−1∑
k=0

m

λ
< f, ϕ

(λ)
N,k > ϕ

(λ)
N,k(t) +

∞∑
j=N

2j−1∑
k=0

m

λ
< f, ψ

(λ)
j,k > ψ

(λ)
j,k (t).

||f ||2 ≤
2N−1∑
k=0

|m
λ
< f, ϕ

(λ)
N,k > |||ϕ(λ)N,k||2 +

∞∑
j=N

2j−1∑
k=0

|m
λ
< f, ψ

(λ)
j,k > |||ψ(λ)

j,k ||2

=

√
m

λ

2N−1∑
k=0

| < f, ϕ
(λ)
N,k > |+

√
m

λ

∞∑
j=N

2j−1∑
k=0

| < f, ψ
(λ)
j,k > |. (4.8)

Now < f, ϕ
(λ)
N,k > =

∫ (k+1)λ

2N

kλ

2N

(
f(t)− f

(
kλ

2N

))
ϕN,k(t)dt+ f

(
kλ

2N

)∫ (k+1)λ

2N

kλ

2N

ϕN,k(t)dt

| < f, ϕ
(λ)
N,k > | ≤

(
λ

2N

)α ∫ (k+1)λ

2N

kλ

2N

2
N
2 ϕ(λ)(2N t− kλ)dt

+

∣∣∣∣f ( kλ2N
)∣∣∣∣ ∫ (k+1)λ

2N

kλ

2N

2
N
2 ϕ(λ)(2N t− kλ)dt, f ∈ Hα[0, λ)

=

(
λ

2N

)α
1

2
N
2

∫ λ

0

ϕ(λ)(u)du+

∣∣∣∣f ( kλ2N
)∣∣∣∣ 1

2
N
2

∫ λ

0

ϕ(λ)(u)du, u = 2N t− kλ

=

(
λ

2N

)α
1

2
N
2

λ√
m

+

∣∣∣∣f ( kλ2N
)∣∣∣∣ 1

2
N
2

λ√
m

=
λ√
m

(√
m

2
N
2

(
λ

2N

)α

+

√
m

2
N
2

∣∣∣∣f ( kλ2N
)∣∣∣∣) . (4.9)

Next,
〈
f, ψ

(λ)
j,k

〉
=

∫ (k+1)λ

2j

kλ

2j

f(t)ψ
(λ)
j,k (t)dt

=

∫ (k+1
2
)λ

2j

kλ

2j

f(t)
2

j
2

√
m
dt−

∫ (k+1)λ

2j

(k+1
2
)λ

2j

f(t)
2

j
2

√
m
dt

=

∫ (k+1
2
)λ

2j

kλ

2j

f(t)
2

j
2

√
m
dt−

∫ (k+1
2
)λ

2j

kλ

2j

f

(
u+

λ

2j+1

)
2

j
2

√
m
du, t = u+

λ

2j+1
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=
2

j
2

√
m

∫ (k+1
2
)λ

2j

kλ

2j

(
f(t)− f

(
t+

λ

2j+1

))
dt

∣∣∣〈f, ψ(λ)
j,k

〉∣∣∣ ≤ 2
j
2

√
m

(
λ

2j+1

)α ∫ (k+1
2
)λ

2j

kλ

2j

dt, f ∈ Hα[0, λ)

=
2

j
2

√
m

(
λ

2j+1

)α+1

. (4.10)

From Eqns. (4.8) , (4.9) and (4.10),

||f ||2 ≤
√
m

λ

2N−1∑
k=0

1
√
m2

N
2

((
λ

2N

)α

+

∣∣∣∣f ( kλ2N
)∣∣∣∣)

+

√
λ

m

∞∑
j=N

2j−1∑
k=0

2
j
2
√
m

λ

(
λ

2j+1

)α+1

=
1√
λ2

N
2

2N−1∑
k=0

((
λ

2N

)α

+

∣∣∣∣f ( kλ2N
)∣∣∣∣)+

1√
λ

∞∑
j=N

2
3j
2

(
λ

2j+1

)α+1

=
1√
λ2

N
2

2N
(
λ

2N

)α

+

2N−1∑
k=0

∣∣∣∣f ( kλ2N
)∣∣∣∣
+ λα+

1
2

∞∑
j=N

1

2(j+1)(α+1)− 3j
2

≤ λα−
1
2

2N(α− 1
2 )

+
1√
λ2

N
2

Cf +
λα+

1
2

2N(α− 1
2 )+α+1

<∞, α >
1

2
, (4.11)

where Cf =

2N−1∑
k=0

∣∣∣∣f ( kλ2N
)∣∣∣∣ .

Therefore, the series (4.7) converges to f(t) uniformly in [0,λ). �

Theorem 4.3. If f ∈ Hα
2 [0, λ) for 1

2 < α ≤ 1, then its extended Haar wavelet series

f(t) =

2N−1∑
k=0

m

λ
< f, ϕ

(λ)
N,k > ϕ

(λ)
N,k(t) +

∞∑
j=N

2j−1∑
k=0

m

λ
< f, ψ

(λ)
j,k > ψ

(λ)
j,k (t) (4.12)

converges uniformly to f(t) in [0, λ).

Proof. Following the proof of Theorem 4.2,

| < f, ϕ
(λ)
N,k > | ≤

∣∣∣∣∣
∫ (k+1)λ

2N

kλ

2N

(
f(t)− f

(
kλ

2N

))
ϕN,k(t)dt

∣∣∣∣∣+
∣∣∣∣∣f
(
kλ

2N

)∫ (k+1)λ

2N

kλ

2N

ϕN,k(t)dt

∣∣∣∣∣
≤

∫ (k+1
2
)λ

2j

kλ

2j

∣∣∣∣f(t)− f

(
t+

λ

2j+1

)∣∣∣∣2 dt


1
2
∫ (k+1

2
)λ

2j

kλ

2j

||ψ(λ)
j,k ||

2dt


1
2

+

∣∣∣∣f ( kλ2N
)∣∣∣∣ 1

2
N
2

λ√
m
, by Cauchy Schwarz’s inequality.
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≤
(
λ

2N

)α(
λ

m

λ

2N

) 1
2

+

∣∣∣∣f ( kλ2N
)∣∣∣∣ 1

2
N
2

λ√
m
, f ∈ Hα

2 [0, λ)

=

(
λ

2N

)α
1

2
N
2

λ√
m

+

∣∣∣∣f ( kλ2N
)∣∣∣∣ 1

2
N
2

λ√
m

=
λ

√
m2

N
2

((
λ

2N

)α

+

∣∣∣∣f ( kλ2N
)∣∣∣∣) . (4.13)

Next,
∣∣∣〈f, ψ(λ)

j,k

〉∣∣∣ ≤
∫ (k+1

2
)λ

2j

kλ

2j

∣∣∣∣f(t)− f

(
t+

λ

2j+1

)∣∣∣∣ ||ψ(λ)
j,k ||dt

≤
(

λ

2j+1

)α(
λ

m

λ

2j+1

) 1
2

, f ∈ Hα
2 [0, λ). (4.14)

From Eqns. (4.8) , (4.13) and (4.14),

||f ||2 ≤
√
m

λ

2N−1∑
k=0

1
√
m2

N
2

((
λ

2N

)α

+

∣∣∣∣f ( kλ2N
)∣∣∣∣)

+

√
m

λ

∞∑
j=N

2j−1∑
k=0

(
λ

2j+1

)α(
λ

m

λ

2j+1

) 1
2

=
λα−

1
2

2N(α− 1
2 )

+
1√
λ2

N
2

Cf +
1√
λ

∞∑
j=N

2j
(

λ

2j+1

)α+1

≤ λα−
1
2

2N(α− 1
2 )

+
1√
λ2

N
2

Cf +
λα+

1
2

2N(α− 1
2 )+α+ 1

2

<∞, α >
1

2
(4.15)

Therefore, the series (4.12) converges to f(t) uniformly in [0,λ). �

5. Approximation of function by partial sums of its Extended Haar
Wavelet Series

Any measurement is considered as approximation. A function f ∈ L2[0, λ) has been
expressed into extended Haar wavelet series as Eqn. (2.4). The (2N )th partial sum of
the wavelet series (2.4) is (S2N f)(t) =

∑2N−1
k=0 dN,kϕ

(λ)
N,k(t). The approximation of f by

(S2N f) under || · ||2 is denoted by E2N (f) = ||f − (S2N f)||2. Since wavelet series (2.4)
is convergent and it is already discussed in previous section 3, therefore it is natural to
find out the bound of ||f − (S2N f)||2. To estimate the bound of ||f − (S2N f)||2, the
following estimators have been developed as follows:

Theorem 5.1. If a function f ∈ Hα[0, λ) i.e. f(x+ t)−f(x) = O(|t|α), x+t, x ∈ [0, λ),
0 < α ≤ 1, and its wavelet expansion by extended Haar wavelet ψ(λ)

j,k and extended Haar
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scaling function ϕ
(λ)
j,k is given by

f(t) = d0,0ϕ
(λ)
0,0(t) +

∞∑
j=0

2j−1∑
k=0

cj,kψ
(λ)
j,k (t) (5.1)

=

d0,0ϕ(λ)0,0(t) +

N−1∑
j=0

2j−1∑
k=0

cj,kψ
(λ)
j,k (t)

+

∞∑
j=N

2j−1∑
k=0

cj,kψ
(λ)
j,k (t)

= (SNf)(t) + (RNf)(t)

then the extended Haar wavelet approximation E
(1)
N (f) of f by (SNf) satisfies

E
(1)
N (f) = min

(SNf)
||f − (SNf)||2 = O

(
λα+

1
2

2(N+1)α

)
. (5.2)

Proof. Since

f(t)− (SNf)(t) =

∞∑
j=N

2j−1∑
k=0

cj,kψ
(λ)
j,k (t).

Therefore (f(t)− (SNf)(t))
2 =

 ∞∑
j=N

2j−1∑
k=0

cj,kψ
(λ)
j,k (t)

2

=

∞∑
j=N

2j−1∑
k=0

c2j,k

(
ψ
(λ)
j,k (t)

)2

+ 2
∑∑

N≤j ̸=j′≤∞

2j−1∑
k=0

2j
′
−1∑

k′=0

cj,kψ
(λ)
j,k (t)cj′,k′ψ

(λ)
j′,k′(t).

Now ||f − (SNf)||22 =

∫ λ

0

 ∞∑
j=N

2j−1∑
k=0

cj,kψ
(λ)
j,k (t)

2

dt

=

∫ λ

0

(

∞∑
j=N

2j−1∑
k=0

c2j,k

(
ψ
(λ)
j,k (t)

)2
dt

+ 2

∫ λ

0

∑∑
N≤j ̸=j′≤∞

2j−1∑
k=0

2j
′
−1∑

k′=0

cj,kψ
(λ)
j,k (t)cj′,k′ψ

(λ)
j′,k′(t)dt
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=

∞∑
j=N

2j−1∑
k=0

c2j,k
λ

m
+ 0, by orthonormality of ψ(λ)

j,k (t)

=

∞∑
j=N

2j−1∑
k=0

c2j,k
λ

m
(5.3)

By Eqns. (5.3) and (4.10),

||f − (SNf)||22 ≤ m

λ

∞∑
j=N

2j−1∑
k=0

2j

m

(
λ

2j+1

)2(α+1)

=
λ2α+1

22α+2

∞∑
j=N

1

22jα

=
λ2α+1

22α+2

(
1

22Nα

)
(
1− 1

22α

)
||f − (SNf)||2 ≤ λα+

1
2

2α+12Nα

√
1

1− 1
22α

Therefore E(1)
N (f) = min

(SNf)
||f − (SNf)||2 = O

(
λα+

1
2

2(N+1)α

)
. (5.4)

This completes the proof of Theorem 5.1.

�

Note. To validate the extended Haar wavelet series (5.1) and Theorem of this section,
the following example has been considered:

Let f(t) = t, t ∈ [0, λ),

||f ||22 =

∫ λ

0

t2dt =
λ3

3
.

f(t) = d0,0ϕ
(λ)
0,0(t) +

∞∑
j=0

2j−1∑
k=0

cj,kψ
(λ)
j,k (t)

< f, ϕ
(λ)
0,0 > =

∫ λ

0

tϕ
(λ)
0,0(t)dt =

λ2

2
√
m

Next, < f, ψ
(λ)
j,k > =

∫ λ

0

tψ
(λ)
j,k (t)dt

=

∫ (k+1
2
)λ

2j

kλ

2j

t
2

j
2

√
m
dt−

∫ (k+1)λ

2j

(k+1
2
)λ

2j

t
2

j
2

√
m
dt
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=
2

j
2

2
√
m

λ2

22j

[
2

(
k2 + k +

1

4

)
− 2k2 − 2k − 1

]
=

2
j
2

2
√
m

λ2

22j

(
−1

2

)
= − λ2

(4
√
m)2

3j
2

. (5.5)

Therefore, d20,0||ϕ
(λ)
0,0 ||22 +

∞∑
j=0

2j−1∑
k=0

c2j,k||ψ
(λ)
j,k ||

2
2

=
(m
λ
< f, ϕ

(λ)
0,0 >

)2 λ
m

+

∞∑
j=0

2j−1∑
k=0

(m
λ
< f, ψ

(λ)
j,k >

)2 λ
m

=
m

λ

λ4

4m
+

∞∑
j=0

2j−1∑
k=0

m

λ

λ4

16m(23j)

=
λ3

4
+
λ3

16

∞∑
j=0

1

22j
=
λ3

3
.

Hence the series (5.1) is verified for f(t) = t.

Again let f(t) = t, ∀ t ∈ [0, λ).

Since, |f(x+ t)− f(x)| = |(x+ t)− x| = |t|. Therefore, f ∈ H1[0, λ).

Now ||f − (SNf)||22 =
m

λ

∞∑
j=N

2j−1∑
k=0

| < f, ψ
(λ)
j,k > |2

=
m

λ

∞∑
j=N

2j−1∑
k=0

λ4

16m(23j)

=
λ3

16

∞∑
j=N

1

22j
=

λ3

3(22N+2)

||f − (SNf)||2 =
λ

3
2

√
32N+1

= O

(
λα+

1
2

2(N+1)α

)
, if α = 1.

Hence, Theorem 5.1 is verified.

Theorem 5.2. If a function f ∈ Hα
2 [0, λ) i.e.

(∫ λ

0
(f(x+ t)− f(x))2

) 1
2

= O(|t|α),

and f(t) =

2N−1∑
k=0

dN,kϕ
(λ)
N,k(t) +

∞∑
j=N

2j−1∑
k=0

cj,kψ
(λ)
j,k (t) = (S2N f)(t) + (R2N f)(t),(5.6)
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then the extended Haar wavelet approximation E
(2)

2N
(f) of f by (S2N f) satisfies

E
(2)

2N
(f) = min

(S2N f)
||f − (S2N f)||2 = O

(
λα+

1
2

2(N+1)α+ 1
2

)
.

Proof. Following the proof of Theorem 5.1,

||f − (S2N f)||22 =
m

λ

∞∑
j=N

2j−1∑
k=0

(〈
f, ψ

(λ)
j,k

〉)2
(5.7)

By Eqns. (5.7) and (4.14),

||f − (S2N f)||22 ≤
∞∑

j=N

2j−1∑
k=0

λ2α+1

2(j+1)(2α+1)

= λ2α+1
∞∑

j=N

1

22(j+1)α+1

= λ2α+1

(
1

22(N+1)α+1

(1− 1
22α )

)
.

Therefore E(2)

2N
(f) = O

(
λα+

1
2

2(N+1)α+ 1
2

)
. (5.8)

This completes the proof of Theorem 5.2.

Note. To validate the extended Haar wavelet series (5.6) and Theorem of this section,
the following example has been considered:

Let f(t) = t2, t ∈ [0, λ).

||f ||22 =

∫ λ

0

(t2)2dt =
λ5

5
.

Since f(t) =

2N−1∑
k=0

dN,kϕ
(λ)
N,k(t) +

∞∑
j=N

2j−1∑
k=0

cj,kψ
(λ)
j,k (t)

||f ||22 =

2N−1∑
k=0

d2N,k||ϕ
(λ)
N,k||

2
2 +

∞∑
j=N

2j−1∑
k=0

c2j,k||ψ
(λ)
j,k ||

2
2.

dN,k =
m

λ
< f, ϕ

(λ)
N,k >

=
m

λ

∫ (k+1)λ

2N

kλ

2N

t22
N
2 ϕ(λ)(2N t− kλ)dt
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=
m

λ

∫ λ

0

(
u+ kλ

2N

)2
1

2
N
2

ϕ(λ)(u)du, u = 2N t− kλ.

=
m

λ

1

2
5N
2

∫ λ

0

1√
m
(u2 + 2kλ+ k2λ2)du

=

√
mλ2

2
5N
2

[
1

3
+ k + k2

]
.

cj,k =
m

λ
< f, ψ

(λ)
j,k >=

m

λ

∫ λ

0

t2ψ
(λ)
j,k (t)dt

=
m

λ

∫ (k+1
2
)λ

2j

kλ

2j

t2
2

j
2

√
m
dt− m

λ

∫ (k+1)λ

2j

(k+1
2
)λ

2j

t2
2

j
2

√
m
dt

=

√
m2

j
2

2

λ2

23j

[
2

(
k +

1

2

)2

− k3 − (k + 1)3

]

= −
√
mλ2

(4)2
5j
2

(2k + 1). (5.9)

Therefore,
2N−1∑
k=0

d2N,k||ϕ
(λ)
N,k||

2
2 +

∞∑
j=N

2j−1∑
k=0

c2j,k||ψ
(λ)
j,k ||

2
2

=

2N−1∑
k=0

mλ4

25N

(
1

3
+ k + k2

)2
λ

m

+

∞∑
j=N

2j−1∑
k=0

mλ4

(16)25j
(1 + 2k)2

λ

m

=
λ5

25N

[
2N

45
− 23N

9
+

25N

5

]
+
λ5

16

[
16

9(22N )
− 16

45(24N )

]
= λ5

[
1

45(24N )
− 1

9(22N )
+

1

5
− 1

45(24N )
+

1

9(22N )

]
=
λ5

5
.

Hence the series (5.6) is verified for f(t) = t2.

Again let f(t) = t2, t ∈ [0, λ).

Then
(∫ λ

0

|f(x+ t)− f(x)|2dx

) 1
2

=

(∫ λ

0

|(x+ t)2 − (x2)|2dx

) 1
2

(5.10)
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=

(∫ λ

0

(t2 + 2tx)2dx

) 1
2

=

(∫ λ

0

(t4 + 4t2x2 + 4t3x)dx

) 1
2

=

(
t4λ+

4

3
t2λ3 + 2t3λ2

) 1
2

≤
(
t2λ3 +

4

3
t2λ3 + 2t2λ3

) 1
2

=

(
13

3
|t|2λ3

) 1
2

= |t|
(
13

3
λ3
) 1

2

.

Therefore, f ∈ H1
2 [0, λ).

Now ||f − (S2N f)||22 =

∞∑
j=N

2j−1∑
k=0

c2j,k||ψ
(λ)
j,k ||

2
2

=
λ

m

∞∑
j=N

2j−1∑
k=0

mλ2

16(25j)
(2k + 1)2, by Eqn. (5.9)

=
λ3

16

∞∑
j=N

2j−1∑
k=0

1

25j
(4k2 + 4k + 1)

=
λ3

16

∞∑
j=N

1

25j

[
2

3
2j(2j − 1)(2j+1 − 1) + 2j+1(2j − 1) + 2j

]

=
λ3

16

∞∑
j=N

1

3

[
4

22j
− 1

24j

]

=
λ3

3

[
1

3.22N
− 1

15.24N

]
||f − (S2N f)||2 =

λ
3
2

3.2N

√
1− 1

5.22N

≤ λ
3
2

2N+ 3
2

= O

(
λα+

1
2

2(N+1)α+ 1
2

)
, if α = 1.

Hence, Theorem 5.2 is verified. �

Theorem 5.3. Let ω(t) be a positive monotonic increasing function of t such that
|t|αω(|t|) → 0 as t→ 0+. If a function f ∈ Hα,ω[0, λ) i.e. f(x+t)−f(x) = O(|t|αω(|t|)),
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and

f(t) = d0,0ϕ
(λ)
0,0(t) +

N−1∑
j=0

2j−1∑
k=0

cj,kψ
(λ)
j,k (t) +

∞∑
j=N

2j−1∑
k=0

cj,kψ
(λ)
j,k (t)

= (SNf)(t) + (RNf)(t),

then the extended Haar wavelet approximation E
(3)
N (f) of f by (SNf) satisfies

E
(3)
N (f) = min

(SNf)
||f − (SNf)||2 = O

(
λα+

1
2

2(N+1)α
ω

(
λ

2N

))
. (5.11)

Proof. Following the proof of Theorem 5.1,

| < f, ψ
(λ)
j,k > | ≤ 2

j
2

√
m

∫ (k+1
2
)λ

2j

kλ

2j

∣∣∣∣f(t)− f

(
t+

λ

2j+1

)∣∣∣∣ dt
≤ 2

j
2

√
m

(
λ

2j+1

)α ∫ (k+1
2
)λ

2j

kλ

2j

ω

(
λ

2j+1

)
dt, f ∈ Hα,ω[0, λ)

=
2

j
2

√
m

(
λ

2j+1

)α

ω

(
λ

2j+1

)(
λ

2j+1

)

=
2

j
2

√
m

(
λ

2j+1

)α+1

ω

(
λ

2j+1

)
. (5.12)

By Eqn. (5.12),

||f − (SNf)||22 ≤ m

λ

∞∑
j=N

2j−1∑
k=0

2j

m

(
λ

2j+1

)2(α+1)

ω2

(
λ

2j+1

)

=
λ2α+1

22α+2
ω2

(
λ

2N+1

) ∞∑
j=N

1

22jα
, by the hypothesis of Theorem 5.1,

=
λ2α+1

22α+2
ω2

(
λ

2N+1

) (
1

22Nα

)
(
1− 1

22α

)
||f − (SNf)||2 ≤ λα+

1
2

2α+12Nα
ω

(
λ

2N+1

)√
1

1− 1
22α

Therefore E(3)
N (f) = O

(
λα+

1
2

2(N+1)α
ω

(
λ

2N+1

))
. (5.13)

This completes the proof of Theorem 5.3.

Note. If ω(|t|) = 1 ∀ t ∈ [0, λ), then class Hα,w[0, λ) coincides with Hα[0, λ). �
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6. Extended Haar Wavelet Operational Matrix of Integration
The operational matrix of integration P4 is determined by the four basis functions as

ϕ
(λ)
0,0(t) =

1√
m

{
1, if 0 ≤ t < λ,

0, otherwise,

ψ
(λ)
0,0 (t) =

1√
m


1, if 0 ≤ t < λ

2 ,

−1, if λ
2 ≤ t < λ,

0, otherwise,

ψ
(λ)
1,0 (t) =

1√
m


√
2, if 0 ≤ t < λ

4 ,

−
√
2, if λ

4 ≤ t < λ
2 ,

0, otherwise,

ψ
(λ)
1,1 (t) =

1√
m


√
2, if λ

2 ≤ t < 3λ
4 ,

−
√
2, if 3λ

4 ≤ t < λ,

0, otherwise.

ϕ
(λ)
0,0(t) =

1√
m
[1 1 1 1]

ψ
(λ)
0,0 (t) =

1√
m
[1 1 − 1 − 1]

ψ
(λ)
1,0 (t) =

1√
m
[
√
2 −

√
2 0 0]

ψ
(λ)
1,1 (t) =

1√
m
[0 0

√
2 −

√
2]


(6.1)

From Eqn. (6.1),

H4 =
1√
m


1 1 1 1
1 1 −1 −1√
2 −

√
2 0 0

0 0
√
2 −

√
2


The integrals of the first four Haar wavelets ϕ(λ)0,0 , ψ

(λ)
0,0 , ψ

(λ)
1,0 , ψ

(λ)
1,1 can be expressed as:

∫ t

0

ϕ
(λ)
0,0(x)dx ≈ λ

8
√
m

[1 3 5 7] (6.2)∫ t

0

ψ
(λ)
0,0 (x)dx ≈ λ

8
√
m

[1 3 3 1] (6.3)∫ t

0

ψ
(λ)
1,0 (x)dx ≈ λ

8
√
m

[1 1 0 0] (6.4)∫ t

0

ψ
(λ)
1,1 (x)dx ≈ λ

8
√
m

[0 0 1 1] (6.5)
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From Eqns. (6.2) to (6.5),

∫ t

0

H4(x)dx ≈ λ

8
√
m


1 3 5 7
1 3 3 1
1 1 0 0
0 0 1 1

 .

P4 =

(∫ t

0

H4(x)dx

)
H−1

4 (t) =
λ

2× 4


4 −2 − 1√

2
− 1√

2

2 0 − 1√
2

1√
2

1√
2

1√
2

0 0
1√
2

− 1√
2

0 0

 .
Following the same procedures, the integration matrix Pn can be obtained as follows:

Pn =
λ

2× n


2n
λ Pn

2
− 1√

2
Hn

2

√
2H−1

n
2

0

 .

Example 6.1. Consider the Bessel’s differential equation of order zero

ty′′ + y′ + ty = 0, y(0) = 1, y′(0) = 0. (6.6)

The solution of Bessel’s differential equation of order zero is denoted by J0(t), and
defined by

J0(t) =

∞∑
v=0

(−1)v

(v!)2

(
t

2

)2v

.

Here, using extended Haar wavelet for the solution of this example, consider λ = 1, 2,
and m = 2 then values of scale j as j = 0, 1.
Let y′′(t) = CTψ(λ)(t), then by using extended Haar wavelets and boundary conditions
of this example, we obtain (Aziz[3], Aziz and Amin[2]),

y′(t) = CTPnψ
(λ)(t), y(t) = CTP 2

nψ
(λ)(t) + dTψ(λ)(t),

where dT = [
√
2 0 0 0], x = eTψ(λ)(t).

Therefore,

eTψ(λ)(ψ(λ))TC + CTPnψ
(λ) + eTψ(λ)(ψ(λ))T (P 2

n)
TC + eTψ(λ)(ψ(λ))T d = 0 (6.7)

since eTψ(λ)(ψ(λ))T ≈ (ψ(λ))T Ẽ (6.8)
Now from Eqns. (6.7) and (6.8),

ẼC + PT
n C + Ẽ(P 2

n)
TC + Ẽd = 0 (6.9)

Ẽ =

∫ t

0

xψ(λ)(x)(ψ(λ)(x))T dx (6.10)
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Ẽ = λ



1
2 − 1

4 − 1
8
√
2

− 1
8
√
2

− 1
4

1
2 − 1

8
√
2

1
8
√
2

− 1
8
√
2

− 1
8
√
2

1
4 0

− 1
8
√
2

1
8
√
2

0 3
4


.

y(t) = (CTP 2
n + dT )ψ(λ)(t). (6.11)

The exact solution and approximate solution of the Bessel’s differential equation of
order zero obtained by the extended Haar wavelet method for different values of t in the
interval [0,1) and [0,2) are given in Table 1 .

t HWS for λ=1 Exact sol. t HWS for λ=2 Exact sol.
0 0.992248 1.000000 0 0.969697 1.000000

0.25 0.961599 0.984436 0.50 0.853912 0.938470
0.50 0.901721 0.938470 1.00 0.642978 0.765197
0.75 0.815375 0.864242 1.50 0.374087 0.511828

Table 1

The graphs of the exact solution and approximate solution of the Bessel’s differential
equation of order zero obtained by the extended Haar wavelet method for λ =1, 2, and
m = 2 are shown in Figure 1 and Figure 2, respectively.

Figure 1
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Figure 2
Again, using extended Haar wavelet for the solution of this example, consider
λ = 1, 2, and m = 4 then values of scale j as j = 0, 1, 2.
Following the above process, the exact solution and approximate solution of the Bessel’s
differential equation of order zero obtained by the extended Haar wavelet method for
different values of t in the interval [0,1) and [0,2) are given in Table 2.

t HWS for λ=1 Exact sol. t HWS for λ=2 Exact sol.
0 0.998051 1.000000 0 0.992249 1.000000

0.125 0.990227 0.996098 0.25 0.961603 0.984436
0.250 0.974820 0.984436 0.50 0.901728 0.938470
0.375 0.951859 0.965152 0.75 0.815382 0.864242
0.500 0.921662 0.938470 1.00 0.706537 0.765197
0.625 0.884581 0.904702 1.25 0.580158 0.645906
0.750 0.841049 0.864242 1.50 0.441962 0.511828
0.875 0.791565 0.817560 1.75 0.298118 0.369032

Table 2

Figure 3
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Figure 4
The graphs of the exact solution and approximate solution of the Bessel’s differential
equation of order zero obtained by the extended Haar wavelet method for λ =1, 2 and
m = 4 are shown in Figure 3 and Figure 4, respectively.

Again, using extended Haar wavelet for the solution of this example, consider
λ = 1, 2, and m = 8 then values of scale j as j = 0, 1, 2, 3.
Following the above process, the exact solution and approximate solution of the Bessel’s
differential equation of order zero obtained by the extended Haar wavelet method for
different values of t in the interval [0,1) and [0,2) are given in Table 3.

t HWS for λ=1 Exact sol. t HWS for λ=2 Exact sol.
0 0.999512 1.000000 0 0.998051 1.000000

0.0625 0.997562 0.999024 0.125 0.990278 0.996098
0.1250 0.993666 0.996098 0.250 0.974822 0.984436
0.1875 0.987838 0.991230 0.375 0.951863 0.965152
0.2500 0.980092 0.984436 0.500 0.921667 0.938470
0.3125 0.970452 0.975735 0.625 0.884588 0.904702
0.3750 0.958947 0.965152 0.750 0.841054 0.864242
0.4375 0.945609 0.952718 0.875 0.791572 0.817560
0.5000 0.930478 0.938470 1.000 0.736712 0.765198
0.5625 0.913598 0.922449 1.125 0.677106 0.707759
0.6250 0.895019 0.904702 1.250 0.613439 0.645906
0.6875 0.874793 0.885281 1.375 0.546435 0.580347
0.7500 0.852981 0.864242 1.500 0.476855 0.511828
0.8125 0.829645 0.841647 1.625 0.405481 0.441125
0.8750 0.804853 0.817560 1.750 0.333111 0.369033
0.9375 0.778676 0.792053 1.875 0.260546 0.296354

Table 3
The graphs of the exact solution and approximate solution of the Bessel’s differential
equation of order zero obtained by the extended Haar wavelet method for λ=1, 2 and
m = 8 are shown in Figure 5 and Figure 6, respectively.
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Figure 5

Figure 6

Note. If scales are increasing from j = 0, 1; j = 0, 1, 2; j = 0, 1, 2, 3, and λ = 1, 2, then
it is observed from Figures 1, 2, 3, 4, 5, and 6 that the solutions of Bessel’s differential
equation of order zero appear to shift closer to its exact solution.

7. Conclusions
Following conclusions are derived from our theorems and example.

1. The extended Haar wavelet approximations of Theorems 5.1, 5.2 and 5.3 are given
by
E

(1)
N (f) = O

(
λα+1

2

2(N+1)α

)
, E(1)

N (f) → 0 as N → ∞ ,

E
(2)

2N
(f) = O

(
λα+1

2

2(N+1)α+1
2

)
, E

(2)

2N
(f) → 0 as N → ∞ ,
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E
(3)
N (f) = O

(
λα+1

2

2(N+1)αω
(

λ
2N+1

))
, E(3)

N (f) → 0 as N → ∞ .

Therefore, estimators E(1)
N (f), E

(2)

2N
(f) and E(3)

N (f) are best possible in wavelet analysis.
2. Since E

(2)

2N
(f) ≤ E

(1)
N (f), therefore estimator E

(2)

2N
(f) is sharper than estimator

E
(1)
N (f) . This shows that the estimator of f ∈ Hα

2 [0, λ) is sharper than the estimator
of f ∈ Hα[0, λ).
3. The solution of Bessel’s differential equation of order zero by extended Haar opera-
tional matrix and its comparison by exact solution are significant achievements of this
research paper.
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