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Abstract. In this article, a general procedure of forming the Haar wavelets
operational matrix is discussed. The Haar wavelet system which has localization
property is applied to find approximate solution to a given system which is very
near to the exact solution of the system. We demonstrate this procedure through
numerical examples. A comparison of approximate solutions and the exact solutions
is done along with the error analysis in order to establish that the Haar wavelet
system gives better approximate solutions.

1. Introduction

The concept of physical systems in engineering and applied sciences is modeled
through differential equations. Since then, many numerical methods for finding the
solutions to these differential equations have been proposed. Some of them are
variational iteration method [9], perturbation method [3], finite difference method
[10, 11], Bernoulli matrix method [4, 6, 7, 13, 19, 20, 21, 22], and Galerkin method
[2, 8, 12, 17], etc. These techniques aim to approach a better approximation of the
solution with restricted computational inceptions.

Wavelet theory is a comparatively new emanating discipline in applied sciences and
soon wavelet techniques have been used in almost every branch of applied sciences. One
advantage is it reduces most complex problems to a system of algebraic equations which
felicitates these problems remarkably. This procedure for a differential equation is based
on the reformation of the given differential equations into a system of algebraic equations
and then using an operational matrix to tackle various integral operators. For more of
these procedures, one may refer to [1, 14, 15, 16, 18, 23].

In this paper, we discuss a procedure for forming the Haar wavelets basis and operational
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matrix, which can be useful to resolve many practical problems. Further, as the Haar
wavelet basis possesses the localization property, so with the help of the Haar wavelets
basis and operational matrix, a system of differential equations is transformed into a
system of algebraic equations which helps to achieve an approximate solution of the
system nearer to the exact solution. Furthermore, examples have been given in support
of this process. Finally, the approximate solutions obtained are compared with the exact
solutions and their error analysis.

2. Haar Wavelet

The easiest of wavelets is Haar Wavelet. It was proposed by Alfred Haar in 1910. For
t € [0,1], the Haar wavelet functions are defined by

Po(t) =1
_ k-1
1, ’“2—]11 <t < P2
gi(t) =1 -1, i<tk

0, otherwise

where i = 1,2,......,n — 1,n = 2¥(n € N), j and k constitute the integer decomposition
ofi,ie,i=224+k—-1,0<j<iand1<k<2 +1.
Any arbitrary function fe L2([0,1]) can be represented using the Haar series by

16 =S ciilt) (2.1)
i=0
where each «;(1 =0,1,2,........ ), called the Haar coeffiient, is given by

) 1
Q:WAfwﬁﬁﬁ

The series representation of f(see (2.1)) contains infinitely many terms. In case, f is
piecewise constant or can be approximated by a piecewise constant throughout each
subinterval, then f will termiate at finite terms.

In other words, we may write

m—1

f(t) ~ Z ai¢i(t) = AZ;LHm(t) = f(t),

i=0

where m = 27, the superscript T designate transposition and f (t) indicate the truncated
sum.
The Haar coefficient vector A,, and the Haar function vector H,,(t) are given by

A
Am = [Oé(),Oél7 ....... ,Oém,_l]T

A
Hm = [¢07 ¢17 ~~~~~~~ s ¢77L—1]T

For more details related to Haar wavelet, one may refer to [1,18].
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3. Operational Matrix
Chen and Hsiao [5] approximated the integration of H,,(t) as
/ Hon (w) dw = Py Hon (1),

where PT

oxm 18 the Haar wavelet operational matrix of integration and is given by

/73’“ L M (w)dw = PE M (t), k=2,3, ...

[/H ] SN, m=1,2,....

27/77‘,Pm/2 _Hm/Q]
Hm/Q 0

Thus, we may write

where H,,(t) =
Rm—1(t)
4. Application of Haar Wavelet Method

In this section, we shall find the numerical solution of a linear system of equations
given by

'(t) +arz(t) +azy(t) =0 (4.1)
y'(t) +bra(t) +bay(t) =0 (4.2)

with initial conditions
2(0) = a3, y(0) =103 (4.3)

where as and bs are constants.

The Haar wavelet expansion of the given quantities can be expressed as
= ATH(t), bs = BIH(t) (4.4)
We generally approximate the variable 2/(¢) and y'(t) instead of z(t) and y(t) using
Haar wavelet.
() =& ()= XTH() (4.5)
Which on integrating yields
t
z(t) = / Z'(t)dt + z(0)
0
E(t) = XTPH(t) + ATH(t), (4.6)
Where P is an operational matrix for Haar wavelet.

Similarly
y'(t) =g (t) = YTH() (4.7)
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§(t) = YTPH(t) + BT H(t) (4.8)

Substituting equations (4.4)-(4.8) into equations (4.1) and (4.2), we obtain the
approximation of equation (4.1)

XTH#) + ar [XTPH(t) + ATH(1)] + ao[YTPH(t) + BIH(t)] = 0
XTI +arPYHE) + YT (aaPYH(t) = — (a1 AT H(t) + a2 B H(t))
XTI+ a1P)+ YT (aaP) = —(a1 AL + ayBY) (4.9)
Similarly, we can produce the approximation of equation (4.2)

YT (I +byP) + X7 (01 P) = — (b1 AL + b, BY) (4.10)

Let (I+a1P)=Ki, (I+bP)
(a2P) = N1, (b1P) = Ny

—(a1 AT +ayBT) = M,y

— (b1 AT + b, BTy = M,

K,

So, equations (4.9) and (4.10) reduced into the system of algebraic equations
XTK,+YTN, = M, (4.11)
XTNy +YTKy = M, (4.12)

By solving the above system of algebraic equation, the vectors X and Y can be obtained
and putting these values in equations (4.6) and (4.8), we can find approximate solution
Z(t) andy g(t) of the given system of differential equations.

Example 1. Consider the system of homogeneous linear differential equations
() +yt)=0 (4.13)
y'(t)+z(t)=0 (4.14)
with initial conditions
z(0)=-1, y(0)=1
Solution. The approximation form of the unknown functions are
x(t) = 2(t) = XTPH(t) + ETH(t) (4.15)
y(t) = §(t) = YTPH(t) + DTH() (4.16)

where z(0) = —1 ~ ETH(t) and y(0) = 1 ~ DTH(t)
By using the above approximating method, we obtain the vectors X and Y,

Y =-[PTX + E]
(I-P*"X =PTE-D

Four sets of vectors (X,Y) are obtained via Haar approach:

16 4 16 4
Form=2X"=|-—, —|, Y'=|— —-
orm =2 [ 9’ 9]’ [9’ 9]
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Form — 4 xT [ 4160 1024 8 648]

© 24017 24017 497 2401
r_ [4160 1024 8 648
2401° 2401 49 2401

For m =8

X7 _ {4412866816 1082146816 8192 684204032 16 4624
2562890625 2562890625° 506257 2562890625 225 50625’
1336336 386201104
11390625’ 2562890625} ’

r [4412866816 1082146816 8192 684204032 16
N {2562890625’ ©2562890625°  50625°  2562890625° 225
4624 1336336 386201104
506257 113906257 _'2562890625]

For m =16

YT _ ~1250562079715373614105600 306381712254684528640000 137707520000
B 727423121747185263828481 * 727423121747185263828481 " 852891037441’
193673042924594872320000 65536 77720518656 92170395205042176

727423121747185263828481 7 923521 852891037441’ 787662783788549761’
109306807251958822404096 32 34848 37949472 41326975008

727423121747185263828481° 961 923521 887503681 852891037441
45005075783712  49010527528462368  53372464478495518752

' 819628286980801 " 787662783788549761 " 756943935220796320321°
58122613817081619920928

' 727423121747185263828481

r _ [1250562079715373614105600  306381712254684528640000 137707520000
| 727423121747185263828481 ' 727423121747185263828481° 852891037441’
193673042924594872320000 65536 77720518656

 727423121747185263828481° 9235217 852891037441’
92170395205042176  109306807251958822404096 32 34848

© 787662783788549761 7  727423121747185263828481° 9617 923521
37949472 41326975008 45005075783712 49010527528462368

8875036817 852891037441 819628286980801°  787662783788549761"
53372464478495518752 58122613817081619920928

© 756943935220796320321°  727423121747185263828481

By using equation (4.15) and (4.16), the approximate solution of the given problem can
be obtained

~ 20 l<r<n
Form2,:17(t){ Z S<_t -
3 Usi<j3
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For m =4, z(t) =

For m = 8, z(t) =

For m=16,
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32

1

51 0<t< 3

1056 1 1

961 16 <t< 8

34848 1 3

29791 8 <t< 16

1149984 3 1

923521 16 st< 4

37949472 1 5

28629151 4 st< 16

1252332576 5 3

887503681 16 <t< 8

41326975008 3 7

27512614111 8 <t< 16

1363790175264 7 1

~ 852891037441 16 <t< 2

_ 450050757837 1 9

y(t) - 264396221606 5 =t < 16

14851675008624 9 5

8196282869808 16 <t< 8

490105275284623 by ol

254084768964048 8 = 16

16173474084392581 11 4 - 3

7876627837885497 16 — 4

533724644784 3 o413

244175462974 1= 16

17612913277903 1By 7

7569439352207 16 —= 8

581226138170816 T<t< b

234652619918446 8 = 16
19180462559636934 15

7274231217471852 16 st<l1

0 True

The graphs of approximate (Z(t),§(t)) and analytic solutions (x(t),y(t)) of the system
of differential equations are shown in figure 1.
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Figure 1. Haar vs Analytic solution

Though there are many ways to calculate error using different norms. We are using
llell o = max {e}

to calculate the error e.

m 2 4 8 16
Error x(t) | 0.5735009 | 0.2404915 | 0.111062762 | 0.053461745
Error y(t) | 0.5735009 | 0.2404915 | 0.111062762 | 0.053461745

TABLE 1. Error Haar vs Analytic Solution

Example 2. Consider the system of homogeneous linear differential equations

2'(t) = x(t) + y(t) (4.17)

y'(t) =y(t) (4.18)
with initial conditions
z(0)=0, y(0)=1
Solution. By using the approximation method mentioned in section 4 , we obtain the
vectors X and Y,
(I-PHYX =PTY +D
(I-PhY =D
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the approximate solution of the given problem can be obtained

4 1
i o<t<!
Form=2i=<¢ 22 l<t<1
] 27 2>
0 True
4 1
3 0<t< 5
g=4 2 ;<t<1
0 True
8 1
15 0<t< g
200 1 1
3 15t<3
4 2052 1 3
Form=4,z = Sior 3 St<y
36936 3
Tosor 1 =t <l
0 True
8 1
. 0<t<y
7 1 1
B 15t<3
S 648 1 3
y= 313 2 =t<7j
5832 3
2401 4 st<l1
0 True
16 1
225 0<t<g
784 1 1
3375 §St<g
272 1 3
625 1St<g
522512 3 1
759375 §St<s
e o~ 2279632 1 5
Form = 8,7 = 2278125 5 St<3g
78843824 5 3
56053125 8§ =1 <71
4748001808 3 7
2562890625 4 =t <73
93074466064 7
38443359375 8 st<l
0 True
16 1
b 0<t< g
272 1 1
2% §St<jy
4624 1 3
3375 1St<gyg
78608 3 1
50625 §St<j3
- 1336336 1 5
y= 759375 5 St <3
22717712 5 3
1390605 8§ =t <7}
386201104 3 7
170850375 4 =t<g
6565418768 7
S562800625 8 <! <1
0 True
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The graphs of approximate (Z(¢), §(¢)) and analytic solutions (z(t), y(t)) of the system
of differential equations are shown in figure 2.

Figure 2. Haar vs Analytic solution

We use the following method
llefloc = max {e}

to calculate the error e.
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m 2 4 8 16
Error x(t) | 1.101565290 | 0.417222995 | 0.2074376564 | 0.082471958
Error y(t) | 0.573500951 | 0.240491557 | 0.111062762 | 0.053461745

TABLE 2. Error Haar vs Analytic Solution

5. Conclusion

In this paper, the Haar wavelet has been applied for solving system of linear
differential equations by reducing them into system of algebraic equations.The examples
expressed that the accuracy of this method gives good approximate results.
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