NCARV=
Vol. 10, No. 1 (2023), 87-104 ARy
©Poincare Publishers
DOI: 10.46753/pjaa.2023.v010i01.007

Poincare Journal of Analysis € Applications E

NONLINEAR DEGENERATE p-LAPLACIAN ELLIPTIC
EQUATIONS WITH SINGULAR GRADIENT LOWER ORDER
TERM

HICHEM KHELIFI, YOUSSEF EL HADFI', AND RAYAN IKRAM ADDOUN

Date of Receiving : 06. 08. 2022
Date of Revision 1 24. 03. 2023
Date of Acceptance : 18. 04. 2023

Abstract. The present paper aims to study of the Dirichlet problem for a nonlinear
degenerate elliptic equation with singular gradient lower order term, we establish
existence and regularity estimates for weak solutions of p-Laplacian type elliptic
equations of the form

. VulP~2v VulP .
—div (‘ (1u4|r\u|)‘fu) + ‘Iuﬂ =f4+u" inQ,
u=20 on 09,

where © is a bounded open subset in RV, 0 < 6 < 1, v >0 2 < p <N,
0 < r < p—060 and f is a nonnegative function on whose summability we will
make different assumptions.

1. Introduction and main results
In this article, the problems to be studied are the following

—div (a(z, u)a(z, u, Vu)) + b(z) lZJT‘lP ="+ f inQ,
u=20 on 052,

(1.1)

where © is an open bounded set of RN (N > 3), B > 0, f is a positive function belonging
to L™(Q) withm > 1,0< <1, A>0,0<7r<p—0and 2 <p < N, moreover,
assume that b is a measurable function that satisfies a certain condition, where 1, and
V9 are positive numbers such that

0 <1y <bz) < s (1.2)
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In this context, we assume that a :  x R — R is a Carath’eodory function such that,
for almost every = in , for any s € R, and a certain positive real number -, we have
the following condition:

m < a(:c,s) <8, (1-3)

where o and 3 are positive numbers, and d(x) is a measurable function satisfying the
condition for some positive numbers p; and py as follows:

0<p1 <d(z) < ps. (1.4)

We assume that @ : Q x R x RN — RV is a Carathéodory function and satisfies for a.e.
x €N VseRand & ¢ € RY, the following conditions :

a(z,5,6).€ > |7, (1.5)
jaz, s, &) < als| 5 + &l (1.6)
('d(:z:,s,f) 76(1’7875,))(576/) ZE3|§75,|‘D7 vﬁ%flv (17)

where ¢y, ¢, ¢3 are strictly positive real numbers.

Recently, there has been a significant increase in interest among the mathematical
community regarding problems with a singular lower order term. This research area has
gained popularity since the pioneering work by [1]. Many authors have since studied
singular semilinear elliptic equations, as seen in [2, 3, 4, 12, 19] and related references.
Notably, contributions made in [7, 8, 9] have also addressed similar problems involving
singular gradient lower order terms.

In reference to problem (1.1), [18] has established existence and regularity results

under the condition that A = 0 and a(z, w)a(z, u, Vu) = %Vu, where b: Q — R is

a measurable function that satisfies & < b(z) < § almost everywhere in €, where a and
[ are positive constants.

In the classical case where p = 2 and f € L™(Q) with m > 1, existence and regularity
solutions have been studied in [19]. Here, the authors assume 0 < 6 < 1, v > 0, and
0 <7 < 2— 0 to address the regularity of u varying with m:

(R2) If m > &, then u € H}(Q) N L>(Q).
(R3) If 1 < m < 5x—2N—— then u € Wy '%(Q) N LE-Om"
(R4)

* . Nm(2—6
2N-0(N-2)’ (€) with ¢ = N£m0 .
R4) If m = 1, then u € Wy with § = Y2200,

n under the hypotheses A = 0, a(xr,u) = 77 and p = 2, the author prove
In [10] under the hypotheses A = 0 ariane and p = 2, the auth d
that
1,0 . N(2—6
(R5) Ifﬁmfl)<m<ﬁz\_2),thenuewo (Q)WlthUZ%.

In this subsection, we will discuss the main characteristics and difficulties encountered
in problem (1.1). Additionally, we will provide comments on the equation at hand.

Firstly, from hypothesis (1.6), the operator Au = —div (a(z,w)a(x,u, Vu)) is well
defined between W, *(2) and its dual space W% (Q). However, by assumption (1.3),

(1.5), the operator A is not coercive. Because, if ||un||w1.r(q) tends to infinity then
(Aun,un)

TanTvriic — 0. The absence of coercivity in problem (1.1) poses a challenge, rendering
nlilw 4P (Q
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the classical theory for elliptic operators between spaces in duality (as discussed in [17])
inapplicable, even when the data f are sufficiently regular (as noted in [16]). Another
difficulty arises when we impose a variable exponential growth condition (1.6) for a. A
problematic consequence is that a(x, u)a(z, w, Vu), which appears in the principal term,
may not belong to L(2), meaning that the first term in (1.1) may not be well-defined
even as a distribution.

Our approach relies on approximating problems in such a way that have finite energy
solutions and establishing several a priori estimates for the behavior of the approximate
solution. We collect all these results in the section 2 and section 3. Section 4 contain
the proofs of our main results.

In order to state our main results, we give the definition of weak solutions to problem
(1.1).

Definition 1.1. Let f € L™(Q2), m > 1. A measurable function u is said to be
solution in the sense of distributions to the problem (1.1), if u € W,'*(Q), a(x,u, Vu) €
(LM )N, 24 e LYQ), u > 0 in Q, and

/a(ac,u)a(x,u,Vu)Vgodx—i—/ b(x)'vq(j'pgodx:/()\ur—i—f)(pdx, Yo € CHQ) (1.8)
Q Q u Q

The initial outcome pertains to a specific function f that produces solutions in the
energy space Wy *(2) that are unbounded.

Theorem 1.2. Let f € L™(Q) be a positive function, such that

N N (1.9)
<m<—. :
pN —0(N —p) p

Let a and a be Carathéodory functions satisfying (1.3)-(1.7). Then, the problem (1.1)

N

has at least one distributional solution u € Wol’p(Q) N LP=O%=% ().
The next result considers the case where f has a high summability.

Theorem 1.3. Let f € L™(Q), be a positive function, such that
N
m>— (1.10)
p

and let a and @ be Carathéodory functions satisfying (1.3)-(1.7). Then, the problem (1.1)
has at least one distributional solution u € W, (Q) N L=(Q).

The following outcome concerns the situation where the summability of f leads to
the existence of a solution with infinite energy, represented by u € WD1 7(Q), where
1<o<p.

Theorem 1.4. Let f € L™(Q)) be a positive function, such that
pN
pN —0(N —p)’
Let a and @ be Carathéodory functions satisfying (1.3)-(1.7). Then, the problem (1.1)
has at least one distributional solution u € Wy () N L=~ (Q), with
mN(p —0)

= —. 1.12
7 N —6m ( )

l<m< (1.11)
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The first result deals with the case where the source function f is an element of the
L'(Q) space.

Theorem 1.5. Let f € LY(Q) be a positive function. Let a and @ be Carathéodory
functions satisfying (1.3)-(1. 7) Then, the problem (1.1) possesses at least one
distributional solution u € Wy""(Q), where
_Np-0)
N-6"
The following truncation functions will be utilized, where k is a fixed value,
Tk (s) = max{—Fk,min{s, k}} and Gy(s) = s — Ti(s) for every s € R.

(1.13)

2. Approximating problems

Within this section, we demonstrate the existence of a resolution to the subsequent
approximating problem, which is both non-degenerate and non-singular.
Let us consider, for 0 < € < 1, the sequence of approximating problems

s ~ ue |[Vue|?  _ AMucl” .

le (a(m, T% (u5>)a($, u€7 VUE)) + b(.’l?) (‘u5|+6)0+1 - 1+E‘UE|T + f€7 m Q7 (21)
ue =0, on Of).

where f. = T1(f) (fe > 0) be a sequence of bounded functions defined in £ which

converges to f > 0 in L'(2). From the results of [5], the problem (2.1) admits at least

one solution u. € WyP(Q) N L>®(£2), moreover, u. > 0 since the right-hand side is

nonnegative (by the assumptions on f), and since the gradient lower order term has the
same sign of the solution. Therefore, u. solves

. ~ ue|[Vue|? _ Aul .
—le (a’(x? T% (UE))a(x7 Ue, vu&)) + b(l’) (u6+6)9+1 - 1+Eug + fE? m Qa (22)
ue = 0, on 0.

in the sense that u,. satisfies the weak formulation of (2.2):

ue |Vue|?

/Q a(@, Ty (u2))a(w, e, Vu,) - Vo do + /Q ) oo

_/1isr¢ +/f5¢dx (%)

for every ¢ in H (Q)NL>(Q). Is usually easy, we just have by taking u_ as test function
in the weak formulation of problem (2.1).

In the remainder of this paper, we denote by C, various positive constants depending
only on the data of the problem, but not on n. Also, all integrals are computed in the
Lebesgue sense even if we omit the dx symbol.

3. A priori estimates

The focus of this section is to establish certain a priori estimates for the partial
derivatives and approximate solutions ..

Lemma 3.1. Let u. be the solutions to problems (2.2). Then it results

froreSet <
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Proof. The use of % as test function in (2.2) and dropping the nonnegative first

term, implies
Ue|Vue|P Th(ue) / Th(ue) / Th(ue)
b(x <A ul + [ fe .
/Q ( )(us +e)t R Q h Q h

Since f. < f and % <1, we have

ue|Vue P Th(ue) ,
L“@wﬁfﬂ“ p A [ [ 3.2)

Letting h tend to 0 in (3.2), we deduce (3.1) by Fatou’s Lemma. O

Subsequently, we will need the following lemma

Lemma 3.2. [19] Let ¢ > 0 and let 0 < € < 1, then there exists Co > 0 such that

ag(t+¢e)%=t it
> C 3.3
(mtty  tre- O (33)

for every t > 0.
Lemma 3.3. Assume that f belongs to L™(2) with m satisfies (1.9) and let u. be a

solution of (2.2). Then there exists a positive constant C, depending on N, || f|lLm (),
~, and r such that

HUEHL(p—e)Nﬁi’I%(Q) <C, (3.4)
and
||’U’EHW01’1"(Q) <C, (3.5)
Proof. Take ¢ = (u. + &)?7Pr — 9P~ with
p* —om’
= 3.6
K pm/ _ p* ? ( )

as a test function in problems (2.2), (note that £ > 0 and 0 + px > 0), we get

(0 + pr) / a(z,T1(us))a(z, ue, Vue ). Vue (ue + E)aﬂmfl
Q £

e |[Vue [P P
b - +pK
+/Q (x)i(u5+6)9+1 (ue + €)

p Aul
_ 0+pr b Ue |VU’E| / 5 O0+px _ _O+pK .
‘ Q (@) (ue +¢)0t1 - o ll+eu +Je] e +e) &)

Through the utilization of hypothesis (1.2)-(1.5) and by eliminating the nonpositive
term on the right-hand side, we obtain:

e e e ]
o (p2 + u:) Uc + £

ue| Vue|P
< gl | p(p)———= +/ Aul + g)0+pe,
- o (ue + )01 sz( e fe)(ue t-e)



92 H. Khelifi, Y. El Hadfi and R. I. Addoun

Recalling Lemma 3.2 (here t = u., ¢ = 6 + px), we have

Q Q

ue|Vue|P
(ue +€)0+1

i /Q(MQ + fe) (ue + )R

Using (3.1), the fact that ul < (u. +¢)", 0 < e7P% < (u. + €)%+P% (since u. > 0,

e =

0<e<1,and 6+ pk > 0) and that f. < f, we get
P
C’l/ ’V [(ue + &)t — "] ’ :/ |V [P (ue + )P*
Q Q

<2\ / (ue 4 )" H0+PR L 9 / flue +¢)%+Pe. (3.7)
Q Q

By applying Sobolev’s inequality to the left-hand side and Hélder’s inequality to the
right-hand side, and using equation (3.7) along with the fact that r + 6 < p, we can
derive the following expression:

D

(/ }(us + g)n-s—l _ gfi-l-l‘p ) < Cg||f||Lm(Q) (/ (ue + 5)(6+pn)m/)
Q Q

+Ca [ (ucteyroe (3.8)

Q
It should be noted that (3.6) can be restated as the condition that p*(k+1) = (0+pr)m’.
As a result of 7 < p — 0, we have 1 < - = (';';2;' < 5’:;21’;&. Thus, using Holder

inequality in the second term of the right-hand side of (3.9) and the fact that
[(t+e)7 —e™|P" > C(t+¢)™ — C, for every t,7 > 0 we then have
L™ (Q) (/ (UE -l-&‘)(&-i-l)p*)
Q

(/Q (e 4+ 2)HDP" _ 1]> < Gyllf|
s
+ Cs (/Q(ug + s)“*”P*) . (3.9)

1 p > r+0+pk

Now we point out that p% > due to the hypotheses on m, 6 and r.

m’ p* 7 (k+Dp*
Hence
/(ua + &) P < O (3.10)
Q
Therefore, by (3.10) and the fact that (v + 1)p* = (p — H)N]X?m» we get the estimate
(3.4). Thus, from (3.7) and the fact that px > 0 (since (1.9) holds), it follows that
/ Vu|? < / VP (u + )P < C. (3.11)
{ue>1} Q
On the other hand, the use of T3 (u.) as test function in (2.2) yields
_ ue [V |
\/Qa(l’, T% (UE))G(ZE, Ug, VUE)VTl (UE) + /Q b(x)mTl (Us)

:/ At Tl(UE)‘f'/QfETl(ua)'

Q]."’EU;
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Using (1.3)-(1.5) and the boundedness of the sequence u, in L®~% N (Q) (recall that
r < (p—0)™ ), after dropping nonnegative lower-order term, we get

N—pm
a
—_ VT uepg)\/ug—i—/fga 3.12
g [ nwra [ | (312)
In sum, from (3.11) and (3.12), we deduce (3.5), as we wanted to prove. O

Lemma 3.4. Assume that [ belongs to L™(Q) with m > %. Then there exists a positive
constant C, depending on N, || f| =y, v, and r such that

||uEHW01"’(Q) <C, (3.13)
and
luc|l Lo (o) < C. (3.14)
Proof. Suppose that p — 6 > 0, then there exists o > 1 such that
Nr N
—— << —. 3.15
plp—0+r) p (3.15)

We know that f belongs also to L2(Q2), by Lemma 3.3 the sequence u. is bounded in
LP=)%=5(Q). Tt follows from (3.15) that 342=% > X From where, the right-hand
side of (2.2) is bounded in L*(Q), with s > %. For each ¢ > 0, we define the function

¢ dr
H{t) = /0 (p2+71)7"

Note that the function H is well defined since pa > 0. Taking G (H (u.)) as test function
in (2.2). Using (1.3)-(1.5), the fact that f. < f, and dropping the nonnegative lower
order term, we obtain

o / VG (H (ue))|? < / (i + F)Gr(H(u2)- (3.16)
Q Q

As the right-hand side of equation (3.16) is bounded in L°(Q2), where s > %, the
inequality itself serves as the initial step of Stampacchia’s proof of L*-regularity (see
[20]). Therefore, a constant ¢; exists that is independent of ¢, and we have:

0 < H(ue) <.

Therefore, the coercivity of H implies (3.14). The estimate of the sequence u, in VVO1 P(Q)
is now very easy. In fact, by taking u. as test function in (2.2). Using (1.3)-(1.5), the
boundedness of the sequence u. in L*°(2), and dropping the nonnegative lower-order
term, we obtain

J 1Vl < el (el + 171

Thus, (3.13) follows from (3.17). O

Lm(Q)) S C. (3.17)

Lemma 3.5. Assume that f belongs to L™(Q)) with m satisfies (1.11), and let u. be a
solution of (2.2). Then there exists a positive constant C, depending on N, || f|lLm (),
v, and r such that

||u5||W01‘“(Q) <C, (3.18)
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and
||Tk(ue)||W01=P(Q) <C, Vk>0, (3.19)
where o given by (1.12).
Proof. The demonstration is the same as that of Lemma 3.3 until reaching the a priori

estimation (3.4), since the assumption (1.11) implies that px > 0. From (3.7), and (3.4),
we obtain

/ [Vue|P (ue + )P < C. (3.20)
Q

Now, by Holder’s inequality, (1.11), (3.6)-(3.7), (3.20), (3.10) and that o <p, —K £ =
(k 4+ 1)p*, we obtain

[Vue|® _
Vug":/iue—ke ko
fowed = [ s e
|Vue|? )Z </ e >ppa
B S U 4 ) "Pe
(/Q (ue +€)=P" Q( )
fyveerueer)” (fusoer)”
Q Q

C. (3.21)

IA

IA

IN

So, (3.21) imply (3.18).

Moreover, taking Ty (uc) as test function in (2.2). Using (1.2)-(1.5), (3.4) (recall that
r<(p—20) N]X Z’m), fe < f, By omitting the lower-order term which is non-negative, we
can deduce the following result

o r
s [ VIl < [ pur+ ) <.

Hence, we have completed the demonstration of Lemma 3.5. (I

Lemma 3.6. Let f € LY(Q) be a positive function. and let u. be a solution of (2.2).
Then there exists a positive constant C, depending on N, ||f||Lm ), v, and r such that

||u5||wc}="(g) <C, (3:22)

and

1T (ue)lyar o) < €, VE >0, (3.23)
where n given by (1.13).

Proof. The estimate (3.1) and that 20ty u? > (u. + €)1 in {u. > 1}, give

! |Vu|P / ue|Vue|?
< b(r)————— < Alju? + . 3.24
g [ e [ e e <l + e (320

Ug
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Consider a positive real number s such that 1 < s < p. By applying Hoélder’s inequality,
we can readily obtain that

VGi(ue)|® e
/W&%W:/ NG ()" 5
Q {u.>1} P

Ue
p\ 7 0\ 7
< VG (ue)l? N . (3.25)
0
{ue>1} Ue {ue>1}
Setting
M = MuZllLr ) + 1 fllzr @) (3.26)

In the case of s = p — 6, we have 1 < s < p. Therefore, using (3.24)-(3.26), we get

2]

VG (ue)]® < CLM» (/ u>
Q {ue>1}

<C |M» (/ Gl(ug)s> + M7 . (3.27)
{uEZI}

Therefore, utilizing Poincaré’s inequality on the left-hand side of equation (3.27), and
applying Young’s inequality on the right-hand side, it leads to

/ch (ue)* < Oy (M 4 M5). (3.28)

We get by applying Minkowski’s inequality, the fact that |77 (u.)| < 1,, and the convexity
of the real function ¢ — ¢° (since s > 1)

/Q ul < Cs <1 —|—/QG1(uE)S> . (3.29)

Observe that, From (3.28) and (3.29), it follows that
/ ul < Cy (M + M7 +1). (3.30)
Q

The fact that r < p — 6 we get r < s, and using Holder’s inequality, we have

/nggo5 (/Qu) (3.31)

Combining (3.26), (3.30), and (3.31), we obtain
M = |[fllr@) < Co (MF +MF +1). (3.32)
This implies that

M <C.

Then, from (3.26), the sequence u” is bounded in L!(Q2). By using s = n as a test
function in (3.25) and using the boundedness of sequence u” in L'(£2), we can see that

p—n

/|VG1(uE)\’7§C’7 (/ (Gl(ug)):nn> o) (3.33)
Q {uc>1}
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Equality (1.13) implies that n* = %. By Sobolev’s inequality, we get

(/ <G1<us>>’7*> < Cy / VG ()]
{uezl} {uszl}

< Cho (/Q(Gl(us))”*> - + Chy. (3.34)

The fact that # < 1 < 7, the inequality (3.34) implies that Gy (u.) is bounded in L ()
and from (3.33), we get

”Gl(us)”WOlv’?(Q) <C. (3.35)

Considering the following function Ty (u.) as test function in (2.2), we obtain
/ YTy (u)P < Crok(k+1)7 Vn e N. (3.36)
{ue<k}

By (3.35), (3.36) (taking k = 1 in (3.36)) and the fact that u. = Gq(ue) + T1(ue), we
get the estimate (3.22).
Moreover (3.36) implies that

||Tk(u5)||W01'P(Q) S Cl3k(k + 1)7, Vn 2 1.
This finishes the proof of Lemma 3.6. (]

4. Proofs of the main results

We start by proving Theorem 1.2.

4.1. Proof of Theorem 1.2. As consequence of Lemma 3.3, the sequence (u.), is

bounded in Wy () N L(p_e)szizL’”'(Q)- Therefore, there exists a function u € Wy (Q)
such that (up to a subsequence)

ue —u in Wy (Q), (4.1)
Ue — u  a.e. in Q. '
Now, we will prove that
Vue = Vu a.e. in Q. (4.2)

Let h,k > 0. We use Tj(ue — T(u)) as a test function in (2.2), by hypothesis (1.4) and
estimate (3.1), we get

/Q @)+ T, (uf))ﬁya(x,us,VuE)VTh(u5 —Ti(u) < Qh/ﬂ()\ug + f).

Recalling r < (p — 0) NJXZ’m, u. is bounded in L®~? N pm (2), we find that

/Q (d(w) +Tx (ua))’Ya(x’ ue, Vue) VT (ue — Ti(u)) < 2Ch (4.3)
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This gives, by (1.4), (1.7), and (4.3),
/ |V (ue — T (u)[”
{lue—Ti(w)<h Jul<ky (P2 ue)?

< / o (a(z, ue, Vue) — a(z, ue, VI (1)) VT (ue — Tr(w))
= Jue-Tl<hul<ky (p2 + uc)?
< Cp@ —c, a(x, ue, VT (w)) VT (ue — u)
o {Jue =T (w)| <hsJul <k} (2 + ue)?
_ Cp@ _ Cp ?i(:z:, Th+1€ (u8)7 VTk (u) VTh(uE - ’LL) ) (44)
o {Jue — Tk (u) | <h,|u| <k} (p2 +ue)?
Combining (1.6) and (4.1), we obtain
VT (ue —u) =0, in LP(Q), (4.5)
Q(x, T (ue), V() = @(x,u, VTi(u)), in L' (). '
According (4.4) and (4.5), we have
lim sup/ [V(ue — T (w))|? < Ch(ps + k + h)". (4.6)
=0 J{Jue—Ti(w)|<h,|ul<k}
Let now 7 be such that 1 < 7 < p. It is clear that
[V -z [ Ve — )l
Q {lue —u|<h,|u|<k}
+ / IV (ue —u)|”
{lue —u|<h,|u|>k}
+/ |V (ue —u)|. (4.7)
{lue—ul>h}

Since the sequence u. — u is bounded in W, () (since 7 < p), then using Holder’s
inequality with exponent £ on the two last terms of right-hand side of (4.7), we obtain

[V <c ( / V(u - u>|p)
Q {lue—u[<h,|u|<k}

+C(u({lul > k})' >
+ C(p({Jue —ul > h}))' 7. (4.8)
Thus, we deduce from (4.6) and (4.8), that
lim sup limsup/ V(e — )" < Clu({lu] > k})"F, k>0,
h—0 e—0 Q

At the limit as k — 400, pu({|u| > k}) converges to 0. Therefore (up to subsequences),
Vu. — Vu a.e. in Q.

Remark 4.1. The method employed to demonstrate equation (4.2) under the conditions
of Theorem 1.2 is identical to the approach used in Theorems 1.3 through 1.5.

Next result shows that an approach allows to establish that the weak limit u of the
sequence of approximate solutions wu. is strictly positive.
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Lemma 4.2. Let 0 < § < 1. Let u. and u be as in (4.2). Then u > 0 in 2.
Proof. We define, for ¢t > 0,

tr(ps+TL(1))” t 7)Y
Hg(t):/o WdT, Ho(t):/o (pza%)dr

Observe that H;(with i = € or 0) is well-defined, since § < 1. Let ¢ € W, *(Q2)NL>® () be
a positive function. We choose e *2H=(4<) 4 as a test function in (2.2). Using hypothesis
(1.2)-(1.5), we obtain

[ ate Tyweate, e, Fue v - [ (S g ) e
Q N Q

u5|vu5‘p —v HE(UE) -~ -V Hs(us)
E—Ab(m)me 2 ¢ — Qa(x,Té(uE))a(x,uE,VUE).V(e 2 )¢

Aul
1+ euf

P u|Vue P
voH:(ue € € voH (ue
pe 2 (ue) 4 /Q Vzmgﬁe 2 He (ue)

\Y4
I
S~
N
—
&8
+1q
ol
|0
+
[u

Since f. > T1(f),Ve < 1, we get

B/ a(x, ue, V). Ve v2e () > / Ty (f)evetle(ue) g, (4.9)
Q Q
We shall now introduce a function for A > 0 as follows:
1 if0<t<1,
Ua(t) =4 —F(t—1-X) ifl1<t<A+1,
0 ifA+1<t,

Let ¢ > 0 be in Wol’p(Q) N L (), and choose 1) (uc)p as test function in (4.9), Then

we have

/2 T1(f)poa (us)€7U2H€(UE)X{oguggAﬂ}
¢

< B/ a(x, ue, Vug).ng/JA(ug)ewaE(UE)X{OSUES/\H}. (4.10)
Q
Then, letting A — 0, Lebesgue’s Theorem yield

UA(Ue) X {o<u. <r+1} = X{o<u.<1} in L1(9)~ (4.11)
Equation (4.10) and (4.11) imply that

B / a(x, Ty (us), VT (ue)). Ve v2He(Ti(ue)
{0<u <1}
= / Ty (f)per2teTilus)), (4.12)
{Ogusgl}

According to (1.6),(4.1), and (4.2), we have
a(z, Ty (ue), VT (ug)) — a(z, Ty (u), VTi(u)) in LP (Q). (4.13)
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Now we pass to the limit as n — 400 in (4.11), we deduce from (4.13), that

/a(faTl(u),VTl(u)).Vgoe*WHO(TMU))
Q
= = Ty (f)pe 2 Ho (M), (4.14)
/8 {0<u<1}

Then, by density, for every nonnegative ¢ in VVO1 P(Q). Let us consider the function
¥ : [0, 400) — [0, +00) defined by

I(t) = /t e v2Ho(s) g,
0
we have that v = O(T} (u)) € WyP(Q); furthermore, since
D (T1(u)) > Bo(1) = e 2o > 0,
the inequality (4.14) is equivalent to that

M(z,v,Vv).Vp > %/ g(w)e,

Q Q

where

—1
M(z,s,£) = e~v2Ho(li(w)g (:L’ sT1(u) (foTl(u) 67"2H°(S)d5) 62H§<T1<>>> ,

g(x) = %T1(f)e_VQHO(l)X{ogu(m)g}, v =9(T1(u)).

Using the comparison principle in W, ?(Q) we get v(x) > z(x), where z is the bounded
weak solution of

{z € WiP(Q),
—div(M (z, 2, Vz)) = g(x).

The fact that the function ¢ is nonnegative and not identically zero, and the weak
Harnack inequality (see [21]) gives z > 0 in 2 and thus v > 0. Since T1(u) > v, we
conclude that 77 (u) > 0 in , that is u > 0 in Q. O

Corollary 4.3. Let 0 < # < 1 and u be the weak limit of the sequence u.. We have
Vul’ ¢ LY(Q).

Proof. From (3.1), and (1.2), we obtain

[ e 1

Taking limit as ¢ — 0, by Fatou Lemma, as well as the weak convergence of u. to u in
H(€2), and the strict positivity of u, we deduce that

[ |Vu€|p <)\/u +/ . (4.16)

This completes the proof. O

Our objective now is to demonstrate that v is a weak solution of problem (1.1). This
is the purpose of the following lemma.
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Lemma 4.4. Let u be the weak limit of the sequence u.. Then u satisfies
—~ b(x)|VulP
[t v ve+ [ MG = [ s pp @
Q Q Q

for all o € WP (Q) N L>®(Q).

Proof. We do as in the proof of Theorem 2.6 in [6]. For any & > 0, let us define

1 if s<k
hi(s)=<k+1—s ifk<s<k+1
0 ifs>k+1.

For some 0 < ¢ € W,**(2) N L>® (1), let us take the function

Ve =¢e ¥

w Hy 3 (T (u)
2Hgée>eyz 13

R (ue ) p- (4.18)

The function v, belongs also to Wy () N L>°(Q), then it’s a test function for (2.2), and
using it we get

, Hy (T (w)
HEL“E) eyQ 1/JQJ

/a(m,T; (ue))a(z, ue, Vue ). Ve 2
Q €

vy a(x, Ty (ue))a(z, ue, Vue ) VT (u) i Helue) 1y (T ()

k(“é)

- e e P (ue )
o Jo )+ 175%(0s + Ty(w) (ue)
Aul oy Helue) My (T ()
_/Q L e —s—fs}e e B (ue)p
Jr/ vy [a(x,T; (ue))a(z, ue, Vue).Vue b ue|Vue|P
Qo (Us + 5)0(/72 + ua)_’y (us + 5)9+1

X e V2 Haéus) ev? Hl/j(aTj(“)) hk(ue)(p
-~ . He(ue) Hy/;(Tj(u))
+/ a($7Tl(u€))a(x»Us,vus).Vuse V2 a V2 = k(ug)go-
k<uc<k+1 e
(4.19)

We begin by noting that due to (1.2)-(1.4), the function in the second integral on the
right-hand side is non-negative. Thus, we may drop the last positive term. Utilizing
Fatou’s Lemma along with the weak convergence of u. to u in WO1 (Q) on the right-
hand side and the weak convergence of a(x, T1 (uc))a(, ue, Vue) to a(z, u)a(z, u, Vu) in

(LP" (2))N on the left-hand side, we can proceed to take the limit as e approaches zero
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in inequality (4.19), which yields:

Ho(u) Hyyi (T (%)
/a(x w)a(z,u, Vu). Ve 27 a2 g e (w)
Q
V2 a(z,u)a(zr,u, Vu)VTj(u)

Hg(uw) o H1/j(T]‘(U))

—|— e_”2 a e o B (u)p
5 w) + 1/ (s + T3 () ()
Ho(u) Hayg(Tj(w)
[)\u +f] ev? a B (ue )

ve [a(z,u)a(z,u), Vu).Vu |VulP| _, Hoew ,, Hizy T
—b va S gra =L .
+[2 Oé|: ug(p2+ ) (:L’) ug € k(u%o

(4.20)

o(uw) Hyy5(T5(w)

By (1.2), (4.16), notice that e~"2 =%~ e?2—“="— < 1 (since Hy;(T;(u)) < Hy/;(u) <
Hy(u)), furthermore, we have hy(u) = 0 for w > k + 1. Thus, we can apply Lebesgue’s
convergence Theorem to take the limit as j approaches infinity in (4.20) and conclude
that:

. vy [ a(z,uw)a(z,u, Vu)Vu
/Qa(aj,u)a(x, u, Vu).Vhg (u) + ™ /Q (s + 1) T ()
> /Q [)\uT + f} B (u)p
cfalem T e S s e

Then, since 4 u)ga((piﬁ‘)vf) Vip(u) belongs to L'(Q) (by (1.3), (1.5), (4.16), and the

fact that fig(u) = 0, when u > k + 1), we have
/Qa(z w)a(x, u, Vu).Vohg(u) + /Qb( x)
> /Q [Au" + f} hi(u)@ (4.22)

As we allow & to approach infinity (noting that hy(u) approaches 1), we arrive at:

/Qa(x Wz, u, Va) w+/ bz ‘Vg‘p /Q[)\uT—i—f}p. (4.23)

To establish the reverse inequality, we select a non-negative test function ¢ € VVO1 P(Q)
for (2.2), which yields:
ue| Vue|P

/Qa(gj,Té(ua))a(x,ug,vug).V(b-l-/Qb( )(UE+5)9¢

< [ o] 42

By utilizing the weak convergence of the sequence and taking the limit in (4.24), we
have a(z, T (us))a(x, ue, Vue) to a(z, u)a(z, u, Vu) in LP' (), Fatou’s Lemma, and the

strong convergence of u. in L™(2) (due to the fact that u. is bounded in LP~% N ()

IVUI”

Fu ()
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and r < (p — 0) X2, it follows that

Npm

[Vul? r
a(z,u)a(z,u, Vu).Vo + b( ) 5 < A+ fo. (4.25)
Q Q
Combining (4.23) and (4.25), we deduce that

/Qa(x w)a(z,u, Vu) V<p—|—/b ‘VZ‘pw / [/\u +f}<,07

this holds for every non-negative test function ¢ € Wy ()N L>(Q). Consequently, we
have established that (1.8) is valid for all non-negative test functions. By selecting o™
and ¢~ and summing the two resulting equalities, we can extend the validity of (1.8) to
general test functions ¢. O

4.2. Proof of Theorem 1.3. According to Lemma 3.4, the approximate solutions u,
is bounded in Wy?(Q) N L°(Q). Thus, there exists a function u € Wy (Q) N L®(Q)
such that u. converges weakly in WO1 P(Q) to u (up to subsequences, with u > 0 in
and ‘Vu‘ € L'(9), as shown by Lemma 4.2 and Corollary 4.3. Moreover, by (4.2), we
know that Vu. converges almost everywhere to Vu in Q. To prove that u is a weak
solution of problem (1.1), we use a similar approach to that of Lemma 4.4. Specifically,
we test (2.2) with the function e_”Qwewa instead of the test function given in
(4.18), since in this case the function u is bounded.

4.3. Proof of Theorem 1.4. Using Lemma 3.5, we can show that u. and T} (u.) are
bounded in W, 7 (Q) N L>®°(2) and WyP(Q), respectively, for every k > 0. Therefore,
there exists a function u € I/VO1 7(2) N L (Q) such that, up to subsequences, u. and
Ti(u:) converge weakly to u and Ty(u), respectively, in Wy" () and W, ?(Q), and
almost everywhere in . By repeating the argument from the proof of Lemma 4.2, we
can deduce that u > 0 in £, and the Corollary 4.3 implies that Wu‘ belongs to L' ().
The proof of (4.2) still holds, and therefore, Vu, converges almost everywhere to Vu in
Q. To complete the proof of Theorem 1.4, it is left to show that w is a distributional
solution of the problem (1.1). This is the aim of the following lemma.

Lemma 4.5. Let u be the weak limit of the sequence u.. Then u satisfies

bz )\VUV’ 1
a(z,uw)a(z,u, Vu).Ve + A"+ fle, VYo e Cy(Q).
Q Q u? Q
Proof. The proof of Lemma 4.5 is also similar to that of Lemma 4.4. (]

4.4. Proof of Theorem 1.5. Lemma 3.6 asserts that the sequence u, is bounded in the
space Wy (Q) and the sequence Ty () is bounded in the space W * () for every k > 0.
Thus, there exists a function u € WO1 () such that, after passing to a subsequence, .
converges weakly in W,"7(Q) and almost everywhere in € to u, and Tj(uc) converges
weakly in WO1 P(Q) and almost everywhere in © to Ty(u) for every k > 0. Moreover,
Vue converges almost everywhere in 2 to Vu using the same technique as in the proof
of (4.2). The method used in the proof of Lemma 4.2 can still be applied to show that u
Wﬂ%lp € LY(Q). As Ty (uc) weakly converges
in W,?(Q) and strongly converges to u in L"(Q) (because the sequence u, is bounded

is positive in Q. By Corollary 4.3, we have
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in VVOL’7 (Q) and r < p— 0 < n), we can apply the same limit argument as in the proof
of Theorem 1.4 to conclude that u is a distributional solution of the problem (1.1).
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