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Abstract. In this paper, besides a counterexample to Bloch’s principle, normality
criteria leading to counterexamples to the converse of Bloch’s principle in several
complex variables are proved. Some Picard-type theorems and their corresponding
normality criteria in Cn are also obtained.

1. Introduction and Auxiliary Results

Let D to be a domain in Cn and F to be a family of holomorphic functions in D. F
is said to be normal in D if each sequence in F contains a subsequence that converges
locally uniformly in D. The aim of this paper is to obtain normality criteria leading
to counterexamples to the converse of Bloch’s principle in several complex variables.
Bloch’s principle in one complex variable is extensively studied and the reader may refer
to [1, 2, 3, 4, 9, 10, 14, 15, 16], in order. Bloch’s principle states that a family F of
holomorphic functions of several complex variables in a domain D ⊂ Cn satisfying a
certain property P in D is likely to be normal in D if any entire function possessing
the property P in Cn reduces to a constant. In one complex variable neither Bloch’s
principle nor its converse holds in general, for example one may refer to [15, 9]. For the
construction of counterexamples to the converse, one needs to find a normality criterion
with a certain property and then find out a non-constant entire function satisfying this
property in Cn; this sounds interesting particularly from the experience of one complex
variable case and this is what we have explored in the present paper in several complex
variables case too.
We shall denote by H(D), the class of holomorphic functions f : D → C, where D ⊂ Cn

is a domain, and the open unit ball in Cn shall be denoted by Dn := {z ∈ Cn : ∥z∥ < 1}.
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Let v = (v1, v2, . . . , vn) ∈ Cn. Then for every ψ ∈ C2(D), at each point z ∈ D we define
a Hermitian form

Lz(ψ, v) :=

n∑
k,l=1

∂2(ψ)

∂zk∂z̄l
(z)vkv̄l (1.1)

and is called the Levi form of the function ψ at z.
The spherical derivative of f ∈ H(D) (see [6]) is defined as

f#(z) := sup
∥v∥=1

√
Lz(log(1 + |f |2), v). (1.2)

Since Lz(log(1 + |f |2), v) ≥ 0, f#(z) given by (1.2) is well defined and for n = 1, (1.2)
reduces to

f#(z) :=
|f ′(z)|

1 + |f(z)|2
which is the spherical derivative of a holomorphic function of one complex variable.
Thus (1.2) gives the natural extension of the spherical derivative to Cn.
Further, from (1.2), one easily finds that

f ♯(z) =

sup
∥v∥=1

|(Df(z), v)|

1 + |f(z)|2
, (1.3)

where

(Df(z), v) =

n∑
j=1

∂f(z)

∂zj
.vj

Following known results shall be required to accomplish the proofs of main results of
this paper, spread over various sections:

Marty’s Theorem in Cn ([6]): A family F ⊂ H(D) is normal in D if and only if for
each compact set K ⊂ D there exists a constant M = M(K) such that f#(z) ≤ M for
all f ∈ F , z ∈ K.

Zalcman’s Lemma in Cn ([7]): A family F ⊆ H(D) is not normal at a point z0 ∈ D
if and only if for each α ∈ (−1,∞) there exist sequences {fj} ⊂ F , {zj} ⊂ D : zj →
z0, and {rj} ⊂ (0, 1] : rj → 0 such that the zoomed sequence

gj(z) := rαj fj(zj + rjz)

converges locally uniformly to a non-constant entire function g in Cn satisfying g♯(z) ≤
g♯(0) = 1.

Definition 1.1. Let f ∈ H(Cn) and z = (z1, z2, . . . , zn) ∈ Cn. The total derivative of
f , which we shall denote by D0f, is defined as

D0f(z) =

n∑
j=1

zjfzj ,

where fzj is the partial derivative of f with respect to zj .

Liu and Cao [11] obtained an extension of Zalcman’s lemma concerning the total
derivative in several complex variables as follows:
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Lemma 1.2. Let F ⊂ H(Dn) and suppose that f(z) ̸= 0 for every f ∈ F and for all
z ∈ ∆δ(0) for some δ ∈ (0, 1) and that f(z) = 0 =⇒ |D0f(z)| ≤ A for some A > 0. If
F is not normal in Dn, then for all k ∈ (−1, 1], there exist a real number r ∈ (0, 1], and
sequences {zj} ⊆ Dn : 0 < ∥zj∥ < r, {fj} ⊆ F , and {ρj} ⊂ (0, 1] : ρj → 0 such that

gj(ζ) = ρ−k
j fj(zje

ρjζ), (ζ ∈ C)

converges locally uniformly to a non-constant entire function g in C satisfying g♯(ζ) ≤
g♯(0) = A+ 1.

Definition 1.3. For f ∈ H(Cn) and a ∈ Cn, we can write f(z) =
∞∑
i=0

Pi(z − a), where

Pi(z) is either a homogeneous polynomial of degree i or identically zero. The zero
multiplicity of f at a is defined as Vf (a) = min{i : Pi ̸= 0}.

We have a kind of variant of Lemma 1.2:

Lemma 1.4. Let F ⊂ H(Dn), b ∈ C and f ∈ F . suppose that for each a ∈ f−1({b})∩Dn,
zero multiplicity of f at a is at least k. Then if F is not normal, then for each α ∈ (0, k),
there exist a real number r ∈ (0, 1) and sequences {zj} ⊂ Dn : ∥zj∥ < r, {fj} ⊂ F , and
{ρj} ⊂ (0, 1] : ρj → 0 such that

gj(ζ) = ρ−α
j fj(zj + ρjζ)

converges locally uniformly to a non-constant entire function g in Cn satisfying g♯(ζ) ≤
g♯(0) = 1.

The proof of Lemma 1.4 is exactly on the lines of proof of Theorem 5 in [5] with
Lemma 1 there replaced by

Lemma 1.5. Let f ∈ H(Dn) and b ∈ C. Suppose that for each a ∈ f−1({b}) ∩ Dn, the
zero multiplicity of f at a be at least k, and α ∈ (−1, k). Let Ω := {z ∈ Cn : ∥z∥ < r <
1} × (0, 1] and define a function F : Ω → R as

F (z, t) =

(
1− ∥z∥2

r2

)1+α

t1+αf#(z)
(
1 + |f(z)|2

)
(
1− ∥z∥2

r2

)2α

t2α + |f(z)|2
.

If F (z, 1) > 1 for some z : ∥z∥ < r, then there exist z0 ∈ Cn : ∥z0∥ < r < 1 and t ∈ (0, 1)
such that

sup
∥z∥<r

F (z, t0) = F (z0, t0) = 1.

Since the proof of Lemma 1.5 is a modification of the proof of Lemma 1 in [5], here
we only need to establish that

lim(
1− ∥z∥2

r2

)
t→0

F (z, t) = 0, (1.4)

as a significant amount of modifications is required to establish this limit.
We may assume that zj → z0, where ∥z0∥ ≤ r.

If f(z0) ̸= 0, then
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lim
j→∞

F (zj , tj) ≤ 0.

Suppose f(z0) = 0. Then f(z) =
∑∞

m=s Pm(z − z0), s ≥ k, where Pm(z) is either a
homogeneous polynomial of degree m or identically zero.

|f(zj)| = |ps(zj − z0) + ps+1(zj − z0) + . . .|

= ∥zj − z0∥s
[
|ps(zj − z0) + ps+1(zj − z0) + . . .|

∥zj − z0∥s

]
= |as|∥zj − z0∥s[1 + o(1)].

Similarly, we find that∣∣∣∣ ∂∂zi f(zj)
∣∣∣∣ = |bsi |∥zj − z0∥s−1[1 + o(1)].

We may assume that

lim
j→∞

(
1− ∥zj∥2

r2

)
tj

∥zj − z0∥
= B

exists. If B ≥ 1, then

lim
j→∞

F (zj , tj) ≤ lim
j→∞

(
1− ∥zj∥2

r2

)1−α

t1−α
j f#(zj)

(
1 + |f(zj)|2

)
≤

∥
(

∂
∂z1

f(zj), . . . ,
∂

∂zn
f(zj)

)
∥(

1− ∥zj∥2

r2

)α−1

tα−1
j

≤ lim
j→∞

| ∂
∂z1

f(zj)|+ . . .+ | ∂
∂zn

f(zj)|(
1− ∥zj∥2

r2

)α−1

tα−1
j

≤ lim
j→∞

|bs1 |∥zj − z0∥s−1 + . . . |bsn |∥zj − z0∥s−1(
1− ∥zj∥2

r2

)α−1

tα−1
j

≤ lim
j→∞

nmaxni=1|bsi |∥zj − z0∥s−1(
1− ∥zj∥2

r2

)α−1

tα−1
j

= lim
j→∞

nmaxni=1|bsi |∥zj − z0∥s−α∥zj − z0∥α−1(
1− ∥zj∥2

r2

)α−1

tα−1
j

= 0

If B ≤ 1, then

F (zj , tj) =

(
1− ∥zj∥2

r2

)α

tαj |f(zj)|(
1− ∥zj∥2

r2

)2α

t2αj + |f(zj)|2

(
1− ∥zj∥2

r2

)
tj
f#(zj)

(
1 + |f(zj)|2

)
|f(zj)|

.
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The first factor on the right hand is obviously bounded by 1
2 .

Moreover, if B ̸= 0, then we have

lim
j→∞

(
1− ∥zj∥2

r2

)α

tαj |f(zj)|(
1− ∥zj∥2

r2

)2α

t2αj + |f(zj)|2
≤ lim

j→∞

Bα∥zj − z0∥α|as|∥zj − z0∥s

B2α∥zj − z0∥2α

= lim
j→∞

|as|∥zj − z0∥s−α

Bα

= 0

On the other hand,

lim
j→∞

(
1− ∥zj∥2

r2

)
tj

f#(zj)(1+|f(zj)|2)
|f(zj)|

≤
(
1− ∥zj∥2

r2

)
tj .
nmaxni=1|bsi |∥zj − z0∥s−1

|as|∥zj − z0∥s

= lim
j→∞

(
1− ∥zj∥2

r2

)
tj .
nmaxni=1|bsi |
|as|∥zj − z0∥

= B
nmaxni=1|bsi |

|as|
It follows that lim

j→∞
F (zj , tj) = 0.

Let f be meromorphic function in C and a ∈ C∞. Then a is called totally ramified
value of f if f −a has no simple zeros. Following result known as Nevanlinna’s Theorem
(see [1]) plays a crucial role in the proofs of Theorem 2.3, Theorem 3.3 and Theorem
3.4 to follow:

Theorem 1.6. Let f be a non-constant meromorphic function a1, ..., aq ∈
C∞ and m1, ...,mq ∈ N. Suppose that all aj-points of f have multiplicity at least
mj , for j = 1, ..., q. Then

q∑
j=1

(
1− 1

mj

)
≤ 2.

If f omits the value aj , then mj = ∞.

2. Counterexamples to Bloch’s Principle and its Converse

2.1. A Counterexample to Bloch’s Principle. If D ⊂ Cn and f ∈ H(D) satisfies
a certain property P in D, then we write it as (f,D) ∈ P. Recall that Bloch’s principle
states that a family F ⊂ H(D) : (f,D) ∈ P is likely to be normal in D if (f,Cn) ∈ P
implies that f is a constant function. As in the case of one complex variable, Bloch’s
principle fails to hold in Cn as well.
Let P be the property of holomorphic function f in D defined as

P (f)(z) =

n∏
i=1

(
∂f(z)

∂zi
− a

)(
∂f(z)

∂zi
− b

)(
∂f(z)

∂zi
− f(z)

)
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omits the value zero.

Proposition 2.1. If f ∈ H(Cn) : (f,Cn) ∈ P, then f ≡ constant.

Proof. Suppose f ∈ H(Cn) possesses the property P. Let

w = (a1, . . . , an), w
′ = (b1, . . . , bn) ∈ Cn

and define
hi(zi) = f(b1, . . . , bi−1, zi, ai+1, . . . , an), i = 1, 2, . . . n.

Then d
dzi
hi(zi) omits the values a and b and so d

dzi
hi(zi) = ci, a constant. This implies

that hi(zi) = cizi + di, but d
dzi
hi(zi)− hi(zi) omits zero and so ci − cizi − di ̸= 0 which

implies ci = 0. This shows that each hi(zi) is constant and hence f is constant. �

Counterexample 2.2. Following counterexample to the Bloch’s principle is constructed
from the ideas of Rubel[15].

Take r sufficiently small so that

{(z1, . . . , zn) : z1 + . . .+ zn = 1} ∩Dn(0, r) = ∅.

Consider

F = {fm(z1, . . . , zn) = m(z1 + . . .+ zn) : (z1, . . . , zn) ∈ Dn(0, r),m ≥ 3}.

Then
∂f(z)

∂zi
= m ̸= 1, 2.

Also,
∂f(z)

∂zi
− f(z) = m(1− (z1 + . . .+ zn)) ̸= 0 ∀z = (z1, . . . , zn) ∈ Dn(0, r).

Thus each fm satisfies the property P in Dn(0, r) with a = 1 and b = 2 but F is not
normal in Dn(0, r) showing that Bloch’s principle does not hold in general.

2.2. Counterexamples to the Converse of Bloch’s Principle. The converse of
Bloch’s principle precisely states that if

F := {f ∈ H(D) : (f,D) ∈ P}

is normal in D, then any f ∈ H(Cn) : (f,Cn) ∈ P reduces to a constant.
Let the property P satisfied by a function f ∈ H(D) be defined as follows:

(i) there exist three distinct complex numbers a1, a2, a3 and three complex numbers
b1, b2, b3 satisfying f(z) = ai =⇒ D0f(z) = bi;

(ii) f(z) ̸= 0 ∀ z ∈ ∆δ(0) for some δ > 0.

This property leads to the following normality criterion:

Theorem 2.3. A subfamily F of H(D) is normal in D if (f,D) ∈ P for all f ∈ F .
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Proof. Since normality is a local property, we may assume D to be the open unit ball
Dn := {z ∈ Cn : ∥z∥ < 1}. Suppose F is not normal in Dn. Then by Lemma 1.2, there
exist r ∈ (0, 1), zj ∈ Dn : 0 < ∥zj∥ < r, {fj} ⊆ F , {ρj} ⊂ (0, 1] : ρj → 0 such that
gj(ζ) = fj(zje

ρjζ) converges locally uniformly to non-constant entire function g in C.
Let g(ζ0) = ai. Then by Hurwitz’s theorem there exists a sequence {ζj} converging to
ζ0 such that for sufficiently large j, gj(ζj) = ai which implies fj(zjeρjζj ) = ai and so by
given hypothesis D0fj(zje

ρjζj ) = bi. Therefore,

g′(ζ0) = lim
j→∞

g′j(ζj) = lim
j→∞

ρjD0fj(zje
ρjζj ) = 0.

Thus each ai-points of g has multiplicity at least two. Let mi (i = 1, 2, 3) be the
multiplicities of ai−points of g. Then mi ≥ 2 for i = 1, 2, 3. Let a4 = ∞. Then g being
an entire function omits a4 and hence m4 = ∞. By simple calculation, we find that

4∑
i=1

(
1− 1

mi

)
> 2,

which contradicts Theorem 1.6. �

Theorem 2.3 leads to a counterexample to the converse of Bloch’s principle.
Counterexample 2.4. Consider the function

f(z1, z2, . . . , zn) = z1 + z2 + . . .+ zn + 4,

a1 = 1, a2 = 2, a3 = 3 and b1 = −3, b2 = −2, b3 = −1.
Then f(z) = aj =⇒ D0f(z) = bj (j = 1, 2, 3). Also f(z) ̸= 0 ∀ z ∈ ∆δ(0) for some δ >
0. Thus there exists a non-constant entire function in Cn satisfying the property P and
by Theorem 2.3, F := {f ∈ H(D) : (f,D) ∈ P} is normal in D.

The following weak version of Lappan’s normality criterion in several complex
variables (see [5],Theorem 1) also leads to a counterexample to the converse of Bloch’s
principle:
Theorem 2.5. Let D ⊆ Cn and F ⊂ H(D). Let E be a subset of C containing at
least three points such that for each compact set K ⊂ D, there exists a positive constant
M =M(K) for which

sup
∥v∥=1

|(Df(z), v)| ≤M whenever f(z) ∈ E, z ∈ K, f ∈ F . (2.1)

Then F is normal in D.

The proof of Theorem 2.5 is obtained on the lines of the proof of Theorem 1 in [5]
hence omitted.
Counterexample 2.6. Let D ⊂ Cn be a domain. For f ∈ H(D), (f,D) ∈ P if there
exists a set E ⊂ C containing at least three points such that for each compact subset
K ⊂ D, there exists a positive constant M =M(K) for which

sup
∥v∥=1

|(Df(z), v)| ≤M whenever f(z) ∈ E, z ∈ K. (2.2)

Consider the function
f(z1, z2, . . . , zn) = z1 + z2 + . . .+ zn.



112 K. S. Charak and R. Kumar

Then
sup

∥v∥=1

|(Df(z), v)| ≤ sup
∥v∥=1

[|v1|+ |v2|+ · · ·+ |vn|] ≤ n.

Thus f is a non-constant entire function in Cn satisfying the property P in Cn and
by Theorem 2.5, F := {f ∈ H(D) : (f,D) ∈ P} is normal in D. This is a another
counterexample to the converse of Bloch’s principle in several complex variables.

3. Picard-type Theorems and their Corresponding Normality Criteria

By Bloch’s principle one can expect to have a normality criterion corresponding to
every Picard-type theorem. Here we prove a couple of Picard-type theorems and obtain
the corresponding normality criteria.
In the discussions to follow, we shall denote the operator

(
∂k

∂zk
1
, ∂k

∂zk
2
, . . . , ∂k

∂zk
n

)
by Dk.

Theorem 3.1. Let f ∈ H(Cn) and k be a positive integer. If f(z) ̸= 0, (Dkf(z), v) ̸=
1 for all v = (v1, ..., vn) : ∥v∥ = 1, then f is constant.

Proof. Suppose f is non-constant. Let
w = (a1, . . . , an), w

′ = (b1, . . . , bn) ∈ Cn

and define
hi(zi) := f(b1, . . . , bi−1, zi, ai+1, . . . , an), i = 1, 2, . . . n.

By given hypothesis, it follows that hi(z) ̸= 0 for all z ∈ C.
Claim: ∂k

∂zk
i

f(b1, . . . , bi−1, zi, ai+1, . . . , an) ̸≡ 1

Suppose
∂k

∂zki
f(b1, . . . , bi−1, zi, ai+1, . . . , an) ≡ 1.

Then hi(z) is a polynomial of degree k and so hi(a) = 0 for some a ∈ C, a contradiction
and this establishes the claim.
Since hi(z) ̸= 0 for all z ∈ C. So, ∂k

∂zk
i

hi(a) = 1 for some a ∈ C which implies

∂k

∂zki
f(b1, . . . , bi−1, a, ai+1, . . . , an) = 1.

which implies that
n∑

j=1

∂k

∂zkj
f(b1, . . . , bi−1, a, ai+1, . . . , an)ej = 1

where ej =
{

1, for j = i
0, for j ̸= i.

That is,
(Dkf(b1, . . . , bi−1, a, ai+1, . . . , an), v) = 1, where v = (0, . . . , 1, . . . , 0),

which is a contradiction. �

The corresponding normality criterion of Theorem 3.1 is
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Theorem 3.2. Let D be a domain in Cn. Let F be a family of holomorphic functions
in a domain D and k be a positive integer. If f(z) ̸= 0, (Dkf(z), v) ̸= 1 for all
f ∈ F , v = (v1, ..., vn) : ∥v∥ = 1, then F is normal in D.

Proof. Suppose F is not normal in D. Then by Lemma 1.4, there exist sequences fj ∈ F ,
zj → z0, ρj → 0, such that the sequence {gj} defined as gj(ζ) =

fj(zj+ρjζ)

ρk
j

converges
locally uniformly in Cn to a non-constant entire function g.
Let w = (a1, . . . , an), w

′ = (b1, . . . , bn) ∈ Cn and define
hi(zi) := g(b1, . . . , bi−1, zi, ai+1, . . . , an), i = 1, 2, . . . n.

By Hurwitz’s theorem, it follows that hi(z) ̸= 0 for all z ∈ C.
By Weierstrass’s theorem, we have

∂k

∂zki
gj(b1, . . . , bi−1, zi, ai+1, . . . , an) →

∂k

∂zki
g(b1, . . . , bi−1, zi, ai+1, . . . , an).

Claim: ∂k

∂zk
i

g(b1, . . . , bi−1, zi, ai+1, . . . , an) ̸≡ 1

Suppose ∂k

∂zk
i

g(b1, . . . , bi−1, zi, ai+1, . . . , an) ≡ 1. Then hi(z) is a polynomial of degree k
and so hi(a) = 0 for some a ∈ C, a contradiction and this establishes the claim.
Since hi(z) ̸= 0 for all z ∈ C. So, ∂k

∂zk
i

hi(a) = 1 for some a ∈ C which implies

∂k

∂zki
g(b1, . . . , bi−1, a, ai+1, . . . , an) = 1.

Since ∂k

∂zk
i

g is non-constant. So, by Hurwitz’s theorem there is a sequence wj =

(b1, . . . , bi−1, aj , ai+1, . . . , an) → w0 = (b1, . . . , bi−1, a, ai+1, . . . , an) such that for
sufficiently large j

∂k

∂zki
gj(wj) = 1

which implies
n∑

l=1

∂k

∂zkl
fj(zj + ρjwj)el = 1

where el =
{

1, for l = i
0, for l ̸= i.

That is, (Dkfj(zj + ρjwj), v) = 1, where v = (0, . . . , 1, . . . , 0), which is a contradiction
and hence F is normal in D. �

The next Picard-type theorem is

Theorem 3.3. Let f ∈ H(Cn) and a and b be two distinct finite complex numbers. If
f ̸= a and for each α ∈ f−1({b}), zero multiplicity of f at α is at least two, then f is
constant.

Proof. Let w = (a1, . . . , an), w
′ = (b1, . . . , bn) ∈ Cn and define

hi(zi) = f(b1, . . . , bi−1, zi, ai+1, . . . , an), i = 1, 2, . . . n.
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By the given hypothesis hi omits a. Suppose hi(αi) = b. Then

f(b1, . . . , bi−1, αi, ai+1, . . . , an) = b

and so Bi = (b1, . . . , bi−1, αi, ai+1, . . . , an) ∈ f−1({b}). Since for each α ∈ f−1({b}), zero
multiplicity of f at α is at least two, we have

f(z) =

∞∑
m=2

Pm(z −Bi),

where Pm is either identically zero or a homogeneous polynomial of degree m.
Now

∂

∂zi
f(z) =

∞∑
m=1

qm(z −Bi)

where qm is either identically zero or a homogeneous polynomial of degree m.
Thus ∂

∂zi
f(Bi) = 0 which implies d

dzi
hi(αi) = 0. Thus b−points of hi have multiplicity

at least two and so by Theorem 1.6, we conclude that each hi(zi) is constant and hence
f is constant. �

The corresponding normality criterion of Theorem 3.3 is

Theorem 3.4. Let D be a domain in Cn. Let F ⊂ H(D), a and b be two distinct finite
complex numbers. If for each f ∈ F , f(z) ̸= a and for each α ∈ f−1({b}) ∩ D, zero
multiplicity of f at α is at least two, then F is normal in D.

Proof. Suppose F is not normal in D. Then by Lemma 1.4, there exist sequences fj ∈ F ,
zj → z0, ρj → 0, such that the sequence {gj} defined as gj(ζ) = fj(zj + ρjζ) converges
locally uniformly in Cn to a non-constant entire function g. Let w = (a1, . . . , an), w

′ =
(b1, . . . , bn) ∈ Cn and define

hi(zi) = g(b1, . . . , bi−1, zi, ai+1, . . . , an), i = 1, 2, . . . n.

By Hurwitz’s theorem, it follows that hi(z) ̸= 0 for all z ∈ C.
Suppose hi(αi) = b which implies g(b1, . . . , bi−1, αi, ai+1, . . . , an) = b. By Hurwitz’s
theorem there exist sequences βj,i = (b1, . . . , bi−1, αj,i, ai+1, . . . , an) → β =
(b1, . . . , bi−1, αi, ai+1, . . . , an) such that fj(zj + ρjβj,i) = b which implies zj + ρjβj,i ∈
f−1
j ({b}) ∩ D, for sufficiently large j. Since for α ∈ f−1

j ({b}) ∩ D, zero multiplicity of

fj at α is at least two, we have fj(z) =
∞∑

m=2
Pjm(z − (zj + ρjβj,i)), where Pjm is either

identically zero or a homogeneous polynomial of degree m.
Thus ∂

∂zi
(fj(z)) =

∞∑
m=1

qjm(z − (zj + ρjβj,i)), where qjm is either identically zero or a

homogeneous polynomial of degree m.
Thus

∂

∂zi
(fj(zj + ρjβj,i)) = 0

which implies
∂

∂zi
gj(b1, . . . , bi−1, αj,i, ai+1, . . . , an) = 0
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Taking j → ∞, ∂
∂zi
g(b1, . . . , bi−1, αi, ai+1, . . . , an) = 0 which implies d

dzi
hi(αi) = 0.

Thus b− points of hi have multiplicity atleast two and so by Theorem 1.6 each hi(zi) is
constant and hence g is constant, a contradiction. �

The fundamental normality test for holomorphic functions of several complex
variables is a simple consequence of Theorem 3.4.

4. Extension of Some Known Results from C to Cn

In 2012, J. Grahl and S. Nevo[13] proved the following normality criterion:

Theorem 4.1. Let some ϵ > 0 be given and set F := {f ∈ H(Ω) : f ♯(z) ≥ ϵ for all z ∈
Ω}. Then F is normal in Ω.

We find a several complex variables analogue of Theorem 4.1:

Theorem 4.2. Let D be a domain in Cn. Let k ≥ 0 be an integer, c > 0, α > 1
constant. Then

F =

{
f ∈ H(D) : sup

∥v∥=1

|(Dkf(z), v)|
1 + |f(z)|α

> c

}
is normal in D.

Proof. Suppose F is not normal in D. Taking β > k
α−1 , by Zalcman’s lemma in Cn,

there exist sequences fj ∈ F , zj → z0, ρj → 0, such that the sequence {gj} defined as

gj(ζ) = ρβj fj(zj + ρjζ)

converges locally uniformly in Cn to a non-constant entire function g. Let ζ0 ∈ Cn such
that g(ζ0) ̸= 0. Clearly fj(zj + ρjζ0) → ∞ as j → ∞. Also

sup
∥v∥=1

|(Dkgj(ζ0), v)| = sup
∥v∥=1

ρβ+k
j |(Dkfj(zj + ρjζ0), v)| → sup

∥v∥=1

|(Dkg(ζ0), v)|.

Since
sup

∥v∥=1

|(Dkfj(zj + ρjζ0), v)| > c|fj(zj + ρjζ0)|α,

we have

sup
∥v∥=1

|(Dkgj(ζ0), v)| = sup
∥v∥=1

ρβ+k
j |(Dkfj(zj + ρjζ0), v)|

> ρβ+k
j c|fj(zj + ρjζ0)|α

= c(ρβj |fj(zj + ρjζ0)|)α.ρβ+k−βα
j → ∞ as j → ∞.

which is a contradiction to the fact that g is holomorphic at ζ0. Therefore, F has to be
normal. �

Remark 4.3. For k = 1 and α = 2, we obtain several complex variable version of
Theorem 4.1.

Further, we obtain an improvement of a Marty’s Theorem in Cn:
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Theorem 4.4. Let D be a domain in Cn, F ⊂ H(D) and α be a positive real number.
If

Fα =

{
sup

∥v∥=1

|(Df(z), v)|
1 + |f(z)|α

: f ∈ F

}
is locally uniformly bounded in D, then F is normal in D.

Proof. Suppose F is not normal in D. Then by Lemma 1.4, there exist sequences fj ∈ F ,
zj → z0, ρj → 0, such that the sequence {gj} defined as gj(ζ) = ρ

−1/2
j fj(zj + ρjζ)

converges locally uniformly in Cn to a non-constant entire function g.
By Weierstrass’ Theorem,

∂

∂zi
gj(ζ) →

∂

∂zi
g(ζ), i = 1, 2, . . . , n.

Now

sup
∥v∥=1

n∑
l=1

∣∣∣∣ ∂∂zl gj(ζ).vl
∣∣∣∣ = ρ

1/2
j sup

∥v∥=1

n∑
l=1

∣∣∣∣ ∂∂zl fj(zj + ρjζ).vl

∣∣∣∣
= ρ

1/2
j sup

∥v∥=1

|(Dfj(zj + ρjζ), v)|

≤ ρ
1/2
j M [1 + |fj(zj + ρjζ)|α]

= ρ
1/2
j M [1 + |ρ1/2j gj(ζ)|α] → 0 as j → ∞

Thus

sup
∥v∥=1

n∑
l=1

∣∣∣∣ ∂∂zl gj(ζ).vl
∣∣∣∣ = 0.

That is,
∂g

∂zi
(ζ) = 0, i = 1, . . . , n,

which implies g is a constant, a contradiction. �
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