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Abstract. In [26] authors have defined and studied K-fusion frames in Hilbert
spaces. Motivated by [26], we define K-fusion frames in Quaternionic Hilbert spaces
and study their perturbations. Further, we define the woven K-fusion frames in
Quaternionic Hilbert spaces. Finally, we study the Paley-Wiener type perturbation
for weaving K-fusion frames in quaternionic Hilbert spaces.

1. Introduction

Frames [15] in Hilbert spaces were introduced in 1952 while studying the non-
harmonic Fourier Series. But their potential was realized by the researchers after the
work done by Daubechies et el. [5], due to its vast applications in various fields like signal
and image processing, sigma-delta quantization, filter bank theory, sampling theory and
wireless communication, for details one may refer to [11]. Over the past few years,
many generalizations of frames were introduced and studied. Two of the generalization
which is much appreciated by the researchers are fusion frames defined and studied by P.
Casazza and G. kutyniok [12] and K-frames introduced and studied by Gavruta [7]. X.
C. Xiao, M. L. Ding and Yu Can Zhu [25] have defined and studied the K-fusion frames
in Hilbert spaces. In [6] Poumai and Kaushik have studied results concerning Riesz
bases and frames in Banach spaces. In [23] Bemrose et al. have defined and studied
the properties of weaving frames in Hilbert spaces which are used in distributed signal
processing. For details regarding fusion frames and woven fusion frames one may refer
to [9, 13, 14] and for details regarding weaving K-frames and their properties one may
refer to [1, 2, 24, 27].

Hamilton discovered the field of quaternion which is a generalization of complex
numbers. It is a four-dimensional non-commutative real algebra. Quaternions
are used to study rotation in the higher dimensional Euclidean spaces, theory of
relativity, Newtonian and quantum mechanics and general relativity in which Lorentz
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transformation is given in terms of quaternions. For details regarding quaternions see
[18]. In [16] R. Ghiloni et al. have extended the continuous functional calculus in the
case of quaternionic Hilbert spaces.

Khokulan et al. [8] have defined and studied frames in finite dimensional quaternionic

Hilbert spaces. In [22], Sharma and Goel have studied frames in separable right
quaternionic Hilbert spaces. In [3], H. Ellouz studied K-frames in right quaternionic
Hilbert spaces. Recently in [17] Ruchi et al. have defined OPV-frames in right
quaternionic Hilbert spaces and woven frames in right quaternionic Hilbert spaces were
studied in [21]. For details regarding fusion frames, woven fusion frames and woven
K-frames in quaternionic Hilbert spaces, one may refer to [20, 10].
In this paper, we have defined and studied K-fusion frames in quaternionic Hilbert
spaces. Further, we have given some perturbation results for a K-fusion frames similar
to the results in Hilbert spaces. Finally, woven K-fusion frames defined and studied in
quaternionic Hilbert spaces.

2. Preliminaries

Throughout this paper, £ denote the non-commutative field of quaternions and Z
be a countable set. H(Q), HI*(Q) and HE(9Q) represent separable right quaternionic
Hilbert spaces. The set of all bounded (right Q-linear) operators from HE () to HI}(Q)
denoted by B(HF(Q), HE(Q)).

Definition 2.1. [19] Let {W/2},cz be a sequence of right closed subspaces in a separable
right quaternionic Hilbert space HF () and {w; };ez be a family of weights i.e. w; > 0,
Vi € I. Then {(W} w;)}iez is called a fusion frame (frame of subspaces), if there exists
constants 0 < r; < ry < oo called fusion frame bounds such that

rifful? < Y wllmys (W) < roful?, Vu € H¥(S). (2.1)
i€l

We say the family of subspaces {W/};c7 form a fusion frame with respect to {w; }icz,
if it satisfies (2.1). Moreover, if 1 = ro then we say the family {W/2},c7 is a tight fusion
frame of H?(£Q) and Parseval fusion frame if r; = 7, = 1. If H¥(Q) = Dicr W& then
{W2A},cz is called an orthonormal basis of subspaces. If w; = w; = w, then {W2};cz,
is called a w-uniform fusion frame. If only upper bound condition holds then we say
the family {W1},cz, forms a Bessel sequence of subspaces of H*() with respect to
{w;}iez with bound rs.

Let {(W;", w;)}ier is a Bessel sequence of H'(Q). Then the set
(Z@Wﬁ> _ {{ui}iezzui EWE S <oo},
i€l 12(9) i€l

forms a right quaternionic Hilbert space under the inner product given by

({uitiez{pitier) = Z<Ui|pi>a {uitiez, {piticz € <Z@W1R>
12(9)

i€l 1€L
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Theorem 2.2. [20] For every i € I, let w; > 0, {u;j};jes, is a frame sequence in HE(Q)
with frame bounds r1; and ra;, respectively. Let WE = spanjeJi{uij} and {e;;}jc, be
an orthonormal basis for subspace WiR. Suppose that

O0<ri|=infry ) <ry|=supry | < oo.
€T ieT

The statements below are the same.
(a) {uijw;}iez jes; forms a frame of HE(Q).
(b) {eijwitier jes; forms a frame of HE(Q).
(¢) {(W:",wi)}ier forms a fusion frame of HE(Q).

Lemma 2.3. [4] Let L, € B(HE(Q),H(Q)), L, € BHE(Q), H(Q)) be bounded right
linear operators. The statements below are the same.
(a) R(L1) C R(L2).
(b) LiL; < N2LyL}, for some A > 0.
(c) there exist a bounded right linear operator M € B(HE(Q), HE(Q)), such that
Ly =LM.

Definition 2.4. [19] A family of elements {u;};cz of H*(Q) is an atomic system for
K € B(HF(Q)), if
(i) The series Y u;q; converges, where {q; }icr € 2(Q).
i€z
(ii) There exists r > 0 such that for any u € HF(Q), there exists a, = {q; }ier €
12(9Q), such that llaw|li2(q) < rllul| and K(u) = > uig;.
i€z

Proposition 2.5. [19] Let {u;};,ez C H¥(Q). The statements below are the same.
(i) {u;}iez be an atomic system for K € B(H?(Q)).
(ii) there exists r1,72 > 0 such that ri||K*ul|> < Y [(wiu)|* < rolul]?, Yu €

= s
HE(Q).
(iii) {u;}iez is a Bessel sequence and there exists a Bessel sequence {p;};cz such
that K(u) = > u;{pi|u), Vu € HE(Q).
i€z
Definition 2.6. [19] A family {u;};cz forms a K-frame of HE(Q) with K-bounds rq
and ro, if {u; }iez satisfies (ii) of Proposition 2.5.

By Proposition 2.5, if {u; };e7 satisfies any of the three conditions then it is a K-frame
of HE(Q).

Proposition 2.7. [3] Let T € B(HF(Q),HE(Q)) be a closed right linear operator.
Then there exists a right linear operator 77 € B(HE(Q), HE(Q)) such that

N(T") = R(T)*, R(T") = N(T)*, TT'u=u, ue R(T).
Definition 2.8. [20] Let # = {(H;", v;) }iez and W = {(W; %, w;)}se1 are fusion frames
for H?(Q). Then H and W forms a woven fusion frame for H*(£) if there exists 0 < r; <
r9 < oo such that for any subset o of Z, the family {(HiRmi)}ieg U {(WiR7wi)}iegc
is a fusion frame for H(Q) with lower and upper fusion frame bounds r; and 7,

respectively. Further, if only upper bound condition is hold then H and W are said to
form a woven Bessel sequence of subspaces for H?(Q) with bound 7.
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Proposition 2.9. [20] Let {(H;",v;)}iez and {(W;®,w;)}iez are two Bessel sequences
of subspaces of H?(£) with Bessel bounds r1, r5. Then the family {(H;?,v;)}iez and
{(WiR, w;) }iez form a woven Bessel sequence of subspaces with Bessel bound r; + 5.

3. Main Results

In this section, we have defined and studied the K-fusion frames in right quaternionic
Hilbert spaces.

Definition 3.1. Let {W/'},cz be a sequence of closed right subspaces of H*(Q), and
{w;}iez be a family of weights. Let K € B(HE(Q)), the family W = {(WE, w;)}iez
forms a K-fusion frame of H?(), if there exists constants 0 < 71 < 75 < oo satisfying,
[ K ul? <Y wf | r () < roful?, w € HY(Q). (3.2)

i€T
In [20], we have defined and studied the (right)K-fusion frame operator Sy, the

(right)synthesis operator Ty and (right)analysis operator Ty, corresponding to a Bessel
sequence of subspaces W = {(WE, w;)}ier of HE(Q), where

Tw({ui}ier) = Y wiwi, {uitier € (Z @WZR> ;
2(Q)

i€T ieT
le\/(u) = {ﬂ-WiR (u)wi}iEI’ u € HR(D)v
Sw(u) = TwTyy(u) =Y myr(ww?, ue HY(Q).
=
Next, we have studied an example of K-fusion frames.

Example 3.2. Let H?(Q) be a three dimensional quaternionic Hilbert space with an
orthonormal basis {e1, e2,e3}. Let Wi = span{es, e} and Wi = span{es} and
K € B(H”(Q)) be such that

K(e1) =e1,K(e3) =e1 and K(es) = es.
The adjoint operator K* corresponding to K is
K*(e1) = e1 + ez, K*(e2) = ez and K*(e3) = 0.
Take w; = we = 1, we have
2
1
Sl < Y willmwr @W)|? < 2luf’, w e HA(Q).
i=1

In the next lemma, we have obtained an expression for the right pseudo inverse
operator corresponding to a closed right linear operator.

Lemma 3.3. Let T € B(HE(Q),HE(Q)) be a closed right linear operator. Then
T =1T*(TT*)"'.

Proof. We can prove this Lemma by using Proposition 2.7 and Lemma 2.5.2 [11]. O

In the next proposition, we have studied properties of a right linear operator.
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Proposition 3.4. Let W% be a closed right subspace of H¥(Q) and T' € B(H%(Q)).
The statements below are the same.

(l) TWRT T’iTwR

(i) T*TWE c WE.

Proof. (i) = (i) : Let u € (W#)*, we have mrTu = Tmyru = 0, hence
Tu € (TWE)L = (TWE)L. Since (Tu|Tw) = 0,Vw € WEif and only if (u|T*Tw) =
0, Vw € WEif and only if u € (T*TW )L,

(i) = (i) : If w € W then mgprTw = Tw and Tryrw = Tw. Further if,
u € (W)L then Ty ru = T0 = 0. From the given condition, we have u € (T*TW#)L.

As before, we have Tu € (TWE)L and hence m—xTu = 0. O

TWE

Lemma 3.5. Let W% be a closed right subspace of HE(Q) and T € B(H(Q)). Then
we have

mwrT™ = Ty rT*m

TR
Proof. As,

U = Tl + T, T € (TWEYL = (TWh)L w e HE(Q).
Therefore T*u = T*mru 4+ Tz, but for w € WH, we have (I™z|w) = (z|Tw) = 0,

thus T*u € (W)L, Therefore,

mwrT u = Ty rT* TRl + mwrT x = myrT™ T Y-

Hence by Proposition 3.4 result will follow. O

Proposition 3.6. Let K € B(H(Q)) be a closed right linear operator and W =
{(WE w;)}iez be a family of K-fusion frame of H?(QQ) with bounds 71, ra, respectively.
Then
(i) mKK* < Sw <rol;
(i) o || B2 [ul] < [|Swull < rofull, Yu € R(K);
(i) oy full < ISy ull < v HIKTIP[ull, Yu € Sw(R(K)).

Proof. (i) From K- fusion frame inequality, we have

(r K K*ulu) < (Swulu) < (roulu), u € HE(Q).

Thus, M KK* < Sy < rol.
(ii) Since R(K) is closed, there exists a right linear operator KT such that KKT =
IRk Hence

[Jull [|(Efy ) Kl
|| K ull, u € R(K).

The rest will follow from K-fusion frame inequality.
(iii) It will follow from part (ii).

IN

O

In the next result, we have studied a necessary and sufficient condition under which
a Bessel sequence of subspaces of H? () forms a K-fusion frame of H?(Q).
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Proposition 3.7. Let W = {(W£, w;)}icz is a Bessel sequence of subspaces of H?(Q).
Then
W = {(Wf, w;)}ier is a K-fusion frame of H(Q) if and only if r; KK* < Sy for some
ry > 0.
Proof. Let W = {(WE, w;)}iez forms a K-fusion frame of HZ(Q), from part (i) of
Proposition 3.6, the necessary condition is true. For sufficient condition, let r{ KK* <
Sy for some r; > 0, consider

|| K*ul|? = (rKK*ulu)
(Swulu)
> willmws (w)|?, u € HY(Q).

i€L

IN

O

Corollary 3.8. Let W = {(W£ w;)}icz be a family of K-fusion frame of H?(QQ) and
T € B(HE(Q)) such that R(T) C R(K). Then W = {(W, w;)}iez is a T-fusion frame
of HE(Q).

Proof. Since R(T) C R(K) by Lemma 2.3, we have TT* < \2KK* for some A > 0.
Also, there exists r; > 0, such that ri KK* < Sy,. Hence the result will follow from
Proposition 3.7. ]

Corollary 3.9. Let W = {(WZ£, w;)}icz be a Bessel sequence of subspaces of HZ(Q)
with fusion frame operator Sy,. Then W = {(W/, w;)}icz is a K-fusion frame of H(Q)

if and only if K = 51U, for some U € B(HE(Q)).

Proof. W = {(W£, w;)}icz be a K-fusion frame of H*(Q) if and only if  KK* < Sy =
VSw (vV'Sw)*. Hence, by Lemma 2.3 and Proposition 3.7 the necessary and sufficient
condition will follow easily. ([l

In the next result, we have studied a condition under which only surjective right
linear operator maps a K-fusion frame to a K-fusion frame.

Theorem 3.10. Let K,T € B(HE(Q)) be right linear operators such that R(K) is
dense in H(Q) and R(T) is closed. Suppose, W = {(WL w;)}ier forms a K-fusion
frame of HE(Q). If TW = {(TWE w;)}iez forms a K-fusion frame of HE(Q). Then
T is a surjective right linear operator on HT*(Q).

Proof. Suppose, TW = {(TW{, w;)}ier is a K-fusion frame of H?(9Q) with bounds r;
and ra, respectively. Let {fi;}jcs is a frame of WE, i € T with bounds A; and B;,
where

0 < A =infic7A; < sup;erB; = B < oo. By Theorem 2.2, {T'(f;;)w;}jcs, icz is a
K-frame of H¥(QQ) with bounds 71 A and 7, B respectively. Consider,

mA|K u|* <Y (T fijwilu)] < roBllul?, u € HF(Q).
i€L jeJ;

Thus N(T*) C N(K*), since K* is injective as R(K) is dense. Therefore T™ is injective
and R(T) = R(T) = N(T*)* = HE(Q). O



K-fusion frames in quaternionic Hilbert spaces 125

In the next theorem, we have studied a sufficient condition under which the bounded
image of a K-fusion frame of H?(Q) forms a K-fusion frame of H(Q).

Theorem 3.11. Let W = {(WE w;)}iez be a K-fusion frame of HE(Q). Further, let
T € B(HE(Q)) be a closed right linear operator with TK = KT and T'T(W[) c WE.

If T is a surjective right linear operator. Then, TW = {(TW, w;)}icz forms a K -fusion
frame of HE(Q).

Proof. As, T is a surjective right operator with closed range implies, 7Tt = Iyr(q). We
will show that T(W/[) be a closed right subspace of H?(Q). Since TTT(WE) Cc WE, as
T is a surjective right linear operator we have TTTT (W) C T(W[). By Lemma 3.3 we
have TT*(TT*)"'T(W}) ¢ T(WE) and hence T(W}?) C T(W[). Therefore T(W}) is
a closed right subspace of H?(£). By Lemma 3.5,

HWWiRT*UH = ||7TW,3%T*7TTW1.R“||
< T lImpwpull, w € HY(Q).

I pwull > (177 lmw e T ull, w € HF(Q).

As, Iyn(a) = Iinig) = (T1)*T", for any u € R(T) = H¥(Q), K*u =TT T"K*u,
Thus, we have

|E || = [TV T*K*u|
< (T T K ],
since TK = KT we have
TV K ]| < [T K ull (3.3)
= |[K*T"ul|
Now for any u € HE(Q),
S wlmpgrul? > TS w2 Tl ?

i€l i€L
P [T 2T 72K 2.

Y

Applying Lemma 3.5 with 7' instead of T we have ﬂTWaT‘L* = TpwrR TT*WW}%, therefore

e RU = e RTT*W RT*U
TW, TW, w,

IN

rgwll 71|l Tl
< T [T ull, u € HF(9).
Hence we have

*
S wlingwrul? < TIPS w?lmg Tl
i€ i€T

1T ra | Tl
ol [TV IITP [l 2, w € HE(Q).
Thus, {(TW£, w;)}ier forms a K-fusion frame of HZ(0). O

IN

IN A
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Corollary 3.12. Let W = {(W/, w;)}iez is a K-fusion frame of HZ(Q). Further, let

T € B(HE(Q)) such that R(T) is closed and TK = KT, T'T(W}[) ¢ W[, also T* be
an isometry. Then, TW = {(TW2£, w;)}icz forms a K-fusion frame of R(T).

Proof. As, T* is an isometry,hence

KT ul? = ([T K ulf? (3.5)
[|K*ul?, v € HE(Q). (3.6)
Now follow the step of Theorem 3.11, but instead (3.3) use (3.5). O

In next result, we have proved that if a operator and its adjoint operator, both maps
a K-fusion frame to a K-fusion frame then the operator must be an invertible right linear
operator.

Theorem 3.13. Let K, T € B(H(Q)) such that R(K) is dense in HE(Q) and R(T)
is closed, with TK = KT. Further, let {(W;",w;)}icz be a K-fusion frame of H?(Q).
If {(TWE w) Yiez and {(T*WE w;)}iez forms K-fusion frames of HE(Q). Then T is
an invertible right linear operator on HE(Q).

Proof. By Theorem 3.10, T is a surjective right linear operator. Let {(T*WZ£ w;)}icz
is a K-fusion frame of H(Q) with upper and lower bounds r; and ro, respectively.

112 2 2 2 R
rl| K ul[* <Y w gy ral* < rollul?, w € HEY(Q).
i€T
Hence N(T) C N(K™), since R(K) is dense implies K* is an injective right linear
operator. Thus T is an injective right linear operator. Therefore by the Bounded Inverse
Theorem for quaternionic Hilbert spaces, T" is an invertible right linear operator. O

In the next two results, we have obtained conditions under which a given Kj;-fusion
frames forms a fusion frame with respect to different operators.

Theorem 3.14. Let W = {(WE w;)}iez satisfy (5.2) with right linear operators
K1, Ky € B(HE(Q)). Then W forms a K1 Ks-fusion frame of HE(Q).

Proof. Let r1,r2 be bounds corresponding to Ki-fusion frame inequalities.
r *
7\IK1I|2 (K1 K2) ul[® < m|[KTul* <) w?||myrul* < rollul?, Vu € HY(Q).
2 ieT

O

Theorem 3.15. Let W = {(WE w;)}iez satisfy (5.2) with right linear operators
K, Ky € B(HE(Q)). Let a,3 € R be such that (o, B) # (0,0). Then, W forms a
(aK1 + BKs)-fusion frame of HE(Q).

Proof. Let r1,r9 and Ry, Ry be bounds corresponding to Ki-fusion frame and Ks-fusion
frame respectively. Consider,
(@K + BKa) ul* < |af?|[K ull® + |8 Ksul®
la?  181% 2 2 R
+ Zwl||7rWRu|| , u € H*(Q).

" Ry el

IA
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Thus, we have

riRi||(aKy + BK2)*ul[?
Rylal? +r]B]?

R
< Y wllimpsnl? < e e mia),
1€L
[

In the next result, we have studied result based on the perturbation of K-fusion frame
in right quaternionic Hilbert space H?(9Q).

Theorem 3.16. Let W = {(WE w;)}ier is a K-fusion frame of H(Q) with bounds 1,
ro respectively. Further let, {V:E};c1 is a right closed subspaces of HF(Q) and suppose
exists constants A1, Aa, p > 0 satisfying mazx{\; + \/%, Ao} <1 and

(S wlitmn —mvoul?)” < (X wlmpsal?)

i€T ieT
1/2
X (Y wllmysul )+ [ K )l u € HE(Q).
ieT
Then {(VE, w;)}iez forms a K-fusion frame of HE(Q) with bounds

M+ A+ =2
—ﬁ) , respectively.
1— Ao

_|_

AL+ A+ =12

rl) <

l-— d 1
( 14 Ao and a1+

1/2
Proof. Since ry||K*ul|? < 3z w |y a2, implies —| [ ul] > — o= ( Sy wdlfmy )
Consider,

1/2 1/2
(S wtllmrull?) ™ = (D wdllimymul® = lImwsull® + [mwrul )
1€L 1€L
1/2 1/2
> (D wlmwpul?) = (D wdli(rs — myaull?)
1€L 1€L
H 2 2\ /2 2 2\ /2
> (1= A= =) (Y wllmwpull?) = xe (D w?llmyeull?)
\/ﬁ €L ' €T '
Hence,
1/2 A1+ Ao+ o
(S wtlimm?) = v (1 - = r)HK*UH u € HR(S).

i€l

For upper bound condition, consider

1/2 1/2 1/2
(D wlimyreul?) ™ < (D willmweul®) (D2 willtrwn — mym)ull?)
i€l 1€L i€L
< (1+)\1+L)(Z’w2||7TWRU||2)1/2
B \/771 €L ' '
1/2
+ Ag(zwﬂ\wmﬁ) . ue HE(Q).

€T
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Thus,

1/2 AL+ A2+

(S wllmynal?) ™ < v (1+ 1_—AW) [ull, u € HE().
i€z 2
t

Next, we have defined and studied the concept of woven K-fusion frames of H?(RQ).

Definition 3.17. Let, {(WL w;)}iez, {(Vi®, vi)}iez be the K-fusion frames of HF ().
If there exists 0 < rl < ry < o0, such that for any subset ¢ C Z, the family
{WE w)}ico U {(ViE, v;)}icoe form a K-fusion frame of HE(Q), with bounds 71,79
ie.
rllKull? < 3 wdlfmnul 2+ 3 o2 myeull® < rollull?, u € HR(S).
i€0 1€0°

Then we say given family of K-fusion frames forms a woven K-fusion frame of H?(Q).

If only upper bound condition hold, we say the K-fusion frames {(W{, w;)}iez,
{(VE v;)}iez forms a woven Bessel sequence of subspaces of H*(Q). In [2 ] we have
defined and studied synthesis, analysis and frame operator corresponding to a woven
fusion frames for details see [20].

Example 3.18. Let H(Q) be a three dimensional right quaternionic Hilbert space
with the orthonormal basis {e;}?_;, v; = 1 and w; = 2Vi € {1,2,3}. Let WE = H* =
span{e;}. Let K € B(H®(Q)) be a right linear operator such that
K(e1) =e1,K(e2) = e; and K(e3) = ea.
The adjoint operator K* corresponding to K is
K*(e1) = e1 + ez, K*(e2) = e3 and K*(e3) = 0.
Therefore, for any u € H?(Q) and for any subset o C {1,2,3}, we have
1 *
Sl <D ealu)l® + Y Allealu)] = [lul[® +3 Y (eslu)|* < 4[Jull*, u € HE(Q).
i€o i€o” i€oc
Thus {(HZ(Q), v;)}ier and {(W; %, w;) }iez form a woven K-fusion frame for HF(Q).

In the next result, we have studied the necessary and sufficient condition under which
given two Bessel sequences of subspaces of H(Q) form a woven K-fusion frame of

HE(9Q).
Theorem 3.19. Suppose {(W, w;)}tiez, {(Vi,v;)}icz are Bessel sequences of
subspaces of H(Q). The statements below are the same.
(i) {WE w)}ier and {(V:E,v;)}ier form a woven K-fusion frame of HE(Q).
(i) There exists o > 0 such that for every subset o C I, there exits a bounded right
linear operator U, : (Z @Xﬁ) — HE(Q), (where XE = W[ forico
i€ 12(9Q)
and XE = VE i € 0°) such that

Us({ui}ier) E Ty (g )w;i + E Ty (i)vi,

€0 i€oc



K-fusion frames in quaternionic Hilbert spaces 129

1€

where {u; bier € (Z @XiR) and aKK* < U,U%.
2(9Q)

Proof. (i) = (i) : Let m be lower bound. For any o C Z, let T,, be the right synthesis
operator corresponding to {(Ww;)}ico U{(Vifw;)}icoe. Choose a = rq, and U, = Ty,

then for any {u;}icz € (Z @XiR )
iz 12()

Us({uitier) = To({uitiez)

= Zuiwi + Z Ujv;

ico icoc
= ZT('WiR (ug)w; + Z Ty R (u;)v;.
ico i€oe
Also,
(KK ulu) = r||[K*ul)?
< (1T5ulf?

|Uzul?, u € HY(S).

Implies aKK* < U,U}.
(i) = (i) : The upper bound condition hold by Proposition 3.5. We can easily prove
that the adjoint of U, is given by

Uz (u) = {mwrwwitico U{myr(uviticoe, u € H(Q).

Since a K K* < U,U%, we have

o |[K*ul? = o(KK*ulu)
< (U,UZulu)
= [|Uzull?
= > willmyrull® + > vfllwysul?, u € HE(Q).
1€0 1€0°

O

In the next result, we have studied the necessary and sufficient condition under given
K-fusion frames of H¥ () form a woven K-fusion frame of H().

Theorem 3.20. Suppose, {(WI wi)}tiezr and {(VE, v;)}icz are K-fusion frames of
HE(Q). Then, {(WE w)}ier and {(VE,v;)}iez forms a woven K-fusion frames of
H(Q) if and only if there exists a > 0 such that for any o C T and for any u € HF(Q)

there exists a sequence {u };ex € (Z D XE , (where XE = W} fori € o and
€L 12(Q)
XR=VEieco°) such that

1/2
(Z [ ||2> <alul| and Ku =" myr(uf)w;+ Y myr(uf)vi.

i€ i€o i€0C
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Proof. Let, ry and rqy be the bounds corresponding to given woven K-fusion frame
{(WE w;)}ier and {(V;%, v;)}ier. For any subset o C Z, let T, be right synthesis
operator corresponding to K-fusion frame {(W, w;)}ico U {(V:%, v;)}icoe. Then
ri(KK ulu) = | Kl < 35, willmwsull® + X, 111||7Tx/iRUII2 = |IT*ul]?, u €
H%(9Q). Thus, m KK* < T,Tr. By Lemma 2.3, there exists a bounded right linear
operator

U, : H(Q) — (Z @Xﬁ) such that [|U,|]? < \/% and K = T,U,. Hence, for
i€l 12(Q)

any u € H(Q), the sequence U, (u) = {ug };ez € <Z ) XZ.R> be such that
i€L 12(9)

1/2 .
(ZIU?IF) = Ul < U sl < 571,

= 1
and
Ku = T,Usu
= To({ui}ier)
= Zﬂ'WiR (ud)w; + Z Ty r(ug v
i€o i€0°

Conversely, suppose the given condition holds. Then the upper bound condition follows
from Proposition 3.5. For any y € H¥(Q),

K"yl = sup [(K*ylu)l®

[lul|=1

= sup [(y|Ku)|?
[Jul|=1

= sup | y|Z7TwR Jw; + ZWViR(U/l ui)|?
[lul|=1 i€o 1€0€

= sup \Z Ty (y)wiug ) +Z7TvR Yoilud ) |?
llull=1 o i€oe

< sup {|Z Ty r (y)w;luf |+\Z7TVR Yuilug )2
lull=1 Scs i€cc

< sup D willmyryll g ||+ D villwyryll [[uf [}
[lull=1 i€o i€oc

< sup 2{QQ willmwryll [[w? 1) + (D willmyayll [[6f1)*}
ull=1 S5 i€o°

< 2 sup > willmyrylPllef |1+ Y oF[lwyrylPluf [P}
[lul|=1 ico i€0c

< 2 sup {Y willmwrylPa®(ull® + Y oflwyrylPa®|ful*}
lull=1 5o icoe

< 2023 wlmynyl? + 3 o2lmy )

i€0 1€0°
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In the next result, we have studied a condition under given K-fusion frames of H(Q)
form a woven K-fusion frame of HZ(Q).

Theorem 3.21. Suppose {(WFE, w;)}icz and {(VE,v;)}iez are K-fusion frames of
HE(Q) with lower and upper bounds r1, Ry and r2, Ry respectively. If there exist
constants 1 > 0,0 < A < % such that 7’1(% —A)—pu>0and

S e — ol < XS w4 pll K7, u € BH@).

ieT i€T
Then {(WE w;)}ier and {(VE,v;)}iex form a woven K -fusion frames of HE(Q).

Proof. The upper bound condition follows from Proposition 3.5. For any subset ¢ C Z,

consider
1
Y willmwrull? + D v llryeul > Y Swllmy el P+ 5 Y wdllmy el
€0 i€o° i€o i€0°
- Z || wiTyy ru — vimy rul)?
i€oc /
_ 1 2 2 1 2 2
i€l i€o
- Z || wiTyy ru — vimy rul|?
i€cc
1
> 3 Zw?||7TWiRU||2 - Z |[wimy ru — 'Uiﬂ'ViRU||2
i€l 1€0°
1 2 2
> 2> Wl
ieT
= S Wl — gl Kl ?
i€l
1
= (5 =N D_willmwpull® — pl| K" ul[?
icT
1
> ((G=Nr =) IK*ull?, u e BY(S).
U
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