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Abstract. In this study, we apply the concept of wp—open sets to introduce two
types of functions called contra wp-continuous and almost contra wy-continuous
functions. We establish some fundamental properties of these functions and also
explore their relationships with other types of functions.

1. Introduction

In 1996, K. Dontchev [2] defined contra-continuous functions and strongly s-closed
topological spaces. K. Dontchev and T. Noiri [3] studied and introduced contra
semicontinuous functions, which are a weaker form of contra-continuous functions.

H. M. Darwesh [1] used the concept of w,-open sets to introduce almost w-continuous
functions as a new type of continuity. M. Caldas and S. Jafari [4] examined the concept
of contra-fB-continuous functions. S. Jafari and T. Noiri [5, 6] defined and discussed
contra super-continuous, contra pre-continuous, and contra a-continuous functions. The
concept of function almost contra pre-continuous function was investigated by E. Ekici
[7]. T. Noire and V. Popa [8] found out more about the almost-continuous functions.
A. Nasef [9] presented the concept of contra ~-continuous functions.

However, the concept of w—open sets was used by A. Al-Omari and M. Noorani
[10] to investigate and introduce new forms of functions named contra w-continuous
and almost contra w-continuous functions. H. H. Aljarrah et al. [11] presented contra
wp-continuous functions, which are a weak type of contra-continuity functions.

The purpose of this work is to define the new forms of functions named contra w,-
continuous and almost contra w,-continuous functions by using wp-open sets. Likewise,
we discuss some of their properties and relationships with the other types of functions.
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2. Preliminaries

Throughout this work, (X, ) and (Y, 7) (or X and Y) are always topological spaces,
f X — Y represent a function from a space X into a space Y. Let A C X. Then,
interior, closure, w-closure and w-interior of A are expressed as Int(A) and CI(A),
wCl(A) and wint(A), respectively. Also, wp-interior and wp-closure are defined in
the same way as Int(A) and CI(A), they are represented by wpInt(A) and w,CI(A),
respectively.

The family all preopen (resp. semi—open, a—open, S—open, regular open, y—open,
w—open, wf—open, pre—w—open, wy,—open) subsets of space (X, ) represented by
PO(X) (resp. SO(X), aO(X), BO(X), RO(X), 70(X), 70(X), wfO(X), PwO(X),
wpO(X)). The complement of a preopen (resp. semi-open, a—open, S—open, regular
open, y—open, w—open, wl—open, pre—w—open, w,—open) subset of space (X, ) is
called preclosed (resp. semi—closed, a—closed, S—closed, regular closed, y—closed,
w—closed, wB—closed, pre—w—closed, w,—closed), and their family represented by
PC(X) (resp. SC(X), aC(X), pC(X), RC(X), vC(X), 7¥C(X), wpC(X), PwC(X),
wpC(X)).

Definition 2.1. Let V C X. Then, a set V is called preopen [12] (resp. semi—open
[13], a—open [14], B—open [15], regular open [16], y—open[l17], pre—w—open [20],
wp—open [1]) if V' C Int(CIU(V)) (resp. V C Cl(Int(V)), V C Int(Cl(Int(V))), V C
Cl(Int(ClL(V))), V = Int(Cl(V)), V C Cl(Int(V)) U Int(CI(V)), V C wint(ClL(V)),
V C Int(wCIl(V))).

Definition 2.2. Let V C X. Then, V is said to be w—open [18] (resp. wB—open [19])
if for each x in V, there exits an open (resp. a f—open) set W in X containing z such
that W — V is countable.

Definition 2.3. Let f : X — Y be a function. If for each open set G in
Y, f~YG) is closed (resp. preclosed, a—closed, B—closed, semi—closed, w—closed,
wf—closed, y—closed, clopen) in X, then f is said to be contra—continuous [2]
(resp. contra—precontinuous [5], contra—a—continuous [6], contra—S—continuous [4],
contra—semi continuous [3], contra w—continuous [10], contra wf—continuous [11],
contra y—continuous [9], perfectly continuous [22])

Definition 2.4. Let f : X — Y be a function. If for each open subset G of Y,
/71(G) is open (resp. w—open, w,—open) in X, then f is called continuous [32] (resp.
w—continuous [21], w,—continuous [1]).

Definition 2.5. Let f : X — Y be a function. If f~!(G) is pre—closed (resp. w—open,
w—closed, regular open, open) in X, for every regular open set G in Y, then f is

called almost contra—precontinuous [7] (resp. almost w—continuous [25], almost contra
w—continuous [10], R—map [24], almost continuous [23]).

Definition 2.6. Let f : (X,3) — (Y, p) be a function. If f~1(G) is clopen in X, for
every regular open (or regular closed) subset G of Y, then f is called almost perfectly
continuous (= regular set—connected [26]).
Definition 2.7. Let (X, ) be a topological space. Then, X is called:
(1) strongly irresolvable [28] if no non—empty open set in X is resolvable, (= if
every open set is a—open).
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) locally countable [30] if each point z € X has a countable open neighborhood.

) door space [27] if every set in X is either open or closed.

) anti—locally countable [30] if every non-empty open set in X is uncountable.

) submaximal [29] if every preopen set in X is open, (= if every dense subset of
X is open in X).

(2
(3
(4
(5

Theorem 2.8. [31] Let (X, 1) be a locally countable space. Then, 7¥O(X) = Ta;s.

Lemma 2.9. [30] Let (X, 7) be a locally countable space and G C X. Then,
(1) wCl(G) = CI(Q), for every G € T°O(X).
(2) wint(G) = Int(G), for every G € 7¥C(X).
Lemma 2.10. [1] Let (X,S) be a topological space and G C X. Then,
(1) If G € S, then G € w,0(X).
(2) If G € w,O(X), then G is preopen, pre—w—open.
Proposition 2.11. [1] Let (X \s) be a topological space and D C X. Then, D € w,C(X)
if and only if Cl(wInt(D)) C

Proposition 2.12. [1] The family union of w,—open sets is w,—open.

Corollary 2.13. [1] Consider a topological space (X,S). If D € § and € € w,0(X),
then DN E € w,O(X).

Theorem 2.14. [1] If A € w,O(X) and V € w,O(A), then V € w,0(X).
Theorem 2.15. [1] Let G € w,O(X) and G CV C X. Then, G € w,O(V).

Proposition 2.16. [20] Let (X, <) be a door space and Y C X. If Y € PwO(X), then
U e ¥O(X).
Theorem 2.17. [1] Let (X,S) be a topological space and D C X. Then,

(1) D is clopen;

(2) D is w—open and w,—open;

(3) D is closed and w,—open.

3. More properties of w,-open sets

Theorem 3.1. Let ( ) be a locally countable space and D C X.Then, D € w,O(X)
if and only if D € &

Proof. If D € w,O(X) and (X, ) is locally countable, so wCl(D) = D. By Theorem
2.8, D C Int(wCIl(D)) = Int(D). Thus D € S. Conversely, let D € 3. So, D = Int(D),
and D C Int(wCIl(D)). Hence, D € w,O(X). O

Corollary 3.2. Let (X,3) be a door space and D C X. If D € w,O(X), then
D e S¥O(X).

Proof. Let D € w,O(X). Then, by part (2) of Lemma 2.10, D is pre—w—open, and by
Proposition 2.16, D is w-open. (|

Proposition 3.3. Let (X,S) be an anti-locally countable space and V' € 3¥O(X).
Then, V € w,O(X).
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Proof. Let V € 3¥O(X). Then, V = wInt(V). By Lemma 2.9, V = wInt(V) C
wInt(wCl(V)) = Int(wCIl(V)). Hence, V C Int(wCl(V)), and V € w,O(X). O

Corollary 3.4. Let (X, <) be a strongly irresolvable space. Then, w,O0(X) C S*O(X).

Proof. It follows from definition of strongly irresolvable and part (2) of Lemma 2.10. O

Proposition 3.5. Let (X, ) be a submaximal space and V C X. Then, V € w,0(X)
if and only if V € PO(X).

Proof. If V € w,O(X), by Lemma 2.10, V € PO(X). Conversely, let V€ PO(X). Since
X is submaximal space, thus, V' € . And, by part (1) of Lemma 2.10, V € w,O(X). O

4. Contra w,-Continuous Functions

Definition 4.1. A function f from a topological space (X,7) to a topological space
(Y,S) is called contra w,—continuous (briefly, c.wy.c), if f~1(D) € w,C(X), for each
Deg.

Theorem 4.2. The following statements for function f : (X, 7) = (Y, ) are equivalent:
(1) f is cwp.c;
(2) (D) € w,O(X), for every closed set D inY;
(8) for each x € X and each closed subset W of Y containing f(x) there exists
D € wp,O(X) contains x such that f(D) C W.

Proof. (1) = (2) If D is a closed set in Y, implies that Y — D is open in Y. Since f
is cwpe., so f7HY — D) is w—closed in X. But X — f~1(D) = f~(Y — D), hence
F7Y(D) € w,0(X).

(2) = (3) Let + € X and D be a closed set in Y which contains f(z). By given,
71(D) € w,O(X), put W = f~1(D) € w,0(X) and x € W. Therefore, f(W) =
f(f~(D)) € D.

(3) = (1) Suppose D € ¥. Then, Y — D is closed in Y. If f~1(Y — D) = {J, then
f71(D) = X which is wp—closed in X. Otherwise, for x € X such that z ¢ f~1(D),
then z € f~Y(D —Y). By (c), there exists an w,—open set V in X such that z € V
and f(V) € f~3(Y — D) then ¥V C X — f~1(D). Therefore, VN f~4(D) = 0 so
z ¢ w,Cl(f~1(D)). Thus w,CI(f~1(D)) = f~1(D), this is by part (1) of [1, Proposition
3.24], f~1(D) € w,C(X). Hence, f is c.wp.c. O

Theorem 4.3. A function f from a locally countable space (X,S) to any space (Y, 7)
is c.wp.c if and only if its contra—continuous.

Proof. Suppose f is c.wy.c and D € 7. Then, f~1(D) € w,C(X). Since (X, ) is locally
countable, so by Theorem 3.1, f~1(D) is closed in X. Hence, f is contra-continuous.
Conversely, it follows from the fact that every closed set is w,—closed. O

Theorem 4.4. A function f from a submaximal space (X,S) to any space (Y, p) is
contra pre—continuous if and only if its c.wp.c.
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Proof. Let f be a contra pre—continuous and D be a closed set in Y. Then, f~1(D) €
PO(X). Since (X, ) is submaximal, so by Proposition 3.5, f (D) € w,O(X). Hence,
f is c.wp.c. Conversely, it follows from part (2) of Lemma 2.10, every w,—open set is
preopen. [l

Contra a-continuous —* contra semi-continuous
\\\
—
I T
Contra-continuous ~—*> contra «,-continuous —* contra pre-continuous — > contra y-continuous — > contra g-continuous
i

| o

Contra »-continuous —* contra «g-continuous

FIGURE 1. The relationships among contra w,—continuous and
some other form of contra-continuous

The examples below explain the converse of these implications in Figure 1 is not true
in general.

Example 4.5. Let X = {a,b,c}, 7 = {0,X,{a}} and & = {0, X, {c},{b,c}}. The
identity function f : (X,7) — (X,S) is contra—precontinuous but not c.w,.c. By
Theorem 3.1, w,C(X, 1) = {0, X, {b,c}} and PC(X,7) = {0, X, {b},{c},{b,c}}. Since
{c} €S, but f71({c}) = {c} ¢ w,C(X). Hence, f is not c.wp.c.

Example 4.6. The function f: (R,Sy,) — (Y, 7) is defined as:

1 if zeQ
f($>_{3 if zeQe

is c.wp.c., but not contra-continuous, where Y = {1,2,3} and 7 = {0, Y, {1}, {2}, {1,2}}.
Since {3} is closed subset of Y, f~({3}) = Q¢. Because (R,<S,) is anti locally countable
and Q° is w—open, so by Lemma 2.9, Q¢ C Int(wCl(Q°)) = Int(R) = R, that is, Q° is

wp—open but not open in Fy,.

The examples below show that c.wp.c is independent from contra—a—contionuous
and contra—w—continuous.

Example 4.7. Let X = {a,b,c}, S = {0, X, {a}} and p = {0, X, {b},{c}, {b, c}}. Then,
the identity function f : (X,S) X, p) is contra—a—continuous but not c.wy.c.
Since, w,0(X, ) = ¥ and aO(X,)) = {0, X, {a}, {a, c},{a,b}}, such that {a,b} and
{a, c} are closed subsets of (X, p). So f~1({a,b}) = {a,b} and f~1({a,c}) = {a, c}, thus
{a,b},{a,c} € aO(X) but not w,—open.
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Example 4.8. Let Y = {1,2,3} and 7 = {0,Y,{1},{2},{1,2}}. Then the function
f:(R,$,) — (Y, 7) is defined in Example 4.6, is c.w,.c but not contra—a—continuous.
Since {3} is closed subset of Y and f~'({3}) = Q. So, Q¢ ¢ Int(Cl(Int(Q°))) = 0.
That is Q¢ is not a—open in (R, S,,).

Example 4.9. Consider the function f : (R, 34,4) — (X, 7), which is defined as;

a if x € R\(0,1
flay=q@ e eROY

b if ©€(0,1)
Where X = {a,b} and 7 = {0, X,{a}}. Since f~'({b}) = (0,1) is w,—open in R but
not w—open. Thus f is c. wp.c, but not contra—w—continuous.
Example 4.10. Let X = {a,b}, p = {0, X,{a}}, (X,7) be an indiscrete topological
space and (X, p) be a topological space. Then identity function f : (X,7) — (X, p)
is contra—w—continuous, but it is not ¢. wy.c. By Theorem 3.1, w,O(X) = 7, and by
Theorem 2.8, 7% = 7y4;5. 50, {b} is p-closed and f~1({b}) = {b} is w—open in (X, ) but
not wp—open.
Corollary 4.11. For the functionf : X — Y, the followings are true:

is c. wp.c. an is door space, then f is contra-w—continuous.

1) If fi p d X isd th i t ti

(2) If f is contra—w—continuous and X is anti-locally countable, then f c. wy.c.
(3) If fis c. wp.c. and X is strongly irresolvable, then f contra—a—continuous.

Proof. 1t follows from Corollary 3.2, Proposition 3.3 and Corollary 3.4. (|

Theorem 4.12. If a function f : (X,7) — (¥,9) is c. wp.c. and V € 7, then
fuV—Y isc wp.ec

Proof. Let A be any closed subset of Y. Since f is c. wp.c., f7H(A) € w,0(X).
So, by Corollary 2.13, f,,'(A) = f~Y(A) NV € w,0(X). Thus, by Theorem 2.15,
fy ' (A) € wpO(V). Hence, fy is c. wp.c.. O
Theorem 4.13. Let f: X =Y be a function and {G : k € K} be any w,—open cover
for X. If fa. : G, — Y isc. wp.c. for each k € K, then f is c. wp.c.

Proof. Let V be closed subset of Y. Since fg,, is c. wp.c. for each x € K, then fg:(V) is
wp—open subset of G, for each k € K. So, by using Theorem 2.14, fa:(V) € wpO(X).
By Proposition 2.12, f~*(V) = U,cx f{;:(V) Hence, f~1(V) € w,O(X) subset of X
and f is c. wp.c. O

Corollary 4.14. Let ( : X — Y be a function and let G, V € w,O(X) such that
X=GUV.If (¢g:G— Y and (y : V — Y are c.wp.c., then ( is c.w,.c.

Proof. Tt follows from Theorem 4.13. (]

Proposition 4.15. Let f : (X,7) — (Y,p) be a c. wp.c. function. Then,
FHIntU)) Cw,CU(f~1U)) for all U C Y.

Proof. Let U CY and Int(U) € p. By hypothesis, f~!(Int(U)) € w,C(X). Thus,

wpCUS~ (Int(U))) = = (Int (W) (4.1)
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since f~Y(Int(U)) C f~HU), then w,CI(f~ (IntU))) C w,CI(f~1(U)), therefore, by
(4.1), f~H(IntU)) € wpCUS~HWU)). O

The converse of Proposition 4.15 is not true generally. In Example 4.7, the function
f holds f=H(IntU)) C w,CI(f~*(U)), for each U C Y, but f is not c. wy.c.
Proposition 4.16. Let ( : X — Y be a cwp.c function. Then, ((w,Int(D)) C
Cl(¢(D)), for each D C X.

Proof. Let D C X. Then CI(¢(D)) is a closed subset of Y, by given, (~}(CI({(D))) €
wpO(X). Thus,

wpInt(~H(CU(¢(D))) = (TH(CU(¢(D))) (4.2)
since D C (T'CU(¢(D)), then w,Int(D) C w,Int(¢"1CI(¢(D))). Hence, by (4.2),
((wpInt(D)) € CU(((D)). O

In general, the converse of Proposition 4.16 is not true. The function f in Example
4.10, holds f(w,Int(D)) C Cl(f(D)), for all D C X, but is not c. wp.c.

Theorem 4.17. Let ¢ : (X,7) — (Y,p) be a c. wp.c function. If ¢ holds one of the
following, then its w,—continuous.
(1) (YD) Cw,CU(¢C(Int(D)), for each closed set D in (Y, p).
(2) wpInt(¢~1(CU(D))) C (YD), for each D € p.
Proof. (1) If D is a closed set in Y, then Int(D) € p. Since ¢ is c¢. wp.c,
¢~ Y(Int(D)) € w,C(X). Thus,
wpCL(¢H(Int(D))) = ¢~ (Int(D)) (4.3)
by given and (4.3), (7}(D) C w,CI(( " Int(D)) = ¢~ '(Int(D))) C ¢ (D),
that is, (D) = w,(¢"'(Int(D))) and (' (D) € w,C(X). Hence, ¢ is
wp—continuous.

(2) Obvious.
O

Theorem 4.18. Let ¢ : (X,7) — (Y, S) be a c. wy.c function and Y be a regular space.
Then, ¢ is wy— continuous.

Proof. Let x be any point of X and M € < which contains ((x). By given, then there
exists A/ €  containing ((x) such that CI(N) C M. Since ( is c.wp.c., and CI(N)
is closed in Y containing ((x), thus, by (¢) of Theorem 4.2, there exists an w,—open
subset U in X contains x such that {(U) C CI(N) C M, that is ((U) C M. Hence, ( is
wp—continuous. (]

Theorem 4.19. The following is true, for the functions ( : X =Y andn:Y — Z:
(1) If n is continuous and ¢ is c. wy.c, then no ¢ is c. wp.c.
(2) If n and ¢ are c. wp.c. and Y is locally-countable space, then no ¢ is c. wp.c.
Proof.

(1) Let D be any closed subset of Z. By hypothesis, 7(D) is closed in Y. For
the reason that, ¢ is ¢. wy.c., ("1™ 1(D)) € w,O(X). But, ¢~'(n~Y(D)) =
(no¢)~Y(D). Hence no( is c. wy.c.
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(2) Let D be closed in Z. Since 1 is c.wy.c., so n~H(D) € w,O(Y). However, Y is
locally-countable, and by Theorem 3.1, ~(D) is open in Y. Thus, since ( is
c.wp.c., 50 (no ()Y D) = ¢ (n™) (D) € w,C(X). That is, no( is c.wp.c.

(]
Theorem 4.20. Let n: X — Y be a function. Then, the followings are equivalent:
(1) n is perfectly continuous.
(2) 1 is w—continuous and contra w,— continuous.
(3) m is continuous and c.wp.c.
Proof. Tt follows from Theorem 2.17. O

Corollary 4.21. If n : (X,3) — (Y, p) is a c.wp.c. function and (X, <) is a locally
countable space, then

(1) n is contra semi—continuous.
(2) 7 is contra a.—continuous.
(3) 7 is contra b-continuous.

(4) 7 is contra w—continuous.

Proof. It follows from the fact that every w,—open set is open in locally countable space
Theorem 3.1. [l

Theorem 4.22. Let n : (X,3) — (Y,p) be a function and for each D C Y. If
wpCl(n~Y(D)) C n~*(Int(D)), then n is c.wy.c.

Proof. Let D € p and w,Cl(n~'(D)) C n~'(Int(D)). Then, w,Cl(n~'(D)) C
n~Y(Int(D)) = n~Y(D). Thus, =1 (D) = w,Cl(n~1 (D)), therefore n~*(D) is w,—closed.
Hence, 7 is c.wp.c. O

Generally, the converse of Theorem 4.22 need not to be true.

Example 4.23. A function n: (X,7) — (Y, p), defined as:

1 ifx =2
n(x)_{Q ifr=1

Where, X = {132}7 T = {®7 {1}7X} and Y = {17273}7 p= {@,Y, {1}a {172}} Then, 7 is
cwp.c., since {n1(0) = 0,n~ ' ({1}) = {2},n " ({1, 2}) = X, n7(Y) = X} C w,C(X).
Although, if D = {2} C Y, n~Y(D) = {1} and n~ 1 (Int(D)) = 0. Thus, w,Cl(n~1(D)) =
Cl(n(D)) = CU{1}) = X & 1~ (Int(D)) = 0.

5. Almost contra w,—continuous

Definition 5.1. Let ¢ : X — Y be a function. If (7'(D) € w,C(X), for all
D € RO(Y), then ( is called almost contra w,—continuous (briefly, a.c.wp.c.).

Theorem 5.2. Let ¢ : (X,7) — (Y, ) be a function, then followings are true:

(1) If ¢ is a c.wp.c. function, then its a.c.wp.c.
(2) If ¢ is a regular set-connected function, then its a.c.wp.c.
(3) If ¢ is an a.cwp.c. function, then its almost contra pre— continuous.
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Proof.

(1) Let D € RO(Y). Then, D € ¥ and by hypothesis, (7' (D) € w,C(X). Thus, ¢
is a.c.wyp.c.

(2) It follows the definitions of regular set—connected and almost contra wy-
continuous function.

(3) It follows from part (1) of Lemma 2.10.

O

Remark 5.3. The identity function of Example 4.10 is a.c.wy.c. which is not c.wy.c and
the function of Example 4.6 is a.c.wp.c., but not regular set—connected. This means
that, the converse of parts (1) and (2) of Theorem 5.2 are not true. However, the
following example shows that the converse of part (3) of Theorem 5.2, is not true in
general.

Example 5.4. The usual topology S, on R and X = {a,b,c,d} with the topology
p=10,X,{a},{b},{a,b},{a,b,c}}. Then the function ¢ : (R, ;) — (X, p) defined as

e if z€Q
C(x)_{a, if xeQ°

is almost contra pre—continuous but not a.c.wy.c. Since RO(X, p) = {0, X, {a}, {b}} and
“1({a}) = Q°. But Cl(wInt(Q¢)) =R ¢ Q°, thus Q° is not w,—closed in .

Theorem 5.5. Let ( : X = Y be a function. Then, followings are equivalent:
(1) ¢ is a.cwp.c.;
(2) (YD) € w,O(X), for every D € RC(Y);
(8) for each a € X and each reqular—closed D in'Y containing ((a), there exists an
wp — openset U in X containing a, such that ((U) C D.
(4) for each x € X and each reqular open set D in'Y non- contaming ¢(x) , there
exists an wy-open set U in X non-containing x such that (~1(D) C U.

)
Proof. (1) = (2) Let D € RC(Y). Then, Y — D € RO(Y) and by (1), (Y — D) €
w,C(Y), since, X — (~1(D) = ¢~1(Y — D). Therefore, (71 (D) € w,0(X).

(2) = (3) Suppose a € X and D € RC(Y) contalmng ¢(a). By (2), ¢"Y(D) € w,O(X)
a € ("YD). Let U = (~Y(D). Then, ((U) C (YD) CD. T Sf( ) C D.

(3) = (4) Suppose a € X and D € RO(Y') not containing {(a), so Y —D is regular—closed
set in Y and ((a) € Y — B, by (3), there exists an w,—open set U in X contains a such
that C(U) C Y —D. Thus U C C1(CU)) C LY — D) = X — (~1(D), that is,
¢~1(D) C X — U, therefore, X —U € w,C(X) and a ¢ X —U.

(4) = (1) Let D € RO(Y). If D = 0, then ("'(D) = X € w,C(X). Otherwise,
¢(71(D) € w,C(X). For this, let z ¢ (~1(D) then ((z) € D. By (4), there exits an
wp—closed subset U of X such that ((D) C Y. That is, X —U € w,O(X) which contains
z and (T'(D)NX —U = 0. Then, = ¢ w,CI(¢"1(D)). Thus, w,CI(("1(D)) C (D),
therefore (7! (D) € w,C(X). Hence, ( is a.c.wp.c. O
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Theorem 5.6. Let ( : X — Y be a function. Then, the followings are equivalent:
(1) ¢ is a.c.wp.c;
(2) ¢1(Int(Cl(D))) € w,C(X), for each D CY;
(3) ¢THCl(Int(D))) € wpyO(X), for each D C Y.

Proof. (1) = (2) Let D C Y. Then, Int(CI(D)) € RO(Y). By (1), ¢ *(Int(CI(D))) €
wpC(X).

(2) = (3) Let D C Y. Then, Y — D is also a subset of Y. By (2)7 - (Int(Cl( ))) €
w,C(X). But, since Int(Cl(Y —D)) =Y — Cl(Int(D)) and (~1(Y — D) = (D),
we obtaining that X —¢ =1 (Cl(Int(D))) € w,C(X). That is, ¢~ (Cl(Int(D ))) € wp O(X).

(3) = (1) Let D € RC(Y). Then, Cl(Int(D)) = D. By hypothesis, (71(D) =
¢1(Cl(Int(D))) € w,O(X). So, by part (2) of Theorem 5.5, ¢ is a.c.wy.c. O

Theorem 5.7. Let (: X = Y be an a.cwp.c and R—map function. Then, ¢ is reqular
set—connected.

Proof. Let D € RO(Y). Then, by hypothesis, (~!(D) is both w,—closed and open subset
of X. Therefore, (~1(D) is clopen. Hence, ( is regular set — connected. O

Remark 5.8. In part (1) of Theorem 4.19, if ¢ is a a.c.wp.c. and 1 is a continuous
function, then 7 o ¢ is contra wp—continuous. By part (1) of Theorem 5.2, no ( is
a.c.wp.c.

Theorem 5.9. Let ( : X — Y be a contra continuous function and n :Y — Z be a
R—map function, then no ( is a.cwp.c.

Proof. Let D € RO(Z). Then, by given, n~!(D) is regular open in Y. Since, ¢ is contra
continuous, (7o ¢)~1(D) = ("1 (n~1(D)) is closed in X. Thus, (no ()~ (D) € w,C(X)
Therefore, 7o ¢ is a.c.wp.c.

O

Proposition 5.10. Let ( : X — Y be a surjective open function and 1 : Y — Z be any
function. If no { : X — Z is a contra-continuous, then 7 is a.c.wp.c.

Proof. Suppose, D € RC(Z), then D is closed in Z. By hypothesis, (n0¢)~!(D), is open
in X. Since, ¢ is surjective open, this implies that (((no¢)~}(D)) = n~}(D) and n~1(D)
is an open subset of X, then 71 (D) € w,0(X). Therefore, by part (2) of Theorem 5.5,
71 is a.c.wp.c. O

Theorem 5.11. Let ( : X = Y be an a.cwp.c. function and K be an open set in X.
Then, (x : K — Y is a.cwp.c.

Proof. Let D € RC(Y). Then, by hypothesis, (7}(D) € w,O(X). By Corollary 2.13,
(D) = (YD) N K € wpO(X). By Theorem 2.15, (71(D) € w,O(K). By part (2) of
Theorem 5.5, (x is a.c.wp.c. O

Theorem 5.12. Let ( : X — Y be a function and {K, : k € K} be any w,—cover for
X. If Cc,, : K — Y is a.cwp.c. for each k € K, then, ( : X — Y is a.c.wp.c.
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Proof. Let D € RC(Y') and since (i, is a.c.wp.c., so (/x, (D) is w—open set in K, for
each k € K. By Theorem 2.14, (k. (D) € w,O(X). That is, ("'(P) = U g/—,g (D) €
KEK "

wpO(X). Therefore, (~1(D) € w,O(X), by part (2) of Theorem 5.2, ¢ is a.cwp.c. O

Theorem 5.13. If  is a function from a submazimal space X into any space Y, then
¢ is almost contra pre—continuous if and only if its a.c.wy.c.

Proof. Let ¢ be a an almost contra pre—continuous function and D € RC(Y). Then,
¢(~!(D) € PO(X). Since, X is submaximal, by Proposition 3.5, (7!(D) € w,0(X).
Thus, ¢ is a.c.wp.c. Conversely, it follows part (2) of Lemma 2.10, the fact that every
wp—open is pre—open. O

Theorem 5.14. Let (X, ) be an anti locally-countable space, if a function ¢ : (X,7) —
(Y,0) is a.cw.c., then ¢ is a.c.wp.c.

Proof. Let D € RC(Y). By hypothesis, (~}(D) € 7*O(X). Since, X is anti locally-
countable, then by Proposition 3.3, (~(D) is w,O(X). Hence, ( is a.c.wp.c. O

Theorem 5.15. Let ¢ be a function from be a locally countable space X to any
space Y. If ¢ is a.c.wp.c., then ( is almost contra pre—continuous and almost contra
w—continuous.

Proof. By Theorem 3.1, in locally-countable space every w,—open set is open, so, every
open set is pre—open and w—open. O

Theorem 5.16. Let ( : X — Y be a function. Then, the followings are equivalent:

(1) ¢ is almost perfectly continuous;
(2) ¢ is almost continuous and a.c.w.c.

Proof. Tt follows from Theorem 2.17. (|
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