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Abstract. We introduce the concept of controlled rectangular metric-like spaces
and analyze the existence of fixed points for graph preserving mappings in such
spaces. As an application of our main result, we prove a coincidence point result
which generalizes several recent results including fixed points of expansive mappings.
We also illustrate our main result by presenting some nontrivial examples.

1. Introduction

Fixed point theory is an important branch of mathematics because of its applications
in various fields of applied sciences. Banach contraction principle [4] in metric spaces
plays a vital role in solving different existence and uniqueness problems in several fields of
science and engineering. Many authors successfully generalized this remarkable theorem
by modifying the contractive type condition or by weakening the underlying space(see
[10, 11, 12, 14, 15, 18, 32, 34, 36, 37] and references therein). Among all these, Bakhtin
[3] initiated the concept of b-metric spaces as a generalization of metric spaces and
generalized the famous Banach contraction principle in such spaces. Later on, Kamran et
al.[25] gave the idea of extended b-metric spaces as an extension of b-metric spaces. Very
recently, Mlaiki et al.[27] introduced another new extension of b-metric spaces, called
controlled metric type spaces. They also proved the corresponding Banach contraction
principle and some other fixed point results in the setting of controlled metric type
spaces(see [27, 28, 29, 30]).

The study of fixed point theory combining a graph is another new development in the
domain of contractive type single-valued mappings. Starting from these considerations,
the study of fixed points and coincidence points of mappings satisfying a certain
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contractive type condition endowed with a graph attracted many researchers, see for
examples [5, 6, 7, 16, 17, 23, 31, 33, 35]. In this work, we first introduce the concept of
controlled rectangular metric-like spaces, discuss some topological properties and then
analyze the existence and uniqueness of fixed points for a graph preserving mapping in
this new framework. We also present a coincidence point result by applying our main
result. Our results extend, unify and generalize several well-known comparable results
in the literature. Finally, we provide some examples to illustrate and justify the validity
of our main result.

2. Some Basic Concepts

In this section, we present some basic notations, definitions and results needed in the
sequel.

Definition 2.1. [3] Let X be a nonempty set and s > 1 be a given real number. A
function d : X x X — RT is said to be a b-metric on X if the following conditions hold:
(1) d(z,y) =0 if and only if z = y;
(i) d(z,y) = d(y,x) for all z, y € X;

(#91) d(z,y) < s[d(z,z) +d(z,y)] for all z, y, z € X.
The pair (X, d) is called a b-metric space.

Definition 2.2. [25] Let X be a nonempty set and 6 : X x X — [1,00). An extended
b-metric is a function d : X x X — [0, 00) such that for all z, y, z € X:
(1) d(z,y) =0 if and only if z =y,
(i) d(z,y) = d(y,»),
(iii) d(z,y) < 0(z,y) [d(z, 2) + d(z,y)].
The pair (X, d) is called an extended b-metric space.

Definition 2.3. [27] Let X be a nonempty set and 7 : X x X — [1,00). A function
d: X x X —[0,00) is called a controlled metric type if the following conditions hold:
(1) d(z,y) =0 if and only if z =y,
(#) d(z,y) =d(y,z) for all z, y € X,
(#i7) d(z,y) < n(z,z)d(z,z) +n(z,y)d(z,y) for all z, y, z € X.
The pair (X, d) is called a controlled metric type space.

It is worth mentioning that the class of controlled metric type spaces is effectively
larger than that of the b-metric spaces [27].

Definition 2.4. [22] Let X be a nonempty set. A function o : X x X — [0, c0) is said
to be a dislocated metric (or a metric-like) on X if for any z, y, z € X, the following
conditions hold:
(01) o(z,y) =0 =z =y;
(02) U(l’,y) = U(y,l’);
(03) olz,y) < olx,2) +0o(2,y).
The pair (X, o) is then called a dislocated metric (or metric-like) space.
It is valuable to note that a partial metric [26] is also a dislocated metric but the

converse is not true, in general. A trivial example of a dislocated metric is given by
o(x,y) = max{x, y}, for all z, y > 0.
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The following example illustrates the above fact.

Example 2.5. [2] Let X = {1, 2, 3} and consider the dislocated metric o : X x X —
[0, 00) given by

o(1,1)=0, 0(2,2) =1, 0(3,3) = g,
0(1,2) = 7(2,1) = % 0(2,3) = o(3,2) g
0(1,3) =0(3,1) = 1—70

Since 0(2,2) # 0, o is not a metric and since o(2,2) > o(1,2), o is not a partial metric.

Definition 2.6. [9] Let X be a nonempty set and d : X x X — [0,00) be a function
such that
(i) d(z,y) =0 if and only if z = y;
(#) d(z,y) =d(y,z) for all z, y € X;
(#1) d(z,y) < d(z,u) + d(u,v) + d(v,y) for all x,y € X and all distinct points
u, v € X \{z, y}.

Then d is called a rectangular metric on X and (X,d) is called a rectangular metric
space.

Definition 2.7. [19] Let X be a nonempty set and d : X x X — [0,00) be a function
such that
(i) d(z,y) =0 =z =y;
(#4) d(z,y) = d(y,x) for all z, y € X;
(#i7) there exists a real number s > 1 such that

d(z,y) < sld(z,u) + d(u, v) + d(v,y)]

for all z, y € X and all points u, v € X \ {z, y}.

Then d is called a dislocated rectangular b-metric on X and (X, d) is called a dislocated
rectangular b-metric space with coefficient s.

We now introduce the concept of controlled rectangular metric-like on a nonempty
set X.

Definition 2.8. Let X be a nonempty set and n : X x X — [l,00). A function
d: X xX — [0,00) is called a controlled rectangular metric-like if the following
conditions hold:
(#) d(z,y) =d(y,z) for all z, y € X;
(79i) d(z,y) < n(z,w)d(z,u) + n(u, v)d(u,v) + n(v,y)d(v,y) for all x, y € X and all
points u, v € X \ {z, y}.
Then (X, d) is called a controlled rectangular metric-like space defined by 7.

It is easy to observe that every dislocated rectangular b-metric is a controlled rectan-
gular metric-like but not conversely (see Example 2.15).
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In a controlled rectangular metric-like space (X,d), we define an open ball B(z,r)
for z € X and r > 0 as follows:

B(z,r)={y € X :|d(z,y) — d(z,z) |<T}.

Definition 2.9. Let (X,d) be a controlled rectangular metric-like space. A subset

U C X is said to be open if for every x € U there exists r > 0 such that B(z,r) C U.
A subset V C X is said to be closed if X \ V is open.

The family of all open subsets of X will be denoted by 7g, .

Theorem 2.10. 74, defines a topology on (X,d).

Remark 2.11. Let (X,d) be a controlled rectangular metric-like space, (z,) be a
sequence in X and x € X. Then (z,) converges to = with respect to( henceforth,
we write ‘w.r.t.” in short for ‘with respect to’) 74, if lim d(z,,z) = d(z,x).

n—oo

Suppose that li_>m d(xpn,x) = d(x,z). We shall show that z, — = w.r.t. 74,. Let

U € 74, and x € U. Then there exists ¢ > 0 such that B(z,e) C U. By hypothesis,
there exists ng € N such that | d(x,,z) — d(z,z) |< € for all n > ng. This ensures that
Zn € B(xz,¢) for all n > ng and hence x,, € U for all n > ng. Therefore, (x,) converges
to x w.r.t. 74, on X.

Definition 2.12. Let (X, d) be a controlled rectangular metric-like space and let (z,,)
be a sequence in X. Then

(i) (zn) converges to a point z € X if lim d(z,,x) = d(x,x). This will be denoted

n— o0

as lim z, =z or z, — x(n — 00).
n—oo

(ii) (xy) is called a Cauchy sequence if lim d(x,,x,,) exists and is finite.
n,m— 00
(iii) (X,d) is said to be complete if for each Cauchy sequence (z,) in X, there is
some x € X such that lim d(z,,z) =d(z,z) = lim d(zn,zn).
n—o0 n,m— oo

Lemma 2.13. A nonempty subset A of a controlled rectangular metric-like space (X, d)
is closed if and only if the following statement holds:
Every sequence (x,) C A converging to some point © € X implies that x € A.

Proof. Suppose that A is a closed subset of X. Let (z,) be a sequence in A such that
Ty, — x as n — o0o. We shall show that © € A. If possible, suppose that z ¢ A. So
x € X\ Aand X\ A is open. Then there exists € > 0 such that B(z,e) C X \ A.
Therefore, B(z,e) N A = (. Since x,, — = as n — oo, for € > 0, there exists ng € N
such that | d(x,,z) — d(z,z) |< €, for all n > ng. This gives that z,, € B(z,e€), for all
n > ng. Hence z,, € B(z,e) N A, for all n > ng, which leads to a contradiction with
B(z,e)NA=10. So, z € A.

Conversely, assume that the condition holds, i.e., for any sequence (z,,) in A which
converges to x, we have © € A. Let us prove that A is closed. In fact, we have to show
that X \ A is open. So for any x € X \ A, we need to prove that there exists e > 0 such
that B(x,€) C X\ A4, i.e., B(z,e)NA = (). If possible, suppose that for any € > 0, we have
B(z,e)NA+#0. So for any n > 1, choose @,, € B(w, )N A. Then z,, € A for all n > 1
and | d(z,, ) — d(z,z) |< L for all n > 1. Therefore, nll)rr;o d(zy,x) = d(z,z). That is,



Controlled rectangular metric-like spaces and fized points of graph preserving mappings 333

Zn, — x as n — oo in (X, d). Hence, by assumption = € A, which is a contradiction. So
for any x € X \ A, there exists € > 0 such that B(z,e) C X \ A, i.e., X \ A4 is open and
hence A is closed in X. O

Definition 2.14. Let (X, d) be a controlled rectangular metric-like space and let (z,,)
be a sequence in X. Then,

(i) (zy) is called a 0-Cauchy sequence if

n’rlrllrl)loo d(Xp, xm) = 0.

(ii) (X,d) is said to be 0-complete if every 0-Cauchy sequence in X converges to a
point x € X such that d(z,z) = 0.

It is to be noted that if a controlled rectangular metric-like space (X, d) is complete,
then it is O-complete. The converse assertion is not true, in general. The following
example supports the above remark.

Example 2.15. Let us take X = [0,00) N Q and consider d : X x X — [0, 00) given by

‘l’—y|2+$+y7 lf.’E#O,y#O’
d(z,y) = "
14+z+y?

We take n(z,y) = 3(1 +z +y)? for all z, y € X.

otherwise.

Then, conditions (7) and (i7) of Definition 2.8 are obvious. We now verify condition
(#i1) of Definition 2.8. We have to consider the following cases:

Case 1: Suppose that  # 0, y # 0 and u, v € X\{z, y}.

(a) If w # 0, v # 0 then
d(z,y) = |oe—yP+z+y

= |lz—utu—v+v—yP+aty
3z —uP+lu—vf+lv—yPl+z+y
31+z4+w)?{|z —ul* +z+u} +3(1 +u+v)*{|lu—v|* +u+v}
+3(1+v+9)*{lo -yl +v+y}
(@, w)d(z, u) +n(u, v)d(u, v) + (v, y)d(v,y).
(b) If w+#0, v =0 then
dz,y) = |lz—yP+z+y
lt—u+u—v+v—yP+z+y
e —ul +|u—0P+|0—yP+z+y

u

3(1+x+u)2{|x—u|2+x+u}+3(1+u)2m+3(1+y)213_7y
n(x, u)d(z, w) + n(u, 0)d(u, 0) +n(0,y)d(0,y).
(¢) The case u = 0, v # 0 can be treated similarly as that of (b).

I N IA

IN

N
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(d) If u=0,v =0 then

dz,y) = lz—y’+z+y
< 324yt ty
T y
3(1 2~ 431 27
< 3(+2) 1tz ' (T+y) 1+vy

n(z,0)d(z,0) 4 1(0,0)d(0,0) 4 1(0, y)d(0, y).
Case 2: Suppose that x =0, y # 0 and u, v € X\{0, y}. Then
d(z,y) = %
< y<p-yP+ovty=dy)
< (0, w)d(z,u) +n(u, v)d(u,v) +n(v,y)d(v,y).
Case 3: The case x # 0, y = 0 and u, v € X\{0, 2} is similar to that of Case2.
Case 4: The case x = 0,y = 0 is trivial.

Therefore, (X,d) is a controlled rectangular metric like space. But (X,d) is not a
dislocated rectangular b-metric space. If possible, suppose that (X,d) is a dislocated
rectangular b-metric space with coefficient s > 1. Then for all z, y € X and all points
u’v 6 X\{:I'? y}?

d(z,y) < sld(xz,u) + d(u,v) + d(v,y)].

For y > 0, u = v =0, we have
d(y,y + 1) < s[d(y,0) + d(0,0) + d(0,y + 1)].
That is,

1
2y+2<s{ y y—i_}

1+y y+2
Letting y — oo, we get oo < 2s, which is a contradiction.

We now verify that (X, d) is 0-complete, but it is not complete.

Let (zy,) be a 0-Cauchy sequence in (X, d). Then,

lim d(z,,zm) =0.
n,Mm— 00

This gives that lim [|z, — 2 |> + 2y + 2] = 0, if 2, 2, # 0
n,Mm—00

. Tp + Ty
and llm ————
nm—oo 1+, + T,

If &, x, # 0, then

= 0, otherwise.

Taking limit as n, m — oo, we have

lim x, =0.
n— oo

Otherwise,
lim In_ _ 0
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Ln

Thus, in either case lim = 0. It is easy to compute that
n—oo 1 + x,,
In

0 < [d(2a,0) = d(0,0)] = .
n

Taking limit as n — oo, we have

lim |d(z,,0) —d(0,0)] =0, i.e., lim d(z,,0)=d(0,0).
n— oo n—oo
Therefore, every 0-Cauchy sequence (z,) converges to 0 € X with d(0,0) = 0 and
hence (X, d) is 0-complete.

We now show that (X, d) is not complete.

Let us consider the sequence (z,,), where z,, = (1+ 1)" in (X,d). As (1+1)" — e
in R, we have lim |z, —e| = 0. Then,
n—oo

|d(xp, T) — 26| = ||on — 2m|> + 20 + 0 — 2e]
= @0 =€) = (@m— P + (n — &) + (@m — )]
< [an—el+|zm—eP+ |z —e|+]zn—c|
— 0asn,m— oo.

This implies that, lim d(zy,,,) = 2e exists and is finite. Therefore, {(1 + )"}

n,m—oo
is a Cauchy sequence in (X,d). But {(1+ 1)"} does not converge in (X, d). So, (X,d)
is not complete.
Moreover, the sequence (z,,) with @, = (1+ +)™ for each n € N is a Cauchy sequence
in (X, d) without being a 0-Cauchy sequence.

We next review some basic notions in graph theory.

Let (X, d) be a controlled rectangular metric-like space. We assign a digraph G with
the set of vertices V(G) = X and the set E(G) of its edges contains all the loops, i.e.,
A C E(G) where A = {(z,z) : z € X}. We assume that G has no parallel edges and
we can identify G' with the pair (V(G), E(G)). Let G~ be the graph obtained from G
by reversing the direction of edges, i.e., E(G™!) = {(z,y) € X x X : (y,2) € BE(G)}.
Let G denote the undirected graph obtained from G by ignoring the direction of edges.
Actually, it will be more convenient for us to treat G as a digraph for which the set of
its edges is symmetric. Under this convention,

E(G) = E(G)UE(G™).

Our graph theory notations and terminology are standard and can be found in all graph
theory books, like [8, 13, 20].

Definition 2.16. Let (X,d) be a controlled rectangular metric-like space and let
G = (V(G), E(G)) be a graph. Then the mapping f : X — X is called edge preserving
if

z,y € X, (x,y) € E(G) = (fz, fy) € E(G).
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Definition 2.17. Let (X, d) be a controlled rectangular metric-like space with a graph
G = (V(G),E(G)) and let f, g : X — X be two mappings. Then f is called edge
preserving w.r.t. g if

z,y € X, (gz,9y) € E(G) = (fx, fy) € E(G).
3. Main Results

Before presenting our results, we state a property of the graph G, call it property (x).

Property (x): If (gz,,) is a sequence in a controlled rectangular metric-like space
(X, d) endowed with a digraph G such that d(gz,,z) — 0 and (gz,, gzn41) € E(G) for
all n > 1, then there exists a subsequence (gz,,) of (g,) such that (gz,,,z) € E(G)
for all 7 > 1.

Taking g = I, the identity map on X, the above property reduces to the property (*)
which may be stated as follows:

’

Property (x): If (z,) is a sequence in a controlled rectangular metric-like space

(X,d) endowed with a digraph G such that d(z;,,z) = 0 and (2, Tp41) € E(G) for all

n > 1, then there exists a subsequence (z,,) of (z,) such that (x,,,z) € E(G) for all
12> 1.

If (X,d,=) is a partially ordered controlled rectangular metric-like space, then by
taking G = G4, where the graph Gs is defined by F(G3) = {(z,y) € X x X : z =
y or y = x}, the last property reduces to the property (f) which can be stated as follows:

Property (f): If (x,) is a sequence in a partially ordered controlled rectangular
metric-like space (X, d, <) such that d(z,,x) — 0 and x,, x,+1 are comparable for all
n > 1, then there exists a subsequence (z,,) of (z,) such that z,,, = are comparable for
all i > 1.

Theorem 3.1. Let (X,d) be a 0-complete controlled rectangular metric-like space
defined by the control function n : X x X — [1,00) and let G = (V(G), E(G)) be a
graph. Let f: X — X be such that

d(fz, fy) < kd(z,y) (3.1)

for all x, y € X with (:r,~y) € E(G), where 0 < k < 1. Suppose that there exists xg € X
such that (zo, fxo) € E(G) and forxz, = ffxo, n=1,2,3, -+, n(@n, 2n) < N(Tpn, Tpi1)
and
(i1, Tig2) 1

sup lim ———————=2n(wi01, To) < —. 3.2

mzpl imoo 1)(Ti; Tit1) (e ) k (32
Also, assume that if lim d(zy,x) =0 for some x € X then lim n(x,z,) and lim n(z,, fz)

n—00 n— 00 n—00

’

both exist and are finite. If f is edge preserving and the graph G has the property (x),
then f has a fized point u(say) in X with d(u,uw) = 0. Moreover, f has a unique fized
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point in X if the graph G has the following property:

(xx) If x, y are fixed points of f in X, then (x,y) € E(G).

Proof. We first note that condition (3.1) holds for all z, y € X with (z,y) € E(G), as
d is symmetric. Suppose that there exists zop € X such that (zg, fzo) € E(G). We
construct a sequence (z,) such that z, = fo,—1, n =1,2,3,---. If 2,1 = x, for
some n € N, then z,,_1 = fz,_1 and hence z,_; becomes a fixed point of f. Therefore,
we assume that, x,_1 # x, for all n € N.

As f is edge preserving and (o, 1) € E(G), it follows that (fzo, fz1) € E(G) i.e.,

(z1,22) € E(G). Continuing this process, we can show that (z,,z,+1) € E(G) for all
n € NU{0}.

For all n € N, it follows from condition (3.1) that

d(Tpn, Tnt1) < k"d(zo, 1) (3.3)

and

d(xp, 2n) < E™d(zg, 20). (3.4)

We claim that x,, # x, for all m, n € N with m # n. If possible, suppose that
Ty = X, for some m, n € N with m >n. Letusput m —n=p € N. As xz, # x,41, it
follows that d(z,,, zn41) # 0. Now,

AT, Tpt1) = d(@p, frn,) = d@m, fom)

|
.

T, xm-}-l)

(
= d(xnﬂn xn+p+1)
kP d(xp, Tpg1)-

IN

This gives that k? > 1, a contradiction since 0 < k < 1. Thus, our claim is justified.

We shall show that (x,) is a 0-Cauchy sequence in X. In fact, we shall show that
lim d(zp, Zntp) =0 for all p € N.
n—oo

Case — I : Suppose p is even, that is, p = 2m for some m(> 1) € N. Then by using
conditions (3.3) and (3.4), we get
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d(xn7xn+p) S n(xnaanrl)d(xnaanrl) +77((En+1,$n+2)d($n+1,$n+2)
+77(xn+2; xn+2m)d(xn+27 $n+2m)

< (@ny 1) A(@ns Tg1) + N(Tng1s Tng2)d(@ng1, Tngo)
+77(33n+2a xn+2m) [U($n+27 xn+3)d($n+2v xn+3)
+77($n+37 mn+4)d($n+3a $n+4)]
+"7($n+27 xn+2m)"7(xn+4a xn+2m)d(xn+4v $n+27n)

< (@, Tug1)d(Tn, Tng1) + 0(Tng1, Tug2)d(Tng1, Toyo)

+77(33n+2a xn+2m) [77 (xn+2 , $n+3)d(xn+2 , In+3)

+77($n+37 xn+4)d($n+3v $n+4)]

—|—77(;Un+2, Tn+2m )77(%+4a xn+2M) [77 (xn+4v mn+5)d(xn+47 mnJrS)
+n(Znt5, Tnt6)d(Tn+5, Tnte)]

+1(Tn+2, Tnt2m)N(@Tnta, Tnt2m)N(Tnt6; Tnt2m)A(Tnte, Tnt2m)-

Continuing in this way, the last term of the above computation at (m — 1)-th step
should be

n($n+27 xn+2m)n($n+4a xn+2m) e n(xn+2mf27 mn+2m)d(xn+2m72; xn+2m)~

This can be further computed as follows:

d(Znt2m—2,Tniom) < NTniom—2, Tni2m—1)d(Tnio2m—2, Tni2m—1)
F0(Tngom—1, Tng2m—1)d(Tnioam—1, Tnt2m—1)
F0(Tntom—1, Tnt2m)d(Tniozm—1, Tni2m)-
Therefore, finally we obtain by using n(z,y) > 1 and n(z,, x,) < 9(zn, Tne1) that

ATy Tntp) < 0Ty Tps1)k"d(z0, 21) + 0(Tnt1, Tng2) k" Hd(z0, 1)
n+2m—1 [ )
+ ). ( 11 Tl(l"ja$n+p))77($z'>ﬂfi+1)kld($o,ﬂ?1)
1=n+2 Jj=n-+2
n+2m—2
+ H 0, T p)(Tng2m—1, Tngam—1) K" 2" (20, 20)
j=n-+2
< (@, T K d(T0, 21) + N(Tnt1, Tago) k" d(20, 71)
n+2m—1 1
+ > (Hﬂ(fﬂja$n+p))77($i»$i+1)kld(fﬂo»$1)
imnt2 =0
n+2m—1
+ H (25, Tnip)N(Tnt2m—1, Tnrom )K" TP d (20, ).
3=0
(3.5)

Let us put

T 7

T, = . (Hn(xj,mrﬁp))n(xi,le)ki'
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Then, condition (3.5) reduces to

ATy Tnp) < Moy Tnp1)K"d(T0, 21) + 0(Tnt1, Tpi2) k" Hd (20, 71)

+d($07 xl)[Tn+2m71 - ’rn+1}
n+2m—1

+ H n(xjv xn+p)77(xn+2m—17 xn+2m)k’n+2m_1d(l‘0, Zo)-
7=0

(3.6)

Condition (3.2) and the ratio test for series convergence together assure that the
following series is convergent:

Yo T s wnsp) | iz K.

i=0 \j=0

Thus, lim T, exists and the sequence of real numbers (T,) is Cauchy. Asn(x,y) > 1,
n—oo
it follows that
. i .
n(wi,wi) k< | [T 0@, znsp) | @i zi) k.
§=0
The above series being convergent, we have
Tlim 7z, zi1) k' = 0.
71— 00
Taking limit as n — oo, it follows from condition (3.6) that

nh_{glo d(zy, Tptp) = 0.

If m =1, then

A(Tp, Tnyp) = d(Tn,Tniz)

(@, Tnt1)d(@n, Tng1) + 0(Tnt1, Tng1)d(Tn1, Tng1)
FN0(@nt1, Tnro)d(Trny1, Tng2)

(&, Tnp1) K" d(20,21) + 0(@pt1, Tng2) K d(20, 20)
A0(Tng1, Trg2) K" d (20, 71)

— 0 asn — oo.

IN

IN

Thus,

lim d(zp,Zn4p) =0 for all even p € N. (3.7

n—oo

Case — II : Suppose p is odd, that is, p = 2m — 1 for some m € N.
If m =1, then

d(zy, Trtyp) = d(Tn, Tpy1) < kK d(x0,21) — 0 asn — oo,
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If m > 1, then proceeding similarly to that of Case-I, we obtain that
d(xnv mn+p) = d(l’n, 1’n+2m71)
< 0(@ns Tpg1)d(@n, Tgr) + N(Tns1; Tng2) A @, Tngz)
+77($n+27 xn—&-?m—l)d(xn—k% xn+2m—1)

n(zna xn+1)d(zna xn+1) + 77($7L+1, zn+2)d(xn+1, xn-&-?)
n+2m—2 %
+ Z ( H n(z;, l’n+p))77($z‘, zip1)k'd(zo, 21)
1=n+2 j=n+2
S 77(55717 anrl)d(:L‘ny anrl) + 77(9€n+17 $n+2)d<xn+1a $n+2)
n+2m—2 A
+ Y ( 11 (=, $n+p))77(90i7 zi1)k'd(2o, 21)
i=n+2 7=0
S n(xn, xn+1) knd(l'o, 1’1) + U(iﬂnﬂ, il'nJrg) kn+1d(1’0, xl)

n+2m—2 %
+ > ( [ anrp))n(xiv zip1)k'd(zo, 21)
i=nt2  j=0
= (@0, Tng1) K d(zo, 1) + 0(Tni1, Toy2) K (20, 21)
+d(zo, xl)[Tn-&-p—l - Tn-&-l}-

Since lim T, exists, passing to the limit as n — oo, we have
n—r oo

lim d(zn,zn4p) = 0.

n—oo

Thus,
lim d(xy,Zn+p) =0 for all odd p € N. (3.8)

n—oo

It follows from (3.7) and (3.8) that
lim d(zp,Zn4p) =0 for all p e N.

n—oo

Therefore, (z,) is a 0-Cauchy sequence in (X, d). As (X, d) is 0-complete, there exists
u € X such that
lim d(z,,u) = d(u,u) =0.

n—roo

Consequently, it follows that lim n(u,z,) and lim 7n(z,, fu) both exist and are finite.
n—oo n—oo

As (Tn, Tp41) € E(G) for all n > 1, by property (x), there exists a subsequence (z, ) of
() such that (z,,,u) € E(G) for all 4 > 1.

We shall show that u is a fixed point of f.
We assume that ,,, Tn,+1 € X \ {u, fu} for large i € N. Because if x,,11 = u, then
Tp,+2 = fTn,+1 = fu which implies that d(u, fu) = d(n, 11, Tn,+2) < K" d(xg, 21) —
0 as i — oco. This gives that d(u, fu) = 0. Consequently, it follows that fu = u. On
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the other hand, if z,,41 = fu, then d(u, fu) = d(u,xn,+1) — 0 as i — oco. Therefore,
d(u, fu) =0 and hence fu = u.

Now,
d(u, fu) < 0w, 2n,)d(u, 2n,) + 0(Tn,s Tn41)d (@0, Tny1)
+0(@n,+1, fu)d(Tn, 41, fu)
< nu, zp,)d(U, Tn,) + 9(Tn;, Tny+1) k" d(z0, 1)
+n(zn, 41, fu)kd(zn,, u).

Passing to the limit as ¢ — oo, we have d(u, fu) = 0 and hence u = fu.

For uniqueness, we assume that v € X is another fixed point of f. By property (xx),

we have (u,v) € E(G). Then,

d(u,v) = d(fu, fv) < kd(u,v).
Since 0 < k < 1, it follows that d(u,v) = 0 and so u = v. Hence, f has a unique fixed
point v in X and d(u,u) = 0. O

Corollary 3.2. Let (X,d, <) be a partially ordered 0-complete controlled rectangular
metric-like space defined by the control function : X x X — [1,00) and let f: X — X
be such that
d(fz, fy) < kd(z,y)

for all z,y € X with ¢ <X yory =< z, where 0 < k < 1. Suppose that there
exists xg € X such that o, fzg are comparable and for z, = f"zg, n =1,2,3, -+,
N(Zny Tn) < 9(Tpy Tny1) and

sup lim N@is1, Tit2)

X x <
m>1i=00 (T, Tiy1) @i+t Tm)

E.

Also, assume that if lim d(z,,z) = 0 for some € X then lim n(z,z,)and lim n(x,, fz)
n—oo n—oo n—oo

both exist and are finite. If f maps comparable elements into comparable elements and

the property (f) holds, then f has a fixed point u(say) in X with d(u,u) = 0. Moreover,

f has a unique fixed point in X if the following property holds:

(1) If z, y are fixed points of f in X, then x, y are comparable.

Proof. The proof can be obtained from Theorem 3.1 by taking G = G, where the graph

G is defined by E(G2) = {(z,y) e X x X :x Sy or y S x}. O

Corollary 3.3. Let (X, d) be a 0-complete dislocated rectangular b-metric space with

coefficient s > 1 and let f : X — X be a mapping. If there exists k € (0, %) such that
d(fx, fy) < kd(z,y)

for all 2, y € X, then f has a unique fixed point u(say) in X with d(u,u) = 0.

Proof. The proof follows from Theorem 3.1 by considering n(z,y) = s for all z, y € X
and G = Gy, where G is the complete graph (X, X x X)) . O

Remark 3.4. As every complete controlled rectangular metric-like space is 0-complete,
the results of this study are obtained under the weaker assumption.
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We now present an example to justify the validity of our main result. It should be
noticed that the well known Banach contraction theorem cannot explain the existence
of fixed point in the following example.

Example 3.5. Let X = {2} U{2+ 2 :n € NfUu{2—-1 : n € N} and for
m, n, n1 € N, n#nq, we define d: X x X — [0,00) as

1 1

d(2,2):0,d(2—£,2—g):3,d(2+—,2+7):107

1 1 1 1

d(2,2+ﬁ):7:d(2+ﬁ,2),d(2—7,2):2:d(2,2——),
1 1 1 1

d2+ =,2—=)=18=d(2— =,2+ —),

1 1 1 1
d2+ —,2+—)=11,d(2— —,2 — —) = mi .

( +n, +n1) ,d( o TL1) min{n,ny }

Then (X,d) is a O-complete controlled rectangular metric like space with control
function 1 : X x X — [1,00) given as follows: For r1, ro € N, we have

max{ry,re}, ifx=2+ %, y=2+ %, r1, ro # 1 simultaneously,
n(x,y) =< ri, ifsz:I:%,y:2orx:2,y:2i%7r17€1,

2, otherwise.

We note that (X, d) is not a dislocated rectangular b-metric space. If possible, suppose
that (X,d) is a dislocated rectangular b-metric space with coefficient s > 1. Then for
all z, y € X and all points u, v € X\{z, y},

d(z,y) < sld(z,u) + d(u,v) + d(v,y)].

Takingacz?—%,yzZ— L

m,r>1andu:v:27weget

1 1 1
d2—--,2— m) <sl|d(2- ;,2) +d(2,2)+d(2,2 — m) .
That is,
min{r,r+1} =r < 5[24—0—!—2].
Letting r — oo, we get oo < 4s, which is a contradiction.

Let G be a digraph such that V(G) = X and
E(G)=AU{(2,2+2):neNU{(2,2— 1) :n e N}. We define f: X - X as

2, ifre{2—-L1:neN}
fl@y=4 1, if v =3,
i—ﬁ, otherwise.

We see that f does not satisfy Banach contraction theorem with respect to the usual
metric d,, defined on X. In fact, for z = 2 and y = 3, we have d,(fz, fy) = du(f2, f3) =
dy(2,1) =1 and dy(z,y) = du(2,3) = 1. So, dy(fz, fy) = du(z,y) > kd,(z,y) for all
0 < k < 1. Hence, Banach contraction theorem with respect to usual metric cannot be
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applied to obtain fixed points of f.

We need to verify condition (3.1) for (z,y) € E(G). We have to consider the following
cases:

—~
&

,2) then d(fx, fy) =0= %d(
,3) then d(f:v,fy) =d(1,1) =

—
[\
SN—
— = =
N
—~
8
Qe w
S— N N
—~ o~~~
l\.’JCO[\.’)

(3) If (z,y) = (2+ 1,2+ 1), n > 2 then
d(fl',fy):d(2_3n+1v2 ﬁ)_3< 2 :%d(l'vy)
(4) If (z,y) = (2— X2 — 7) then d(fz, fy) —d(2 2)=0< %d(m,y)
(5) If (z,y) = (2, )then d(fz, fy) =d(2,1) =2 < % = %d(m,y).
(6) If (sc,y):(Q,?Jr 1), n > 2 then
(fxf ): (2, 3n1+1)_2<z_1d(37ay)'
(7) If (z,y) = 2—7) then d(fz, fy) = d(2,2) =0 < +d(z,y).

(2
Thus, condition (3.1) of Theorem 3.1 holds true for k = 1.

We note that f is edge preserving and any sequence (x,,) in X with d(z,,z) — 0 and
(Zn, Tni1) € E(G) for all n > 1 must be a constant sequence. In fact, z,, = 2 for all
n € N. So property (*) of the graph G is obvious. Also there exists xg = 2 — % such
that (zo, fzo) € E(G), x, = fr,_1 = 2 for all n € N and

) ) 1
777(3:“_1, Q:H_Q)?’](Z‘i_i,_l, Z‘m) =2< - = 3,

sup lim ?

m>11—00 77(3% xi+1)
n(xn, Tn) < (T, xpe1) for all n € N.
In addition, if d(x,,2) — 0 then lim n(z,, fz) and lim 7(x,x,) exist and are finite.
n— 00 n—oo

Furthermore, the graph G has the property (xx). Thus, all the conditions of Theorem
3.1 are satisfied. Now Theorem 3.1 can be applied to obtain a unique fixed point 2 € X
of f with d(2,2) = 0.

The following example shows that Theorem 3.1 cannot assure unique fixed point
without property (xx) of the graph G.

Example 3.6. Let us take X = [3,4] and define d : X x X — [0, 00) as follows:

For n, ni, na, r € N, ny # ng, r is not divisible by 3 and = € (3,4)\{3 + % :n € N},
y#zy, 2 € (3,4\{3+ 2 :neN},

1 1 1

1 1 1 1

d —)=14=d(3+ —,3),d —)=3=d(3+ —
(3,3+3T) (3+3r,3), (3,3+9n) 3 (3+9n,3)7

d(z,y) =9 =d(y, 2), d(y,3) = 4 =d(3,y),

1 1
—_ = 1 = —_
d(3 + 3n,y) 5=d(y,3+ 3n),

1 1
,34+ —) = 3min{ny,na}.

d(3 +
(3+ 3n 3no
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For s, t € N, we define n: X x X — [1,00) to be symmetric and
3max{t,s}, if x=3+4+4,y=3+3,

n(z,y) =4 3t if 2 €[3,4\{3+ s :neN},y=3+,

3, otherwise.
Then,
d(z,y) < n(z,u)d(z,u) +n(u,v)d(u,v) +n(v,y)d(v,y)
for all z, y € X and all points u, v € X\{z, y}.

Therefore, (X, d) is a controlled rectangular metric like space. Moreover, (X, d) is 0-
complete. But (X, d) is not a dislocated rectangular b-metric space. If possible, suppose
that (X, d) is a dislocated rectangular b-metric space with coefficient s > 1. Then for
all z, y € X and all points u, v € X\{z, y},

d(z,y) < sld(z,u) + d(u,v) + d(v,y)].
For z = 3+3—1h, where h € N is divisible by 3, y = 3+ﬁ and u = v = 3, we have
1 1 1 1

—— V< - [E—— N
3h’3+ 3(h+1)) <s d(3+3h’3)+d(3’3)+d(3’3+3(h+1))

d(3+
That is,
3min{h,h+ 1} =3h < s(3+ 0+ 14).

Letting h — oo, we get oo < 17s, which is a contradiction.

Let G be a digraph such that V(G) = X and E(G) = AU{(3,3+ 5-) : n € N}. We
define f: X — X as

8 ifz € {3+ 5= :n €N, n is not divisible by 3},
fr=1< 4, ifx =4,

3, otherwise.

We observe that f is not a contraction operator with respect to the usual metric defined
on it. In fact, for z = 13—0 and y = %’ we have d(fz, fy) = d(%,?)) = é and
d(z,y) = d(%,%) = 5. So that d(fz, fy) > kd(z,y) for all 0 < k < 1. Hence,
Banach contraction theorem with respect to the usual metric cannot be used to get

fixed point of f.
We now verify condition (3.1) for (z,y) € E(G). The following cases to be considered:
(1) If & = 3 then d(fx, fz) = d(3,3) =0 = 1d(z, x).
(2) If z € {3+ 5= : n € N, n is not divisible by 3} then
d(fz, fr) =dB+ 55,34 55) =2 < 2 = Ld(z,2).
(3) If z € {3+ & :n € N} then
d(fz, fx) =d(3,3) =0 < 3 = 1d(z, z).
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(6) If (z,y) € {(3,3+ 5=) : n € N, n is not divisible by 3} then
d(fz, fy) = d(3,3 + 57) =3 < 1 = Jd(z,y).

(7) If (z,y) € {(3,3+ 5=) : n € N} then
d(fx, fy) =d(3,3) =0 < § = jd(z,y).

Therefore, condition (3.1) of Theorem 3.1 holds for k = 1.

We note that f is edge preserving and any sequence (x,,) in X such that d(z,,z) — 0

and (2, Tpnt1) € E(G) for all n > 1 must be a constant sequence which is either z,, = 3
for all n € N or x,, = 4 for all n € N. So property (*) holds trivially. Also there exists
x9 = 3+ 5 such that (zo, fzo) = (3+ 5=,3) € E(G) and x, = fx, ; =3 foralln € N
with

N(@it1, Tit2) 1

N(Tit1,Tm) =3 < — =4,

i
sup lim A

m>1%—0 n(ﬂfi,wiH)
W(fﬁn,fn) =3= n(xnvxn—‘rl), Vn € N.

Therefore, condition (3.2) of Theorem 3.1 is satisfied. In addition, if d(z,,2) — 0 then
lim 7n(z,, fz) and lim 7n(z,z,) exist and are finite. By applying Theorem 3.1, we can
n—oo n—oo

find two fixed points 3, 4 € X of f with d(3,3) = 0 and d(4,4) = 0. As (3,4) € E(G),
the graph G does not have the property (xx). We observe that f fails to get unique
fixed point due to lack of the property ().

4. Some Coincidence Point Results

Definition 4.1. [1] Let f and g be self mappings of a set X. If y = fa = ga for some x
in X, then x is called a coincidence point of f and g and y is called a point of coincidence
of f and g.

Definition 4.2. [24] The mappings f, g : X — X are weakly compatible, if for every
x € X, the following holds:

g(fz) = f(gx) whenever fxr = gz.

Proposition 4.3. [1] Let f and g be weakly compatible self maps of a nonempty set
X. If f and g have a unique point of coincidence y = fx = gz, then y is the unique
common fixed point of f and g.

We state the following lemma which is a key result in this section.

Lemma 4.4. [21] Let X be a nonempty set and f : X — X a function. Then there
exists a subset U C X such that f(U) = f(X) and f: U — X is one-to-one.

As an application of Theorem 3.1, we obtain the following result.

Theorem 4.5. Let (X,d) be a 0-complete controlled rectangular metric-like space
defined by the control function n: X x X — [1,00) and let f : X — X be such that

d(fz, fy) < kd(z,y) (4.1)
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forall x, y € X, where 0 < k < 1 is a constant. Suppose that there exists xg € X such
that for x, = ffxo, n=1,2,3, -, N(@n, zn) <Y Xn, Tpt1) and

T](»’Ui+1, $i+2)

sup lim Tit1, Tm) < —-

m21i—>oo 77(1’2',1'“_1) 77( o m) k

Also, assume that if lim d(zp,x) = 0 for some x € X then lim n(x,z,) and
n— oo n—00

lim n(z,, fz) both exist and are finite. Then f has a unique fized point u(say) in
n—oo
X with d(u,u) = 0.

Proof. The proof follows from Theorem 3.1 by taking G = Gj. O

We now present the main result of this section.

Theorem 4.6. Let (X, d) be a controlled rectangular metric-like space defined by the
control functionn : X x X — [1,00) and the mappings f, g : X — X satisfy the following
conditions:

d(fz, fy) < kd(gz, gy) (4.2)
forallz, y € X, where 0 < k <1 is a constant, f(X) C g(X) and g(X) is a 0-complete
subspace of X. Suppose that there exists xo € X such that for gz, = fr,_1, n =
1a 2a 3; ) n(gxnagxn) < n(gmnvgxn-ﬁ-l) and

sup lim N(gTit1, gTit2)

) MITi+1,9Tm) <
m>1 00 77(933i7g$z‘+1) ( o m)

T =

Also, assume that if lim d(gx,,x) = 0 for some x € g(X) then lim n(x,gz,)
n—00 n—0o0
and lim n(gx,, fx) both exist and are finite. Then f and g have a unique point of
n—oo

coincidence u(say) in g(X) with d(u,u) = 0. Moreover, if f and g are weakly compatible,
then f and g have a unique common fized point in g(X).

Proof. By Lemma 4.4, there exists U C X such that g(U) = g(X) and g : U — X is
one-to-one. Define h : g(U) — g(U) by h(gx) = fx. This is possible as f(X) C g(X).
Then h is well defined, as g is one-to-one on U.

For all gz, gy € g(U), we obtain from condition (4.2) that

d(h(gz), h(gy)) = d(fx, fy) < kd(gz, gy)-

This proves that h : g(U) — g(U) satisfies condition (4.1) of Theorem 4.5. Since
g(U) = g(X) is 0-complete, by Theorem 4.5, there exists a unique gyo € g(X) such that
h(gyo) = gyo = u, say with d(u,u) = 0. That is, fyo = gyo = u. Hence, f and g have
unique point of coincidence u in g(X).

If f and g are weakly compatible, then by Proposition 4.3 it follows that f and g have
a unique common fixed point in g(X). O

Corollary 4.7. Let (X,d) be a 0-complete controlled rectangular metric-like space
defined by the control function n : X x X — [1,00) and let g : X — X be an onto
mapping satisfying

d(gz,gy) > Bd(x,y)
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for all =, y € X, where 5 > 1 is a constant. Suppose that there exists xg € X such that
for Tp—1 = 0gTp, N = 1a 27 37 Tty n(xn71;$n71> < n(xnflyxn) and

sup lim (i1, Tit2)

Tig1, Tm) < B.
m>1i—00 0T, Tiv1) N(@i41, Tm)

Also, assume that if li_>m d(xn,z) = 0 for some z € X then li_>m n(x,x,) and

lim 7n(z,,z) both exist and are finite. Then g has a unique fixed point in u(say)
n—oo

in X with d(u,u) = 0.

Proof. The proof follows from Theorem 4.6 by taking f = I, the identity map on X and
ﬁ = %. |:|
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