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Abstract. The main aim of this research paper is to introduce a new extension of
7-Gauss hypergeometric function and 7-Kummer hypergeometric function by using
an extended beta function. Some functional relations, summation relations, integral
representations, linear transformation formulas, and derivative formulas for these
extended functions are derived.

1. Introduction and Preliminaries

In the past years, various extensions, properties and applications of special functions
have been discussed by many researchers and authors. Here, we aim to study
some results of beta function and 7-Gauss hypergeometric function by using Wiman’s

function.
Classical Euler Beta function and Gamma function are defined as [10]

1
B(y1,2) :/ (1 — ), (1.1)
0
where R(y1) > 0 and R(y2) > 0.
o0
T(y) = / tr—Le~tat, (1.2)
0
where R(y;) > 0.
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Gauss hypergeoemtric function o F(z) is defined as [9]:
s e N~ B(d24n,03 —5) 2"
211 (01, 625033 2) = F(01,02; 033 2) = ; B(02.05 — ) (0107 (1.3)

(R(63) > RN(d2) > 0and |z| < 1)

The integral representation of the Gauss hypergeometric function is defined as:

1 1
F(51,52;53;Z)_M/0 9271 (1 — )% 021 (1 — 2t) %4t (1.4)

Confluent hypergeometric function is defined as [9]:

> B((52+’I’L,(53 —(52) Z"
P ) = P ) — § — 1.
1F1(02, 035 2) (02,93 2) — B(d2,05 — d2) n! (1.5)

(R(d3) > R(d2) > 0)

The integral representation of the confluent hypergeometric function is defined as :

1 1
O(5y, 05 2) = 7/ $92-1(1 — g)ls=d2-1pat gy 1.6
(02,0059) = g5 | 7= (1.6
7-Gauss hypergeometric function 2R (z) is defined as [12]:
F(ég) > (51)nF(52+n7) z"
7iz) = = 1.
2R (01,62, 03375 2) 1"(62)7; (05 +n7)  nl (1.7)

(1> 0;]2] < 1;R(3) > R(d2) > 0 when |z]| = 1)

The integral representation of the 7-Gauss hypergeometric function is defined as:

1 P S5—s—1 =5
B — t°2 1—1¢)%% 1 — 2t7)"%1dt. 1.8
B(62,03 — 02) /0 ( ) ( ) (1.8)

(1 >0,]arg(l — 2)| < m;R(3) > N(52) > 0)

2R (61,02,03; 75 2) =

The 7-Kummer hypergeometric function is defined as [7]:

524”[7/7'
(6275377_ Z ZF (53+TLT n'a (19)

(T>0,(52 GC;égEC\ZS,?R(ég) >§R(§2) >0)

whereas the integral representation of the 7-Kummer hypergeometric function is defined
as:
D1 (8a,05;7,2) = 1/1#521(1 —1)%s 0212t gy (1.10)
ey B(d2,03 — 02) Jo ' '

One parameter Mittag-Leffler function and two parameter Mittag-Leffler function
(Wiman’s function) is defined as [5, 8, 13]:

z) = ;}m (1.11)
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where R(y1) > 0 and z € C.
k

0o
z
E z) = E _ 1.12
Z/hyz( ) P F(ky1+y2)’ ( )

where R(y1) = 0, R(y2) > 0 and 2z € C.

In 1997, Chaudhary et al. extended the classical Euler beta function defined in
[2] and then, in 2004, he used this extended beta function to generalize the Gauss
hypergeometric function and confluent hypergeometric function as [3]:

1 -y
B(y1,y2;y) = / tylfl(l _ t)yzflet(rﬂ dt, (1.13)
0
where R(y1) > 0, R(y2) > 0, R(y) > 0.
Later, in 2014, Choi et al. [4] defined a generalization of extended beta function, using

it to broaden the definition of extended hypergeometric Gauss and extended Confluent
hypergeometric function as follow:

1
B(y1,ya2; u,v) =/ e (R e e (1.14)
0

where R(y1) > 0, R(y2) > 0, R(u) > 0 and R(v) > 0.

iB(TlJrk,M*Tl;TaS) 2

Fr s ;71,725 = -— 1.15
s(T0,71,72; 2) 2" Blr,ra—r1) ()& (1.15)
where R(r1) > R(r1) >0, r >0, s >0 and |z| < 1.
= B(ry + k,ro —7r1;7,8) 2F
D, (r1,r0;2) = —. 1.1
5(r1,72;2) kZ:O Bl ) K (1.16)

Remark 1.1. After putting » = 0, and s = 0, equations (1.15) and (1.16) gives Gauss
hypergeometric function and Confluent hypergeometric function respectively:

o0

Foo(ro,rm1,72;2) = F(ro,r1,re;2) = Z

k=0

_ k
B(’r‘l +k7’r2 Tl).(ro)k% (117)

B(Tlﬂ“z*ﬁ)

and

o0

Z B(ry +k,rog —11) 2*

= (1.18)

@0,0(7“1,7“2;2) :(I)(Tl’m;z) - B(ri,re —11) k'’

k=0

In 2018, Shabad et al. [11] extended classic Euler beta function using one parameter
Mittag-Leffler function as:

BZ(yl,yz)z/O tyl_l(l—t)yZ_lEu(t(l_th))dt (1.19)

where R(y1), R(y2) > 0, R(u) > 0 and R(y) > 0.

> Bl (r1 + k,ro —11) P
E @ — 1.2
B(’I"l,’l“g —7“1) (TO)k k}' ( 0)

Fro(ro,m1,7m252) =
k=0
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where R(r2) > R(r1) >0, >0, r 20 and |z| < 1.

iBg(Tl—Fk,Tg—?"l)i

1.21
B(r1,7ﬂ27711) k! ( )

(I)na(rl; T2, Z) =
k=0

where R(rq) > R(r1) >0, « >0, r > 0.

Remark 1.2. After setting « = 1 and r = 0, equations (1.20) and (1.21) gives Gauss
hypergeometric and Confluent hypergeometric function respectively:

Fo1(ro,m1,72;2) = F(ro,r1,72;2), (1.22)
Do 1(r1, 725 2) = P11, 725 2) . (1.23)

Very recently, Goyal et al. [6] introduced an extension of the beta function using the
Wiman function:

1
u — _ —Uu
B((uz,’w)(ylvy2) = /0 t 1(1 - t)y2 1Eu1,u2 (t(]. — t)) dta (1'24)

where min{R(y1), R(y2)} > 0, R(u1) > 0, R(uz) > 0, uw > 0 and E,, 4, is 2-parameter
Mittag Leffler function given by (1.12).

2. Extension of 7-Gauss hypergeometric and 7-Kummer hypergeometric
function

In this section, we introduce a new extension of 7-Gauss hypergeometric function and
7-Kummer hypergeometric function by using extended beta function given in (1.24).

Definition 2.1. A new extended 7-Gauss hypergeometric function RE:EM) (61,09;03;7; 2)

is defined as:

(r) )(52—1—717,53—52) o

x B
RY) (01,00 85im2) = Y L2 (0)n " (2.1)
n=0 :

(r1,72)

B(62,63 — 02)

where R(d3) > R(d2) > 0, R(r1) > 0, R(rz) > 0,7 >0, |2| < 1 and B (y1,32) is
extended beta function.

We have another representation of a new extended 7-Gauss hypergeometric function
after substituting beta function value in terms of gamma function, i.e.,

R(T)

(r1,m2)

ING) > r z"
(01, 092;03;7; 2) = F((FQ)F(((;;)(?Q) ;}(61)713(83’%)(62 +nTt, 83 — 62)5. (2.2)

Definition 2.2. A new extended 7-Kummer hypergeometric function @E:i r2) (02;03;7; 2)

is defined as:

) (r)
B (52 + nt, 03 — (52) n
(r) e ) — (r1,r2) ’ S
(1,2 (023031 T3 2) = ;) B(62,05 —05) 1l (23)
where R(d3) > R(d2) > 0, R(r1) > 0, N(r2) > 0, r > 0 and B((Q’Tz)(yl,yg) is extended

beta function.
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After substituting beta function value in terms of gamma function, we have another
representation of a new 7-kummer hypergeometric function as follows:

(r) I'(3) > g =
(1.0 (023035 75 2) T(32)T (55 — 5) nz:% (r1.r) (02 + 117, 03 — 62) o (2.4)

where R(d3) > R(d2) > 0, R(r1) > 0, R(r2) >0, 7 > 0.

Remark 2.3. We know that 7-Gauss hypergeometric function does not change if the
01 and &5 parameters are swapped while keeping d3 fixed. This symmetric property with
respect to parameters §; and do can also be deducted from the new extended 7-Gauss
hypergeometric function (2.1):

R(T)

(r1,72)

(81,095 63373 2) = R\”)

(r1, 12)(62751;63;7—; Z) (25)

Then, after replacement of §; with d2 from above property (2.5), we have

o ("') (S 6 _6 n

(T1 Tz)( 2 +NT,03 2) z
(ﬁ m)(al,az,aw 2=y Bloa 50— 5 (01)n =
X
B(

n=0

00 (7”)

2 Tl T2

Remark 2.4. (i) If we set 7 = 1 and 7, = 1 in (2.1) and (2.3), then we get a new
extension of Gauss hypergeometric function and confluent hypergeometric function given
by (1.20) and (1.21), respectively.

n 1)(51,52,53, 2) = F(y.r,)(01,02; 035 2) (2.7)

d1 + nt, 03 — 01) n
(62)ni-
01,03 — 01) n!

(2.6)

and
T1 1)(52,537 ) (I)(T,Tl)((SQ;(S;;;Z). (2.8)

(ii) If we set » = 0, and 11 = 7o = 1 in (2.1) and (2.3), then we get 7-Gauss
hypergeometric function and 7-Kummer hypergeometric function given by (1.7) and
(1.9), respectively.

RE(l),)l)(51352;53;7_;Z) = R(61,02;03;7; 2) (2.9)
and
‘I)E? 1)(025 03573 2) = ®(02;03; 73 2). (2.10)

(iii) If we set r =0, 7 =1 and r; = 72 = 1 in (2.1) and (2.3), then we get Gauss
hypergeometric function and confluent hypergeometric function given by (1.3) and (1.5),
respectively.

F{ ) (01,02; 053 2) = F(31, 63 63; 2) (2.11)
and

‘I’E??l)(ég;dg;z) = ®(d9; 03; 2). (2.12)
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(61,02;03;7; 2) and o™

(r1,72)

Theorem 2.5. Consider R\

(r1,72)
the following functional relation holds:

(623835 75 2) functions. Then

r 1) r
RETLQ)((SL(SQ;(SS;T;Z) 52R(7"3 rs) (51,52 + 1; 03 + 1;7-;2;)
03 — 02 ,(r) . .
+ R(m 7"2)(51752’53 + LTa 2)7 (213)

3
where R(d3) > RN(d2) > 0, R(r1) >0, R(rz) >0, r >0 and |z| < 1.

0o r
(625035 752) = 5—@8 ) (52+1;53+1;T;z) (I)ET) )

where $(d3) > 0, R(d2) > 0, R(r1) >0, R(r2) >0, and r >0

q,(r)

(r1,m2)

(62503 +1;7;2), (2.14)

Proof. Using the following known relation from [6]

B((Zf,w)(yl,yz) = B((ZE,W)(ZUM?M +1)+ B((uf un) W1+ 1 92) (2.15)
n (2.1), we have
R (01,0005 7; %)
_ i(él) B((:z,rg)(éé +nrt+1 53 — (52) + B((Tz 7‘2)(62 “+nT, 03 — 0o + 1) ﬁ
— " ((52, 53 — (52) n!
(r) n
= Z(él)nB(rlﬂé)(62 T + 17 53 _ 62) i
0 B(52,53 - 52) n!
< B (6 nm Gy — 0a+ 1) o

(r1,r2) -
* ;(51 B(62,05 — 6) l

_ B(6y+ 1,85 — 85) i 5 nt,ijm(&Q T+ 1,65 — 63) on

B(62,63 — d2) — B(d2 + 1,03 — d2) n!
(62163_62+ ) i ((:1) rz)(52+nT763 _52+1)i
(623 53 - 52 "0 (52, 53 — (52) n! '

Then, using the value of beta function in terms of gamma function together with (2.1),
allow us to get the desired result. Similarly, using (2.15) in (2.3) and following the
same rule that led to the result (2.13), we obtain the desired statement (2.14), and the

theorem is fully proved. O
Remark 2.6. (i) From (2.5), we observe that for RET) m)(51,52;§3;7;z) another
functional relation that also holds is:
R (01,0005 7;2) = glR(ﬁ oy (02,010 + 1505 + 1575 2)
+ QR(T) (02,01;95 + 1;7; 2). (2.16)

33 (r1,72)
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(i) If we use (2.5) on the right side of (2.16), another functional relation obtains for

RE:? Tz)(51, d2; 03;T; ) is as follows:
RT (01, 63:85:712) = LRY)  (8) 41, 80105 4+ 1573 2)
(r1,72) 1,02,03,7, 6 (r1,m2) 1 y 02,03 y T
03— 0
+MR(T) (61,02;03 +1;7; 2). (2.17)
s (r1,r2)

Theorem 2.7. Consider R( ) (51,52,53,7' z) and 3"

(ri.r2) (62;53;7;2) functions. The
following sum relation holds

oo S .
(81,03 0373 2) = (63 — 62) > a)ic_per (61,00 4 k5 03 + k + 1573 2),

R(T)
= (03)k41 (r1.r2)

(r1,m2)

(2.18)
where R(d3) > RN(d2) > 0, R(r1) >0, R(r2) >0, r >0 and |z] < 1.

. [ee) 6 ;
B (020375 2) = (05— 62) > (92)s o) (Gt kids+k+1mz),  (219)
1,72 = (53)k+1 1,72

where R(d3) > 0, R(62) > 0, R(r1) >0, R(r2) >0, and r >0
Proof. Using the following known relation from reference [6]:

B L (n,y2) = kZOB((ZB’uz)(yl +kyys +1) (2.20)

n (2.1), we have

o 5% BT () 4+ nr+k, 03 — 62+ 1) n
() s 20 By (02 05 — p
R(Tl,rz)(él’ 023 033 75 2) = Z B(d2,d5 — d2) (01)n n!

< B\ (Gatnr+kds—0+1)  on

kZ::o nZ:o B(62,085 — 82) (1) p
:i 62+k53_(52—|—1)
=0 52753_52)
3 B((jl) 72)(52+TZT—|—]§753_52+1) 5 P
,;O (62+k,63—62) (1)nﬁ

Moreover, from (2.1)

i 3(52 + k,d03 — 6o + 1) R(T)

(r)
R B((SQ, 03 — 52) (r1,r2)

(r1,m2)

(01,09;03;7;2) = (61,02 + k; 03 + k + 1; 75 2).

k=0

Using the value of beta function in terms of gamma function and value of gamma function

in terms of pocchammer symbol in the above equation, we obtain the desired statement
(2.18).

Similarly, using (2.20) in (2.3), and the following the same rule getting to result

(2.18), we obtain the desired statement (2.19), and the theorem is fully proved. O
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Remark 2.8. (i) From (2.5),we observe that for RE:? 1y (015 025 035 75 z) another

summation relation that also holds is:

RE:E 1) (01,023 03375 2)
oo 5 ”
=(05—061)) (g 1k R (02,01 + ki 85 + k + 175 2). (2.21)
= (03)k+1

(ii) If we use (2.5) on the right side of (2.21), we obtain another summation relation for
R(T) (51, 02;03;T; z) as follows:

7"1 ""2

(r)
Riryim)

(5 ) fj O g

2 Gy

(01,025 03573 2)

(01 + K, 62563+ k+ 1575 2). (2.22)

Theorem 2.9. Consider R( ) (51,52,53,7 z) and o)

(r1,7m2)

((52; 03; 735 2) functions. The
following sum relation holds .'

R 7«2)(51’ 023 03; 73 2)
(02 — 03 + 1)k B(d2 + k,1) () . -
_Z k! B(62,03 — 82) R oy (01,02 + k502 + K+ 1573 2), (2.23)
where 9?(53) >0, R(d2) >0, R(r1) >0, R(ra) >0, r >0 and |z| < 1.
(I)Erz 7_2)(62;63;7-.2,)
(02— 63+ DB + k1) | -
B Z k! B(b5,05 — 03) (1) oy (02 + K52 k173 2), (2.24)

where R(d3) > 0, R(d2) > 0, R(r1) >0, R(r2) >0, and r > 0.

Proof. Using the following known relation from reference [6]:

Bl o1 =0 = 32 BB 1+ (2.25)
n (2.1), we get B
R (81,00 05;752)

L& (1462~ b B O 02 nT k1) 5
= ! B(62,63 — 5) nl Om

. B(Ss + ky 1)(1+ 85 — 63)i = Blr) )@ 407 +k,1) o
- P k! B(02,03 — d2) ;) B(6y + k, 1) nr
_ ; B(ézljl‘g(zg:'jfs;) 03 )k RE:? m)(51, 0o + k; 60 + k + 1575 2).

Similarly, using (2.25) in (2.3), and following the same rule getting to result (2.23), we
obtain the desired statement (2.24), and the theorem is fully proved. O
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Remark 2.10. (i) From (2.5), we observe that, for function R (01,02;05;7; 2)

(r1,72)
another summation relation that also holds is:

R m)(ah 023 03; T z)
51 + k, 1 — 03 + 1)k ()
= ; 1,75 2). 2.2
Z ko B( 51,53—51) Ry ) (02,01 + ks 01+ K+ 173 2) (2:26)

(ii) If we use (2.5) on the right hand side of (2.26), we have another summation relation
for RE:? Tz)(éh d2;03;T; 2) as follows:

R (01,0203 7; 2)

B i B(81 + k,1)(61 — 83 + 1)
B k! B(01,03 — 61)

R(rl 72)(51 +k,02;00 + k+1;752). (2.27)
k=0

Theorem 2.11. Consider R( ")

(r1,72)

(61, 02; 03;7; 2) and o™

(r1,7m2)

(52; 03;7; 2) functions. The
following results holds:

REQ r2)(51752;53;7'§2)
(02 +1,03 — 02+ k—1) )
— . . . 22
Z ( ) (527 03 — 52) R(T‘lﬂ'z)((sl’ 02 + 103 + k5 73 Z)’ ( 8)
where R(d3) > 0, R(d2) > 0, R(r1) >0, R(re) >0, r>0,7>0, k€N and |z] < 1.
@E:z rz)((52;53;7'z)
fz 52+l§3762+kil)<1>() (02 + ;05 + k; 73 2), (2.29)
1=0 B(d2,d3 — 02) (r1,r2)

where R(d3) > 0, R(62) > 0, R(r1) >0, R(re) >0, andr >0, 7> 0 and k € N.

Proof. Using the following known relation from reference [6]:

k
kY L
Béuf W15 92) = Y (Z)B((uf w1 F Ly +k—1) (2.30)
=0
n (2.1), we have
R() (81,05 6373 2)

n
n!

L 0)n (R
L T
3(52»53—52) <Z <Z)B(r1 2) (52+n7‘—|—l 3 —52+k—l)>

=0

Il

k . Zn
l) 5% 53—52 (ZBgrfm (O3 +n7 41,05 — 62+ k —1)(51)n '>

> (
(k) (G5 + 1,85 — 52+k—1§: B (G2 +nm+1,05— b +k—1)  on

?rH

! B(03,05 — 02) B0y +1,05— 0634+ k—1) Ou)n Ty

N
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B G+ 1,05~ 0o+ k—1) () P
E:() Bl 0y —ty) s (01,02 + 0+ ki7i2).

Similarly, using (2.30) in (2.3), and following the same rule getting to result (2.28), we
obtain the desired statement (2.29), and the theorem is fully proved. O

Remark 2.12. (i) From (2.5), we observe that, for function R ™)

(r1,m2)

(61,02;03; 75 2) the
following result holds:

R (01, 00; 0575 2)

7'1 7‘2

B (G1+0d3 =1 +k—1) o ) -
-3 ()OO (e sty kin.

(ii) If we use (2.5) on the right hand side of (2.31), we have another result for
R(T)

(r1,m2)

R (01,05 0373 2)

(81,82;63; 75 2) as follows:

k
51+l(53 51+k ) ")
81 + 1, 89: 05 + ki 73 2). 9.39
;( ) B(61,d3 — 61) R(ﬁrz)( 1+ 1,095 03 4+ k5735 2) (2.32)

(01, 02;03;7; 2) and o™ (62;63;7;2) functions. The

(r1,r2)

Theorem 2.13. Consider RET) ra)

following integral representation holds :
REQ,,-Q)(51752;53;7'§2)
1 st S5—85—1 -5
== 127 (1 =) 2 (1 —2t") - E dt, (2.33
Bon gy ) T ) By () e 239)
where R(d3) > R(d2) > 0, N(r1) >0, N(r2) >0, r >0, 7 >0 and |z| < 1.

") (89;65;7;2)

(r1,m2)

! ' 021 83—62—1 zt7 -
= B —o | AR et B — 2.34
B(62,95 — d2) /0 ! ( 2 € (r1,r2) (t(l _ t)) dt, (2.34)
where N(d3) > RN(d2) > 0, R(r1) >0, R(r2) >0, r >0 and 7 > 0.

Proof. Using the following known result from Reference [6]:
1
u _ _ —Uu
Bl Wi 1e) = / 71— )22 By ) (t(l—t)) dt (2.35)
in (2.1), we have
R() (51,62;53;7-@

(ri,r2)
i / t§2+nT—1(1 _ t)63—52—1E _77‘ dt ﬁ
@@—@n (rer2) \ 31— ¢) n!

0
oo

_ 1 Lo s N
_m;(él)n </O t (1_t) E(m,'l‘z) m t"Tdt 7'

=0
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Changing the order of integration and summation, we get:

RO (61,6203 75 2)
1 ! So—1 Sa—08o—1 —7r o (zt7'>n
= = 2 1— 3—02 o .
B(02, 83 — 02) /O t ( t) E(T177’2) t1—1) dt 7;0(61)n ]
Since,

> Zt’r n

Z(‘Sl)n( n') =(1- ZtT)ftsl; [t|<1.

n=0 °

The last expression becomes the required result:

RE:E,M) (61,02 03375 2)
1

1
B(62,53 —62) /0 ( ) ( ) ( 1 z) t(l _t)

Similarly, using (2.35) in (2.3), and following the same rule getting to result (2.33), we
obtain the desired statement (2.34), and the theorem is fully proved. O
Remark 2.14. From (2.5), we observe that, for R (81, 02; 03;7; 2), the following

(r1,r2)
integral representation holds:

REQ’TQ)((SM 02503375 2)
1 —r

1
=— | "1 —p)B N1 — ") %2 E, () dt. (2.36
B L T T s By (s ) e (236)

Corollary 2.15. Consider R!" (61, 02;03;7;2) and 3" (02; 03;7; 2) functions.

(r1,72) (r1,r2)

The following integral representations hold:

(r) S ) — 2 i 202—1(qip ) 203—202—1
R B daidmiz) = e [ (cosa > sinay 2
“E(ry ) (42) [1— z(cosz)¥ ] % dx (2.37)
cos? zsin® x
and
(I)(T) (5 < 5a: Z) _ 2 %(COS $)26271(Sinx)253726271
(r1,r2) 2;03;T; - B(62,53 —(52) o

’ E(T’17T2) < — 2 )ez(cosx)Qde~ (2.38)

cos? xsin” x

Proof. The corollary is easily proved by choosing t = cos? z in (2.33) and (2.34). O

Corollary 2.16. Consider REZ 7_2)((51,62;(53;7';z) and @E:i 7,2)(52;53;7';z) functions.
The following integral representations hold:

2

R (01,09;05;7;2) = B(0.05 = 02) —52)/0 (sin )92 (cos 2) 2032021

(r1,m2)

“E(ry 1) <_742> [1 — z(sinz)?7] "% dx (2.39)
’ cos? zsin® x
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and
") (831037 2) = 2 %(sinx)2‘52*1(cosx)253’2‘$2’1
(r1,r2) 2,03,7, = 3(52,63—62) o
—-r : 27
By oy | ————— ) 2602 g, 2.40
(r1.r2) <0052x81n2x>e o (2:40)
Proof. The corollary is easily proved by choosing ¢t = sin® z in (2.33) and (2.34). O

Theorem 2.17. The Mellin transformation for REQ ,2)(517 d2;03;7; 2) and

E:i 7n2)(52;63;7" z) are given by:
M{R(Tl ,,2)(51, 02503375 2); 8}
(r1,72)
T, (s)B(d2 + 8,03 — 62+ s)
= R(01,02 + 803+ 2s;7; 2 2.41
B(b2, 63 — 02) (81,02 5305 ) (2:41)
where R(d3) > N(d2) >0, RN(r1) >0, R(re) >0,s>20,r>0,7>0and |z| <1 and
M{<I>(T1 ) (52;(53;7';z);5}
(r1,72)
FO (8)B(52 + S, (53 — 52 + S)
= d(H ;03 + 28373 2.42
B(0, 03 — 02) (%2 + 5385 + 2837 2) (2.42)
where R(d3) > RN(d2) > 0, R(r1) > 0,R(r2) >0,s>0,r >0 and 7 > 0.
Proof.

1 o o N
MAR(, ) (81,0203 73.2); 5} = / {5253_52)/ 271 (1 = 1) (1 — 7)™

—r .
. E(rl,rg) (M) dt}r L .

Interchanging the order of integrations, the last expression read as:

1 ! d2—1 63—02—1 -4
02711 — )02 (1 — )~
B(627(53—62)/0 ( ) ( )
t(l R

rE,. . () dr] dt .
[/0 (ror2) \#(1 1)
1

1 o)
— t(52+5—1 1 —¢ 03—02+s—1 1 _ tT —01 / S—lE - _ d dt
S (== | [ B (e
From the known result in reference [1]:
o r
DT () :/ T By (= 7 )

0

and, using it with 7 = 0 in the above equation, we get

M{R(T) (01,09;03;7; 2); 8}

(r1,m2)
1 L ate S3—ba+s—1 51 [r(rira)
=———— [ 2T 1 )Tt (1 — ) T dt
3(52753_52)/0 (1-1) (1= 2y~ 0§ (s)]

M{R(é Tz)(517 02; 03,73 2); 8} =

Let v = then:
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B B(52 + 5753 B 52 + S) /1 t52+571(1 o t)63752+571(1 o ZtT)iél |:F(T177‘2)(S):| "
- 0
0

B(52,53—(52) B(52+S753_62+8)
 B(82+ 5,85 — 05 + )TV (s) /1 to2ts=1(] — ¢)a—dats=1(] _ z7)=6
N 3(62,63—(52) 0 B<(52+S,53—(52+8)

Finally, from integral representation of Gauss hypergeometric function (1.4), we get our
desired result:

M{R(T) (51,52;53§7';Z)§5}

(7"1,’!‘2)
_ B(6y+ 5,05 — 62+ 5)TT") (s)
B(02,03 — 62)
Similarly, using Mellin transformation equation (2.34), and following the same rule

getting to result (2.41), we obtain the desired statement (2.42), and the theorem is
fully proved. O

dt.

R(61,02 + s;03 + 2s;7; 2).

Remark 2.18. (i) From (2.5), we observe that, for function RE::
following result holds:

MA{RY) (61,623 63 7; 2); 5}

(01, 02; 035 T; 2) the

\T2)

(r1,7m2)
B(61 + 5,65 — 61 + )L (s)
= R(02,6 ;03 + 28575 2). 2.43
B(517(53—(51) (27 1+ 8503 + 377—52) ( )
(ii) Using symmetric property (2.5) on the right side of (2.43), we have another Mellin
(r)

representation for R( (01, 62;3; 75 2) as follows:

r1,72)

MA{R() (81,05 0573 2); s}

(r1,72)
_ B((Sl + 8,03 — 01 + S)FE)Tlﬂ“z)(s)
B((Slv 63 - 61)

R(61 + s,02;03 + 2s;T; 2). (2.44)

Theorem 2.19. Consider R\

(7'1,7‘2)
following differentiation formulas hold:

(61,03 63373 2) and ')

(r1,m2)

(02;03; 73 2) functions. The

r
E{RE) (01,02;03;732) }

71,72)

0 n o nt (r
- (1()5()2)RE7'3 r2) (61 +n, 02 +n7;03 + N7 T Z) (2'45)
3)nT ’

where R(d3) > R(d2) >0, RN(r1) >0, R(re) >0, n>0,r >0, 7>0 and |z] < 1.

dr () (62)nr o ()
dzn {q)(ThTz) (03)nr (I)(h,rz)

where R(d3) > 0, R(d2) > 0, R(r1) >0, R(r2) >0, n >0, >0 and 7 > 0.

(82305573 2)} = (02 + n7; 03 + N7 T 2) (2.46)

Proof.

R(7-) = B(r) (52 +nT,03 — 52) Ak

cOar T — (r1,m2)
(T1J‘2)(51’52’53’T’Z)*Z(él)n B(d3,03 — d2) o’

n=0
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0o (r)
o B(T177‘2)(62 + nt,03 — (52) on—1
52 LR (01,02 05572) | = ;%;%(51)" Boads—02) (1)

Replacing n — n + 1 in the above equation and after simplification, we get

0 [Rlr e
62: {R(rl TQ)(51, (52, 53, T3 Z)}
o ) o
= Z(5l)n+1 B(T17T2)(52—|—n7+7‘, % 62)i
=0 B(02,03 — 62) n!
00 (r)
- Blbr i =) )5, 4y, s B E TR T )
B(62,03 — 02) = " B(0y + 7,05 — 03) n!

00 (r)
_ (51)F((52 + T)F(ég) 2(51 n 1) B(Tl,’l‘g)(52 +nT+ 7,03 — 52) z

T(5+7)T(6) = B(6y + 7,05 — 03) n!
_ BUTE+ DTGs) o
F(63 + T)F(52) (r1,r2)
So, iterating this differential equation n-times, we get

(01 + 1,00+ 7503 +7;7;52).

d r ( )n(52>n7' T

e Erz rz)(51,52,53,7' 2)} = WR(“ m)((ﬁ +n, 02 + n1;03 + nT;T; 2).
Similarly, following the same rule getting to result (2.45) applied in (2.3), we obtain the
desired statement (2.46), and the theorem is fully proved. O

Remark 2.20. Using (2.5) on the right hand side of (2.45), we can write another
derivative formula for REQ Tz)(él, 02;03;T; 2):

d'll r
AR ) (01,0205 72)
6 6 nTt T
- (1()(5()2)R(T3 oy (02 + 17, 01+ 105 83 + T3 75 2). (2.47)
3)nT

3. Conclusion

In our present investigation, we have first introduced a new extension of 7-
Gauss hypergeometric and 7-Kummer hypergeometric function and investigated some
properties of these extended functions. We are also trying to find certain applications
of the results obtained here in some significant research areas such as statistics, physics,
engineering, applied mathematics, and computer algebra.
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