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Abstract. In this paper,we study the computability of Paley-Weiner space. Also,
a computability result based on the Classical Sampling Theorem is proved. Finally,
we discuss the computability of the Hilbert-Schmidt operator.

1. Introduction

The Turing machine related accession to computability in the broad area of analysis
is known as computable analysis. Banach and Mazur [1], Grzegorczyk [9], Kreitz
and Weihrauch [11], Lacombe [14], Pour-El and Richards [18], Turing [19], and many
others have made significant contributions to this field.For the representation-oriented
accession to computable analysis’ the standard idea is to represent infinite objects, such
as functions, sets or real numbers by infinite strings over an alphabet (which at the very
least comprises the symbols 0 and 1). As a result, a surjective function ¢ :C X% — X
can be used to represent a set X, where where ¢ stands for the set of infinite sequences
over %, and the inclusion symbol signifies the possibility of a partial mapping. Here, the
pair (X, 0) is referred to as a represented space.

In case a machine (Turing) is able to computes endlessly long sequences and converts
every sequence p on the (input) tape into the appropriate sequence F'(p) on the output
tape, then the function F' :C ¥X“ — ¥¢ is called computable.

We refer Brattka and Dillhage [6] definition for the concept of a computable function
between two represented spaces. Also for various other definitions and terminology
related to the contents of this paper, one may refer to the references [3, 9, 13, 16, 17]

The admission of evaluation and type conversion is a distinguishing feature of the

function space model.

Definition 1.1. Let J; be a representation of X;, i = 1,2,3. Then
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(i) Evaluation. ev : C(X;,X2) x X; — X5 defined by (f,z) — f(z) is ([[01 —
2], 01], 02)-computable.

(ii) Type Conversion. For any total function f : X7 x Xo — X3, define a function
T(f) : X1 — X352 by T(f)(2)(y) = f(x,y).Then f is ((d1,062),3) -computable iff
T(f) is (61, [02 — d3]) - computable.

Here, the set of all functions from X5 to X3 is denoted by X§<2.

As shown by evaluation and type conversion in [20], the computable points in (C(X,Y),[d —

8']), where (X,d) and (Y,¢’) are topological sequential spaces that are represented
admissibly, are the (§,¢’)-computable functions from X to Y.

Suppose that the representation 6" = [6y — §] is for the set of sequences X for the
space (X, 0). Write the computed points in (X, 0) as the computed sequences in (X, J).
Lacombe [15] first proposed the idea of computable metric space (computable MS).
But we offer Brattka’s definition, which is as follows.

Definition 1.2. [5] The triplet (X, d, o) is refered to as a computable MS if
(a) The pair (X,d) is a MS.

(b) @: N — X is dense in X.

(c) The double sequence d o (a x a) : N> — R is a computable in R.

Let (X, d, @) be a computable MS. Then its Cauchy Representation (CR) §x :C X% —
X is given as

Sx (0101 012t ) = lim a(ny),

1—> 00

for all n; € N such that («(n;))ien converges and

d(a(n;), a(n;)) < 27%, for all j > i.

The CR of computable MS are assumed to be used in the following sections. Regarding
the relevant metric topology, all CR’s are admissible.

For the terminology, definitions and other details related to computable metric spaces
(CMS) and computable normed linear space (computable n.l.s) we refer the reader to
consult [5].

One may observe that a computable n.l.s. is intutively a computable linear space.
The triplet (X, ||-||,e) is referred to as a computable Banach space (Computable BS) if
the underlying space (X, | - ||) is a Banach space.

Throughout the paper, it is assumed that computable n.l.s. are represented by
their CRs,that are admissible with respect to their norm topology. If the CRs of
two computable Banach spaces (computable BS) with the same underlying set are
computably equivalent, then the two computable BS are called computably equivalent.

For the definition of computable Hilbert spaces one may read [4].
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The standard representation of the dual space H " is stated by
6 (pq) = | < [6m — 08](p) = f and r(q) = |||,

forall f € H A computable isomorphism 7' : H — H is an isomorphism such that T’
as well as T~! are computable.
We denote the set of step functions on R with rational values by RSF =
{2 ¢iX(aym,),m € Nyaj, 05 € Q,¢; € Q% a; < b;,0 < j < n}. Here, we identify the set
§j=0
Q + «Q with Q2. The set RSF is a countable dense subset of L, for 1 < p < oo. Let
aprsr :C X* — RSF denote some notation of the set RSF with recursive enumerable
domain such that the mappings which assign to a step function > ¢; X(a,,b;)» the end
=0
points a;, b; respectively, the values ¢; are computable. The space (Ly, ||.||, RSF, arsr)
is a computable metric space for any computable p with 1 < p < oo. See [12] for details.
Given separable Hilbert spaces H and K, we say that a bounded linear operator
T : H — K is Hilbert-Schmidt if there exists an orthonormal basis (e,,) for H such that
ST ITen||? < oo. The space of Hilbert-Schmidt operators mapping H into H is denoted
by
By (H,K) ={T € B(H,K) : T is Hilbert-Schmidt}.

By (M, K) forms a Hilbert space with respect to the inner product
(T,U)us =Y (Ten,Uey), T,U € Bo(H,K),

n

where (e,,) is any orthonormal basis for H and
ITl%s =D I Tenl®.

IT)| s is called the Hilbert-Schmidt norm of 7. The tensor product of z € H and
y € K is the operator z ® y € B(H,K) defined by (z ®@ y)(2) = (z,z)y, € H. 2Ry
is a bounded linear operator with finite rank and so is Hilbert-Schmidt. If (e,) is an
orthonormal basis for  and (f,,) is an orthonormal basis for /C, then (e, ® fr)m nen
is an orthonormal basis for Ba(H,K). Since (¢, k)nkez = (€277 X[k k+1](Z))n,kez 18
an orthonormal basis for L%(R), (¢ni ® @n/k)nkn kez is an orthonormal basis for
By(L2(R), L*(R)).

141
constructed another space Py (R), called the Paley-Weiner 2sz)ace, and prove that it
is computable. Also, we prove a result based on the Classical Sampling Theorem [10].
Further, the computability of the pre-image of an integral operator is discussed. Finally,
we prove that the space Bo(L?(R), L?(R)) is isometrically isomorphic to the space L?(R).

1.1. Overview. In this paper, we consider the space L (R) and consequently

2. Main Results

Consider the space L[7 (R) defined as

33
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L[27 1 (R) is the subspace of L?(IR) consisting of functions that are time-limited to the
272
11

interval [—3, 5 X[_%,%](I))nez = (M, X[_%,%])nez is
an orthonormal basis for L[Q_l 1)(R) and an orthonormal sequence in L?(R). Since the
272

]. The sequence (g,)nez = (2™

Fourier transform is unitary, the sequence (£,)nez is also orthonormal in L?(R). In
sinm§
&

én(&) = TndW(f)'

The functions 7,,d, has a Fourier transform that is non-zero only within [—1,1]. In
fact,

terms of the sinc function given by d.(§) = we can write

(Tndﬂ)/\(f) = e_%ian[—l 1 (5)

272
The closed span of the orthonormal sequence is given by (¢,,)nez = {Tndx }nez is

Pw(R) = {f € L*(R) : f(€) =0 for a.e. |¢] > %}.

The space Py (R) is called the Paley-Weiner space of functions bandlimited to the
interval [—3,£]. Here, a function f € L?(R) is said to be bandlimited to [—€2, €] if

supp(f) C [—9,Q]. The space Py (R) is a closed subspace of L2(R).

In the following result, we show that Py (R) is a computable Hilbert space.
Theorem 2.1. The space Py (R) is a computable Hilbert space.

Proof. The sequence (T},d)nez is an orthonormal basis for Py (R). Since the Fourier
transform F : L?(R) — L*(R) is a computable operator and d, = (X[fé’%])A, we get
that d, is a computable element in L?(R). In view of Theorem 2.1 in [16], we get that
(Tndx)nez is a computable sequence in L?(R). Thus, Py (R) is a computable subspace
of L*(R) and hence a computable Hilbert space. O

Recall that a sequence (f;);en of elements in a Hilbert space H is called a frame for
H if there exist constants A, B > 0 such that

AIFIP < DTS £)P < B|f|?, for all f € H.
ieN
If only the upper inequality holds in above, then (f;);en is said to be a Bessel sequence
in H. The numbers A and B are called a lower and upper frame bound for the frame
(fi)ien- In case A = B, then the frame (f;);cn is called a tight frame. For further
details on frames, one may read [7]. Also, for litrature related to computability of frame
systems one may refer [13, 16, 17].

The Classical Sampling Theorem discussed in [10] is an important result in signal
processing that gives an algorithm for reconstructing a bandlimited function f from the
countably many sample values f(bn),n € Z, where 0 < b < 1 is fixed. Based on the
Classical sampling theorem, we obtain the following result:

Theorem 2.2. If b is a computable real number such that 0 < b <1, then the map
¢:C1*(Z) — L*(R)
(f(0n))nez — f,
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where domé = {(f(bn))nez : [ € Pw(R)} is a computable map.

Proof. The sequence (Tp,dx)nez is a %—tight computable frame for Py (R). By Theorem

2.1, the map T : 1*(Z) — Pw(R) given by T((cn)) = > ¢yTyndx is computable.
nez
Since (f,Tyndr) = f(bn), given d;2(z) name of the sequence (f(bn))necz, we can get

dpy r) name of > (f, Tyndr)Tyndy. In view of Theorem 10.7 in [10], we may write
nez
f=0b> {f, Tynd:)Tynd, with unconditional convergence of the series in L?-norm. So
nez
we get dp,, (r) name of f and since Py (R) is a computable subspace of L?(R), we can

get dr2(r) name of f. O

The Integral operator Ly with kernel k € L?(R?) is defined by Ly, : L?(R) — L*(R),
where Ly f : R — C is given by Lif(y) = [z k(x,y)f(x)dz. Ly is a bounded map
of L?(R) into L*(R). In fact, Lj is a Hilbert-Schmidt operator and |Lg|lgs =
[kll2.  The sequence G(xjoa:1,1) = (€*™™ X[ k41](%))knez is an orthonormal
basis for L?(R). We use the notation ¢, k(z) = e*™™xp ;qy(x), @ € R. The
sequence (¢n k)nkez i a computable sequence in L?(R). Thus, the computable
Hilbert space (L*(R), (-), (n.k)n kez) With representation induced by the orthonormal
basis (¢n k)n kez, can be considered computably equivalent to (L2(R), (-), RSF, arsr).
The sequence (¢n k @ Gn/k )nkn/ k'ez forms an orthonormal basis for L?(R?), where
Dnk © Pnryy is the tensor product of ¢, , and ¢,4, given by

(D @ S ) (2, Y) = Gnie(2) Suir (y), (2,y) € RZ

The space (L*(R?),(-),¢nr @ ¢nkr) also forms a computable Hilbert space if the
representation induced by the orthonormal basis (¢, k ® ¢n/i) is considered. Here,
the inner product (-) is given by

(f. ) = / / f(x,y) 9@,y dedy, f.g € LA(R)

and the norm is given by || f||> = Y [{f,énk ® ¢n x)[*. In the following result, we
prove that the mapping which takes k in L?(R) to the Hilbert-Schmidt operator L, is
computable.

Theorem 2.3. The map ¢ : L*(R?) — C(L*(R),L*(R)) given by k ~ Ly is
(0r2(r2), [0r2(r) — dr2(w)]) computable.

Proof. Given 0p2gz2) name of k € L?*(R?), which contains a coded list of names
of elements ’(/)PJZ = Z Cn,k,n’,k/(¢n,k ® ¢n’k’)7 p = <TL, k>7 q = <7’l/,]€/> such that

finite
[k — ¥pqll < 27™ and for §2(ry name of f € L*(R), which contains a coded list of

names of elements 7, = arsr(uy,) such that ||f — 7,|| < 27", we have

1Lk S = L, Tl < 1Lk (f = 7o)l + [1(Lk = L, )7
SAENS = 7l + 1oam0 = Ly, ,Tall-
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Also, we compute
2
HLan - pr,an”i%R) = k($>y) Tn(m) dr — Qpp,q(%y) Tn(x) dr| dy
r /R R
2
< [ ([ o) = byl [ra@)] ) dy
R VJR

< [ ([ e = vpate )P do) ([ @) de) dy

= ||TnH2L2(1R) |k — 1pp,qH%?(]R?)'
Therefore, we obtain
Lk f = Lo, Toll < KL = 7l + I7allllF = ¢pqll
<20f = 7l + A+ 7D IE = tp,gll-

2= (kF1y 5= (k+1)
A+lmdh> 2

ILkf = Ly,  Toll £2-27" + 27" (1 4 [|I7a])
S 27(k+1) 4 27(k+1)

Compute n € N such that 27" < min{ }. Then

=927k

It suffices to compute 072 (r) name of Ly, 7, for the case when v, ; = ¢ @ Pnrpr and
Tn = X[a,b] for a,b € Q. Note that

Ly, mly) = / bpa(@,y) (@) do

= G i/ (v) /627”% X[k, k+1] () Xla,b] (v) dx

= C ¢n/7k/(y)7
where C' is a computable number. The result follows in view of fact that (¢n k)n kez is
a computable sequence in L?(R). O

The space (Ba(L*(R), L2(R)), (-)irs, ¢n.k ® ¢pri) forms a computable Hilbert space
if we consider the representation induced by the sequence (¢, k @ Pr/ks )n ke n kez. Here,
Gk @ dpir + LA(R) — LA(R) is given by f +— (f, ¢ns)bn iy f € L2(R). Also, the
space (L*(R?), (") s, Pnk ® ¢n/x) forms a computable Hilbert space, where

(¢n,k & d)n/k’)(x»y) = d)n,k(x) ¢n’k’(y)7 (1',y) € R2'
In the following result, we prove that the two spaces L?(R?) and (Bo(L%(R), L%(R))
are computably isometrically isomorphic. Here, we use the standard representation g

of a computable Hilbert space (H, (), (e,)), where (e,,) is an orthonormal basis, given
by

du({p,q)) = f < [on — r](p) = (f, en) and 0r(q) = || f||

for all f € H. This representation is computably equivalent to the Cauchy
Representation of H.

Theorem 2.4. The space L?*(R?) is computably isometrically isomorphic to
B>(L*(R), L*(R)).
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Proof. The map ¢ : L?(R?) — Bo(L*(R),L*(R)) given by k + Ly is an isometric
isomorphism by Theorem B.13 [10]. Denote the standard representation of L?(R?) as
5L2(R2) and of BQ(LQ(R), LQ(R)) as (532. Since

(y Broe ® bk} 2y = /R /R k(2 )i (2) o (9) ddy

_ / Lo 1 (4) I 1 @)y
= (Lkbn,ks P 1)

and

(Ligy Gty @ Grk)HS = Z<Lk¢n,k> (On' k' ® Prk) P k)

n,k

= Z(Lk¢n,k, <¢n’,k’7 ¢nk>¢n,k>

n,k
= (Lypdn ks O k)

and || Ly || = ||k[|, we obtain that the map ¢ is (d72(r2),dp,) computable.
[l

2
[~3:3]
space Py (R), called the Paley—\i/eQiner space, and prove that it is computable. An
algorithm for reconstructing a bandlimited function f from the countably numerous
sample values f(bn),n € Z, where 0 < b < 1 is constant, is provided by the Classical
Sampling Theorem [10]. We prove a result based on the Classical Sampling Theorem.
Also, the computability of the pre-image of an integral operator is discussed. Finally,
we consider the space By(L?(R), L?(R)) and prove that it is isometrically isomorphic to
the space L%(R).

2.1. Conclusion. The spaceL (R) is considered and using it we construct another
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