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Abstract. The objective of this paper is to introduce new maps namely ag-(7, §)-
continuous, ag-(v, §)-homeomorphism, ag-d-continuous and ag~-d-continuous maps
and examine their properties in topological spaces. We also derive Urysohn’s lemma
for ag-v-normal space using ag--closed sets.

1. Introduction

Njastad [12] developed the concept of a-open sets in 1965. In 1970, Levine [6]
proposed the notion of generalised closed sets in topological spaces. Later in 1994, Maki
et al. [7] presented ag-closed sets in topological spaces. Kasahara [4] put forth the idea
of an operation on topological spaces as well as the notion of a-closed graphs of maps in
topological spaces. After this, the maps with a-closed graphs was analyzed by Jankovic
[3]. Following his work, Ogata [13] instigated y-open sets using the operation v on open
sets in topological spaces and derived the characteristics of (v, 3)-continuous, (v, 3)-
homeomorphism and (v, §)-open maps. The generalizations of (v, 3)-continuous maps in
topological spaces were studied extensively by many authors [1, 2, 5]. Recently, Mershia
Rabuni and Balamani [8, 9] put forth cg,-open sets concept using the operation y on ¢
and analyzed its properties in topological spaces. Mershia Rabuni and Balamani [10, 11]
developed various spaces like ag,-T; (1 = 0,1,2,1/2), agW-Ti, (1 =0,1,2), ag-y-regular,
ag-v-normal via operation on ag-open sets and investigated their characterizations.

In this paper, we propose the definitions of some new continuous maps such as
ag~-6-continuous, ag-0-continuous, ag,-6-continuous. Also, we establish the inter
continuity connections amongst these continuities. Further we introduce ag-(v,J)-
homeomorphism, «g-(7, §)-open maps and derive their properties. Finally, we obtain
the Urysohn’s lemma for ag-v-normal space.
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2. Preliminaries
Throughout this paper, (£,¢) and (&, £) signifies topological spaces.

Definition 2.1. Let (£,¢) be a topological space. A subset J of (£,¢) is called

(1) a~open [12] if J C int(cl(int(J))). The collection of all a-open sets in £ is
denoted by ¢,. The complement of an a-open set is called a-closed. The
intersection of all a-closed sets containing J is called a-closure of J and is
denoted by «acl(J).

(2) ag-closed [7] if acl(J) € U whenever J C U and U is open in (£,5). The
complement of an ag-closed set is called ag-open. The collection of all ag-open
sets in £ is denoted by ¢.g.

Definition 2.2 ([8]). A map 7 from ¢,4 into the power set P(£) of £ is called an
operation if H C y(H) VY H € o4, where v(H) is the value of H under the operation ~.

Definition 2.3 ([8]). A non-empty subset .J of (£, <) with an operation 7 on ¢, is called
an ag,-open set if V[ € J, 3 an ag-open set H 51 € H and v(H) C J. The collection
of all ag,-open sets in (£,¢) is denoted by ¢uy . The complement of an ag,-open set is
called ag,-closed.

Definition 2.4 ([8]). A topological space (£,¢) is ag-regular if VI € £ and V¥ ag-open
set Hy containing [, 3 an ag-open set Hy containing [ such that v(Hs) C H;.

Definition 2.5 ([8]). An operation y on ¢, is an ag-open operation if V cg-open set
H, containing [ € £, 3 an ag,-open set Hy containing [ such that Hy C ~(H;).

Definition 2.6 ([8]). A point [ € £ is an ag,-closure point of a set J if v(H)NJ # ¢
V ag-open set H containing [.
agely(J)={le £:v(H)NJ # ¢,V H,ag - open set containing [ }

Definition 2.7 ([8]). ag,cl(J) =N{K C £:J C K where £\ K € ¢4y }

Definition 2.8. [9] In a topological space (£,¢), J C £ is an ag, -generalized closed
(concisely ag.,-g.closed) set if agel, (J) € U whenever J C U and U is ag.-open in
(£,9).

Definition 2.9 ([10]). A topological space (£,¢) is

(1) ag,-Tpifforl #nin £, 3 an ag-open set H seither ! € H;n & y(H) or n € H;
L ¢&~(H).

(2) agy-Ty if for [ # n in £, 3 ag-open sets H; and Hy 51 € Hi;n & v(H;p) and
n € Hy;l & y(Hz).

(3) agy- Ty if for [ # nin £, 3 ag -open set Hy and Hy 51 € Hy;n € Hy and
v(Hi) Ny(H2) = ¢.

(4) agW-TO, if for [ #n in £, 3 an ag,-open set H s eitherl € H;n ¢ H or n € H;
l¢ H.
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(5) agW-Tl, if for I # n in £, 3 agy-open sets H; and Hy 51 € Hy;n ¢ Hy and
S Hg,l ¢ Ho.

6) ag —Tg/ if for [ # n in £, 3 ag,-open sets H; and Hy 31 € Hy;n € Hy and
y y
H, N Hy; = ¢.

(7) ag,-T) /2 space if V ag,-g.closed set of (£,¢) is ag,-closed.

Definition 2.10 ([11]). A topological space (£,¢) is ag-y-normal if for any pair of
disjoint ag,-closed sets J and G of £, 3 disjoint ag,-open sets H; and Hy containing J
and G respectively.

Definition 2.11 ([3]). A point ! € £ is in y-closure of a set J C £, if y(H)NJ # ¢ ¥
open set H containing [, where =y is an operation on ¢. The 7-closure of J is denoted by

Cly(J).
Definition 2.12 ([13]). An operation v on ¢ is called open if V open set U containing
x € £, 3 avy-open set Hy 31 € Hy and Hy C y(Hy).

Definition 2.13 ([4]). A topological space (£,¢) is y-regular if V I € £ and V open set
H; containing I, 3 an open set Hy containing | » y(Hsy) C Hj.

Theorem 2.14. [10] A topological space with an ag-open operation is cg - Ty /o iff {1}
15 ag~-closed or agy-open ¥V 1 € £

Theorem 2.15. [11] The following are equivalent for a topological space (£,<) with an
operation y on Gag:
(1) £ is ag-y- normal.
(2) For each ag.,-closed set J and each ag.-open set U containing J, there exists
an ag.-open set V' containing J such that ag.cl(V) C U.
(8) For each pair of disjoint ag.-closed sets J and K of £, there exists an ag., -open
set V' containing J such that ag.cl (V)NK = ¢.

3. ag-(v,0) Continuous Maps

Definition 3.1. A map #4:(£,¢,7) — (8&¢,9) is said to be ag-(,d) continuous if V

[ € £ and every ag-open set Hy in (&,&,d) containing %(l), 3 an ag-open set Hp in

(£,6,7) 2l € Hy and %4 (y(Hy)) C §(Ha).

Example 3.2. Consider £ = & = {¢, 0,26} with ¢ = {¢,{¢,0},£} and

£ = {¢.{¢, 0,2}, 8} Then ¢, = )\ Ur. 6144, 2,6} {0, n,6}] and &y =
0’

{6.(¢}, {0} {2 A2, o} A€, 2} {0 2}, {6, 00 2}, R} Let 5 and & be two operations
on Gag and &,y defined as

Y(J)=J YV JEcyand §(G) =

if
{G ifped v Gety,

R otherwise
Then the map 7%4:(L,¢,v) — (8&,&0) defined as 4(¢) =7,%4(e¢) = n,/h(n) =4,
%(%) = ¢ is ag-(v,0)-continuous.

Theorem 3.3. Consider the topological spaces (£,6,7),(R,£,0) and (B, o, p) with
operations v,0 and [ on Sag,&ag and oag respectively. If %:(L,s,v) — (R, E,9)
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is ag-(v,9d)-continuous and £ : (R,£,0) — (B,o,p) is ag-(d, u)-continuous, then
RoZ:(L,5,y) = (B,o,un) is ag-(vy, u)-continuous.

Proof. Consider any point [ in £ and any «g-open set Hs of P containing £(%(7)).
Since £ is ag-(0, p)-continuous, 3 an ag-open set Hy of R 5 4(1) € Hy and £(5(Hz)) C
w(Hs). Also since % is ag-(7,d)-continuous, 3 an ag-open set H; of £ containing [ >
%(v(H1)) C 6(Hz). Consequently, = £(%(v(H1))) C £(6(H2)) C wu(Hs). Therefore
%o % is ag-(7, p)-continuous. U

Theorem 3.4. Consider %:(£,¢,7) = (&,&,0) to be a map.
(a) % is ag-(y,d)-continuous.
(5) 7 (agel, () € agels(A(J), ¥ J € 2.
(c) (agely(A71(J)) € A~ agels(J)) , VT €
(d) for any ags-closed set J of (R,&,9), /™ -1
(e) for any ags-open set J of (R,€,6), A71(
Then (a) = (b) = (c) = (d) = (e)

Proof. (a) = (b) Suppose n € Z%(agcl,(J)) and Hy is any ag-open set in (&,€,9)
containing n. Then by assumption, 3 a point | € agcl,(J) and an ag-open set Hy >
%(l) = n,l € Hy and /(vy(H1)) C 6(Hsz). Since I € agely(J),y(H1) NJ # ¢. Then
%(y(H)NJ) C A(y(Hy))NA(J) C6(Ha)NA(JT) # ¢. - Hy is an ag-open set containing
n, n € agcls(%(J)). Therefore, % (agel,(J)) C agels(%4(J)).

R.
(J) is agy-closed in (£,5,7)
J) is agy-open in (£,,7)

(b) = (c) Let J C & By (b), %(agcl, (A 1(J))) C agels(A(£71(J]))) C agels(J).
Hence agel,(A71(J)) € £ (agels(J)).

(¢) = (d) Consider J to be an ags-closed set in (8&,£,0). Then J = agcls(J) [8].
By (c), %(agcl, (£71(J))) C agels(J) = J. Hence agel,(£71(J)) € £71(J). And
also, 271 (J) C agel, (%#71(J)). Thus £~(J) = agel,(%£7(J)). This implies £~1(J) is
ag-closed in (£,¢,7) [8].

(d) = (e) Consider J to be an ags-open set in (£,&,0). = £\ J is an ags-closed
set in (8,£,6). By (d), #71(R\ J) is ag,-closed in (£,5,7). Since £ 1(&\ J) =
8\ A1), /£7(J) is ag,-open in (£,5,7).

O

Corollary 3.5. The statements of Theorem 3.4 are equivalent, if (8, &, d) is ags-regular
space.

Proof. From Theorem 3.4, it is enough to show that (e) implies (a) when (8,&,0) is an
ags-regular space.

Let [ be any point in £ and Hs be an ag-open set in (&, ¢,d) 2 A(l) € Hs. Since (R, &, )
is an ags-regular space, Hy is ags-open in (8,¢,6). As 4A(l) € Hy,l € A71(Hy) and
by Theorem 3.4 (e), #7'(H2) is an ag,-open. As %A71(Hs) is an ag,-open set, 3 an
ag-open set Hy 51 € Hy and v(Hy) C %~ '(Hsy). This implies % (y(H1)) C Hy C §(Ha3).
Therefore % is ag-(7y,d) continuous. O

Corollary 3.6. The statements of Theorem 3.4 are equivalent, if § is an ag-open
operation.
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Proof. From Theorem 3.4, it is enough to prove that (e) implies (a) when ¢ is an ag-open
operation.
Consider any point [ in £ and an ag-open set Hy containing #4(l). Since § is an
ag-open operation, 3 an ags-open set Hs 3 #(l) € Hs and Hs C §(Hs). As
%(l) € Hs,l € #71(H3) and by Theorem 3.4 (e), %271 (Hs) is ag,-open. As 4 ~'(Hj) is
ag,-open, 3 an ag-open set Hp containing | > y(H;) C A~ '(Hs) C £~ 1(6(Hz)) which
implies % (v(Hy)) C §(Hz). Hence % is ag-(7,d) continuous. O
Definition 3.7. A map %:(£,¢,v) — (8,&,0) is called
(1) ag-(v,9)- closed if £(J) is ags-closed in (R, &, d) V ag-closed set J of (£,¢,7).
(ii) ag-(id, d)- closed if %(J) is ags-closed in (R, &, d) ¥V ag-closed set J of (£,¢,7).
Example 3.8. Consider £ = & = {#1, £2, 3} with ¢ = {¢, {#3}, £} and & = {¢, {#1}

AR}, {1, £}, {#1, £3}, &Y. Then cog = P(E)\{%£1, £} and £ay = P(R)\[{£5}, {#2, £3}].
Let %:(L£,5,7) = (&,&,0) be a map defined by #(£1) = £q, 4 (R2) = #(£3) = A3 >

. .f =
V() = {#o, 25} i J {)%2} or {#3} Vv J e
c(J) otherwise
e ={C HO=UnAd oy e
cl(G) otherwise

Here ag,-closed sets are ¢,{%1},{£2},{#2,%3},£ and the ags-closed sets are
o, { A2}, {#3},{#1, A3}, R Therefore, the map % is ag-(7, d)- closed.
Example 3.9. Consider £ = R = {1, ¢s, &3} with ¢ = { ¢, {1}, {2}, {1, @2}, £}
and £ = {¢, {1}, {1, 22}, R}. Then ¢oy =< and oy = P(R)\ ({3}, {o, ¢3}]. Let
%:(L£,6,7) = (&,&,0) be a map defined by % () = &3, 4(da)= %(ds3)= o >
G ifd€G
c(G) otherwise
Here ags-closed sets are ¢, {ca}, {3}, {2, @3}, R Then the map % is ag-(id,?)-
closed.

Remark 3.10. If % is bijective and 271 : (&,&,9) — (£,5,7) is ag-(d, id)-continuous
then % is ag-(id, 0)-closed.

id(J)=JV J €cag and 6(G) = G € éag

Proof. As /4 is bijective and £~ is ag-(,id)-continuous, by Theorem 3.4, for any ag-
closed set J of (£,¢,7), (}%_1)71(]) is ags-closed in (R, &£,0) = %(J) is ags-closed in
(R,&,9). Therefore % is ag-(id, d)-closed.

O

Definition 3.11. Let 4:(£,5,v) — (R,&,0) be a map. Then # is called as ag-(v,9d)-
homeomorphism, if %4 is bijective and both % and #~! are ag-(v, §)-continuous.

Theorem 3.12. Let (£,¢,7) be an ag-T /5 topological space with an ag-open operation
and 7%:(£,5,7) = (R,£,6) be an ag-(v,6)-homeomorphism. Then (8,&,0) is ags-T} /2.

Proof. Consider {n} to be a singleton set of (£,&,0) and I be any point in £ >n = 4(1),
which = [ = £7*(n). By Theorem 2.14, {l} is either ag,-closed or ag,-open. As 4~!
is ag-(v, d)-continuous, {n} = {#£(l)} is ags-closed or ags-open. By Theorem 2.14, we
get (R,€,6) is ags-T1/s. O
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Theorem 3.13. Let %4:(L£,¢,7) — (R,&,9) be an injective and an ag-(7, d)-continuous
map. If (R, €,0) is an ags-To space, then (£,¢,7) is an ag,-Ts space.

Proof. Assume that | and n are any two distinct points in £. Since (8,¢,0) is ags-
T, space, 3 «g-open sets Hy and Hs in (R, £,0) » %A(l) € Hy,/%A(n) € Hy and
0(Hy) N6(Hy) = ¢. Since %4 is ag-(v,d)-continuous, V ag-open sets Hy; and He Jag-
open sets P and @ in (£,¢,7) containing [ and n respectively » Z(y(P)) C §(H;) and

%(v(Q)) € 6(Hz). Hence /(y(P)) N 7%(v(Q)) = ¢ which implies Z(7(P) N ¥(Q)) = ¢.
Since % is injective, £~ 1(A(y(P) N v(Q))) = ¢. Thus v(P) N v(Q) = ¢. Therefore
(£,¢,7) is an agy-T5 space. O

Theorem 3.14. Let %4:(X,¢,v) — (&,€,0) be an injective and an ag-(,d)-continuous
map. If (R,&,6) is an ags-Th (resp. ags-Tp) space, then (£,6,7) is an agy-T1 (resp.
ags-To) space.

Proof. By Theorem 3.13. O

Theorem 3.15. Let 4:(L,¢,7) = (8,&,0) be a surjective and an ag-(vy,d)-open map.
If (£,6,7) is an agy-To (resp. agy-To and ag,-T1 ) space, then (R,&,6) is an ags-Ts
(resp. ags —TOI and ozgg—Tll) space.

Proof. Consider an ag-(v,d)-open surjective map %4 and [ # m in & Then 3 p # r
in £ 5 /%4(p) =1 and A(r) = m. Since (£,5,7) is ozgy—Tgl, 3 agy-open sets H; and
H, containing p and r respectively » Hy N Hy = ¢. Since % is ag-(v, d)-open, 4 (H;)
and 7% (Hz) are ags-open in (8,£,9) 51 = %A(p) € A(H1) and m = A(r) € A(Hy) and
A(Hy) N A(Hs) = ¢. Hence (8,¢,0) is ags-Ty . 0

4. ag-5-Continuous Maps

Definition 4.1. A map #%:(£,¢,v) — (8&,9) is called ag-0-continuous if V [ in £
and V ag-open set Hy of R containing #%(l),3 an ag-open set H; of £ containing

Example 4.2. Consider £ = R = {ﬁl,ﬁg,ﬁg} with §:{ (b,{ﬁl},{ﬁl,ﬁg},{ﬁhﬁg}, ,S}
and & = {¢,{d1}, {#},{#, 62}, R} Then ¢y =< and &,y = €. Let 6 be an operations
on &,4 defined as
_J{t1, 65} if G is Singleton
K otherwise

Then the map %£:(£,¢,7) — (8,€,0) defined as 4(8,) = bq, #(8s) = &1, #(83) = C3
is ag-6-continuous.

3(G) V G €y

Theorem 4.3. If %#:(£,¢,7) — (&,&90) is ag-(,d)-continuous, then % is ag-o-
continuous but not conversely.

Proof. As %4 is ag-(v,d)-continuous, V [ € £ and every ag-open set Hs in (8,€,0)
containing %(l),3 an ag-open set Hy in (£,¢,7v) 21 € Hy and %A(y(Hy)) C 6(Ha). " v
is an operation, Hy; C y(H;) implies that 4(H;) C 4(y(Hy)) C §(Hz). Therefore # is
ag-d-continuous. O
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Example 4.4. Consider £ = R = {¢, 2, ¢} with ¢ = £ = {¢,{¢},R}. Then ¢y =¢
and {ng = P(R) \ {2, ¢}. Let v and ¢ be two operations on ¢, and &,4 defined as
g ifged
J =

() J otherwise
_[Guln) G = (¢} orlt.n)
|G otherwise

Then the map %:(£,¢,7) — (8,§,0) defined as A(¢) = p,/4(n) = ¢, %(g) =7¢ is
ag-0-continuous but not ag-(v, §)-continuous.

Jegag

3(G) V GElny

Remark 4.5. Composition of two ag-d-continuous maps is ag-d-continuous.
Proof. Analogous to the proof of Theorem 3.3. ]
Theorem 4.6. Let 4:(L,5,v) = (&,£,9) be a map.

(a) % is ag-0-continuous.

(b) #(agel(J)) C agels(4(J)). V] C .

(c) agel(A71(J)) C A (agcls(])),VJ C A.
Then (a) = (b) = (c)

Proof. Analogous to the proof of Theorem 3.4. O

Remark 4.7. If 4:(£,6,7) — (&,&,9) is ag-6-continuous, then £~!(J) need not be
ag-open in (£,¢,7),Y ags-open set J of (8,¢,0).

Example 4.8. Consider £ = 8 = {w1, w2, w3} with ¢ = {¢,{w1},L} and £ =
{0, {w1},{ws},{w1,u3},R}. Then ¢oy = P(L) \ {22, w3} and &ag = £ Let § be the
operations on £,y defined as

5(G) = {wi,us} if Gis 'Singleton v Get
R otherwise

Then &og, = {¢,{w1,u3},8}. Here the map #%:(£,¢,7) — (K,§,0) defined
as %(w1) = wa, #(ws) = w1, A(w3) = wg is ag-6-continuous, but for J = {wq,us},
%YJ) = {wq, u3} is not ag-open in (£,¢,7).

5. ag,-0-Continuous Maps

Definition 5.1. A map #%:(£,¢,7) — (R,&,0) is said to be ag,-d-continuous, if V
[ € £ and V open set Hy in £ containing %(l),3 an ag,-open set Hy in £ containing
> 7%(Hy) C 6(H2).

Example 5.2. Consider £ = & = {wy, w2, w3} with ¢ = & = {¢, {1}, {wa, w3}, £}.
Then o9 = €ag = P(L). Let v : ¢og = P(L£) and 0 : {ng — P(R) be two operations
defined as

J fw ed
J) = V JEg,
(S BT R S
if
5@y =19 fu €0 o Gee,
{u1,u3} lf U9 ¢ G
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Here <oy = P(£) \ {w2}. Then the map #%:(£,c,7) — (8,§6) defined as
fo(wr) = wo, #a(ws) = w3, %(w3) = w1 is ag,-6-continuous.

Theorem 5.3. Suppose #:(£,5,7) = (R,£,0) be a map.
(i) #% is agy- 0-continuous.
(i) ﬁi(agwcl(J)) Cels(# (J)) vJ C £.
(iii) agycl(A(J)) C A~ (cl(;(J)) VJ C R
(iv) for any §-closed set J of (R,€,8), 4~ (J) is ag,-closed in (£,¢,7).
(v) for any &-open set J of (&,&,0), A7 1(J) is ag,-open in (£,s,7).
Then (i) = (ii) = (iii) = (iv) = (v).

Proof. (i) = (ii) Let n € % (ag,cl(J)) and Hy be any open set in (£, ¢, d) containing n.
By the definition of ag.-d-continuous, V open set Hy in £ containing % (1), 3 an ag,-open
set Hy containing ! » Z(H1) C §(Hz). Since | € ag,cl(J) and H; is an ag,-open set
containing [, Hy NJ # ¢. = A(H1NJ) C A(Hy) N %A(J) C 6(Hy) N %A(J) # ¢. By
Definition 2.11, n € cl5(%4(J)). Therefore %(ag,cl(J)) C cls(%(J])).

(ii) = (iii) Assume J

C & By (i), A(ag,cl(A~1(J)) C cs(A(A(J))) C cla(J).
Hence agcl(%71(J)) C %7 (cls(

).

(iii) = (iv) Consider J to be a d-closed set in (&, &, ). Then J = cl5( ) [13]. By (111)
% (agycl(71())) C A(£(cls(]))) C cls(J) = J. Hence agcl(A71(J)) C A71(J]).
Always, #71(J) C ag,cl(£7(J)). Thus £~ '(J) = ag,cl(#71(J)). Then £~1(J) is
ag-closed in (£,¢,7)[8].

(iv) = (v) Consider J to be a §-open set in (8, &,0). = 8\ J is a é-closed set in (8, £, 0).
By (iv), 271 (&\ J) is ag,-closed in (£,5,7). Since 71 (&R\ J) = KR\ £71(J), £ 1(J) is
ag-open in (£, 7).

(]

Corollary 5.4. If the space (£,5,7) is ag,-regular and the operation d is open, then
all statements of Theorem 5.3 are equivalent.

Proof. To show that all statements of Theorem 5.3 are equivalent, it is enough to prove
that (v) = (i) in Theorem 5.3.

Consider I € £ and Hs to be an open set in (8,&,d) containing 4(l). -.- the operation
d is open, 3 an d-open set Hy in 8 5 A(l) € Hy; and H; C §(Hz). By (v), we get
l € 57 Y(H) € Sag,- By using the definition of ag,-open set to %~Y(Hy),3 an ag-
open set Hj containing | > Hy C v(Hs) C % '(Hy) C A7 1(5(Ha)). Since (£,¢,7) is
agy regular, Sog C Sag., , Hz is ag,-open in (£,¢,7) [8]. Since {; C &, H; is open in
(R,€,0) 2 £(Hs) C (6(H2)). Therefore 74 is ag.-0-continuous. O

Theorem 5.5. Consider %:(£,¢,7v) = (8&,&,0) to be a map and (&,&,9) to be d-regular
(i) 7% is agy-6-continuous.
(ii) for any closed set J of (&,&,8), £71(J) is ag,-closed in (£,s,7)
(iii) for any open set J of (R,£,6), #71(J) is agy-open in (£,,7)
Then (i) = (i) = (i)
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Proof. (i) = (ii) Consider any closed set, J in (&,&,6). = J =cl(J) = cl
Theorem 5.3, %(agycl(J)) C cls(%(J)). Then ﬁ(ag,ycl(/i L)) C A(A
cls(J) = J. Hence ag,cl(#71(J)) C #71(J). Always, £ 1(J) C ag,cl(%~
%#71(J) = ag,cl(£7(J)). This implies £~*(J) is ag,-closed in (£,5,7).

5(J) [13]. B
Hels(J ))) S
L(J)). Thus

(ii) = (iii) Assume that J is open in (8&,£,0). = K\ J is a closed in (R,¢,d). B
(ii), Z71(R\ J) is ag,-closed in (£,5,7). Since £71H R\ J) = &\ £71(J),£271(J) is
ag,-open in (£,¢,7).

(I

Corollary 5.6. If the space (£,5,7) is ag, regular and (8,§,d) be d-regular, then all
statements of Theorem 5.5 are equivalent.

Proof. To show that all statements of Theorem 5.5 are equivalent, it is enough to show
that (iii) = (i) in Theorem 5.5.

Consider [ € £ and Hs to be an open set in (&, &, §) containing %(1). By (iii), %2 ~!(Hz)
is ag,-open in (£,5,7). By using the definition of ag,-open set to %~ !(Hs), 3 an ag-
open set Hy in £ 5 Hy C v(Hy) C %~ '(Hy). This implies that %(H;) C %A(y(Hy)) C
Hy C v(Hy). Since (£,5,7) is ag,-regular, Hy is agy-open in (£,s,7). Therefore % is
ag~-6-continuous. O

Remark 5.7. Composition of any two ag,-d-continuous map need not be ag,-d-
continuous.

Proof. Since open sets and ag.-open sets are not relatable. (I

Remark 5.8. ag,-0-continuous is independent with ag-é-continuous and ag-(v,d)-
continuous.

Proof. Since aig-open sets and «g.-open sets are not relatable. (I

6. Urysohn Lemma for ag-y-Normal Space

Lemma 6.1. An agy regular space (£,s,7) is ag-y-normal if and only if it is possible
to define an ag.-0-continuous map % from an ag, regular space (£,5,7) to a d-reqular
space ([0,1],€,8) » £(J) = {0} and %(G) = {1}.

Proof. (Necessary Part): Consider (£,¢,7) to be an ag-y-normal space. Let J and G be
any two ag,-closed sets 2 JNG = ¢. Then £\ G is an ag,-open set and J C (£\ G) =
O1(say). By Theorem 2.15, 3 an ag,-open set Og containing J 2 ag~cl(Op) C O1. Now
agcl(Op) and G are disjoint ag-closed subsets of £. Again, since £ is ag-y-normal,
by Theorem 2.15, 3 an ag,-open set O/, containing ag.,cl(Op) 3 agcl(Oy/2) C O:.

Thus J C Og C ag,cl(Op) C Oy/2 C agycl(Oy2) C O1 = (£\ G)

Now O /5 and O; are ag,-open sets containing the ag,-closed sets J and ag,cl(O; /2)
respectively, therefore in same manner 3 ag,-open sets Oy /4 and O34 >

J C 01/4 C Oég,YCl(Ol/Zl) C 01/2 C 03/4 C agycl(03/4) Cc O = (2 \ G)
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Proceeding in this way, for each rational number in [0,1] of the form

= = : = n—1
P*Q*n (wheren=1,2,3,....;.m=1,3,57,.....,2 )

we can find an ag,-open set O, 5 for p < g,

J C Op C agycl(Op) C Oy C agycl(Og) C 01 = (£\G)

Let us denote the set of rational numbers of the form p in the interval [0, 1] by Q.
Define a map # from £ to the § regular space [0, 1] as

) = 1 ifle G
C\glb{p:peQandlcO,} ifl¢gG

Now, if [ € J, thenl € O, ¥V p € Q. So, #A(l) = glbQ = 0. Therefore Z(I) = 0
whenever [ € J. Hence %(J) = {0}. And #(l) = 1 whenever [ € G. Then 4(G) = {1}.
Next to show that % is ag,-d- continuous. The intervals of the form (a,1] and [0,b),
where a,b € (0,1), forms the sub base for the closed interval [0, 1]. To show that # is
ag--6-continuous, it is enough to show that %~!((a, 1]) and £71([0,b)) are ag,-open in
L.

% (a, 1)) ={l € £: A(]) > a}
%7H[0,0) ={l e £:%() < b}

Let [ € A#71((a,1]). Then a < %4(l) < 1. Since Q is dense in [0,1], Ip,¢in Q 5a <
p<q<#A(l). ie,A(l)=glb{s:s€Qandl € Os} > q. Thenl ¢ O,. Now since p < g,
agcl(0p) C O4. Hence I ¢ ag,cl(O,). This implies [ € £\ ag,cl(O,) where p > a.
Then | € U{€\ ag,cl(0,) : p > a} = Hy(say). Hence 27 ((a,1]) C U{L\ ag,cl(O,) :
p > a} = H;. Conversely, let | € U{£\ag,cl(O,) : p > a} = Hy, which is ag,-open in £.
Then [ belongs to some ag,-open set £\ ag,cl(O;) for some s € Q with s > a. Implies
that | ¢ ag,cl(O;). Now O C O for t < s. Then Oy C ag,cl(O¢) C Os C agycl(Oy).
As 1 ¢ ag,cl(Os),l ¢ Oy. Then 4A(l) = glb{t : t € Qand ! € O;} > s > a. Hence
l € A#71((a,1]). Thus H; C %27 ((a,1]). Therefore H; = %~'((a, 1]).

Next let | € £7%([0,b)). Then 0 < #A(I) < b. By the definition of @, 3 some
peEQ>AI <p<b ie, () = glb{t : t € Qandl € O;} < p < b. Then
l € O, for p < b. Implies that I € U{O, : p < b} = Ha(say). Thus £71([0,b)) C Ho.
Conversely, let [ € Hy. Then [ belongs to some ag.-open set O, for some s € @ with
s < b. Therefore 4(l) = glb{t : t € Q and | € O;} < s < b. Thus [ € £71([0,)). This
implies Hy C £71([0,b)). Therefore Hy = %71([0,b)). Hence % is ag,-d-continuous.
(Sufficient Part:) Consider (£,¢,7) to be a topological space. Consider two disjoint
agy-closed sets J and G. By the hypothesis, 3 an ag,-0-continuous map % : £ — [0,1] »
%(J) = {0} and %(G) = {1}. Now the disjoint ag,-open sets H; = 4A7'([0,1/2)) and
Hy = %471((1/2,1]) contains J and G respectively. Hence £ is an ag-y-normal space. [
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7. Conclusion

In this article, various continuities and homeomorphism via operation approach on
ag-open sets were studied. Also, we investigated Urysohn’s lemma for ag-y-normal
space. This study can be extended to irresolute maps in near future.
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