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Abstract. Due to the extra degrees of freedom and simple geometrical
manifestation, the linear canonical transform (LCT) has being broadly employed
across several disciplines of science and engineering including signal processing,
optical and radar systems, electrical and communication systems, quantum
physics etc. The main objective of this paper is to study the linear canonical
Hankel transformation and the continuous canonical Bessel wavelet transformation
and some of their basic properties. The continuous Canonical Bessel wavelet
transformation, its inversion formula and Parseval’s relation for the continuous
Canonical Bessel wavelet transformation are also studied.

1. Introduction

The theory of linear canonical transformation (LCT) was motivated by the work of
two different projects by Collins [6] on the field of paraxial optics, on the other hand,
Moshinsky and Quesne [11] in the field of nuclear physics in early seventies. The LCT
is a four parameter class of linear integral transformation for studying the behaviour of
many useful transformations and system responses in physics and engineering in general.
Therefore, LCT is found as a powerful mathematical tool in many fields of physics
and engineering. In this correspondence, we have defined the continuous Canonical
Bessel wavelet transformation and associated properties. A general class of LCT has
been studied by[1, 14]. The conventional canonical transformation represents any affine
linear transformation in the (z,y) plane and specified by a 2 x 2 unimodular matrix A (i.e.
determinant is one). For the sake of brevity, we may write the matrix as A = (a, b; ¢, d)
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in the text and linear canonical transform of any f € L?(R) with respect to the uni-
modular matrix A = (a,b, ¢, d) is defined by
Jo FJOOKA(t,z)dt  b#0
L[fl(x) =

Videxp Cdf (dx) b=0.

where K4 (t,x) is the kernel of linear canonical transform and is given by

t(at? — 2tx + dx?) }
K4(t,z) = { . b#0
(t) 2mib 2b 7
The linear canonical transform includes several known transforms as special
cases.For example, for A = (1,b,0,1), we obtain the Fresnel transform, for A =
(cosf,sinf, —sinf, cosd), the LCT boils down to the fractional Fourier transform
whereas for A = (0,1,—1,0), we obtain the classical Fourier transform. Moreover,

Bi-lateral Laplace, Gauss-Weierstrass, and Bargmann transform are also special cases
of LCT. Similarly, we can define a linear canonical Hankel transformation, fractional
Hankel transformation. For more details we refer to [2, 3, 4, 5, 7, 10, 12, 13] and
references therein.

Pathak and Dixit [11] introduced continuous and discrete Bessel wavelet
transformations and studied their properties by exploiting the Hankel convolution of
Haimo [8] and Hirschman [9] . Upadhyay et al. [15] studied the continuous Bessel
wavelet transformation associated with the Hankel-Hausdorff operator.

Let LP(R) denote the measurable functions f on R such that the integral [, |f(z)[Pdt
is a finite. Also let L*°(R) be a collection of almost bounded functions endowed with
norm

1flles { Je @I, 1< p<oo

esssupzer|f(t )|, p = oo.

The Hankel transformation of H,, of conventional function f € L*(Ry), Ry = (0,00) is
usually defined by:

flo) = )0 = | T @) P Iy f@)de weRyp> 172,

0
and its inverse formula is given by

£0) = (Hd)@) = [ )2 fddy v e Ry,

0
where J, is the Bessel function of the first kind of order p.

The Linear Canonial Hankel transform (LCHT)is the generalization of conventional
Hankel transformation and it is characterize by a unimodal matrix A = (a, b, ¢, d), where
a, b, c and d are four real or complex parameters. The earliest work on canonical Hankel
transform was published by Wolf and Bultheel et al. We define a one-dimensional linear
canonical Hankel transformation(LCHT)as:

FAW) = (HAf)(y /ny 2)dz
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where the kernel
e—vm/2(14p)

b
The inversion formula of one dimensional LCHT is given by

f(@) = ((H) 7)) = /Ooo K (@, y) (H ) (y)dy

. ax? 2 Ty
K (w,y) = AW () 2, ()

where
v /2(14-p)
eTe—L/%(a:vz—ﬁ—dgﬁ) (xy)l/QJ#(%)

From [7], wavelets are a family of functions constructed from translation and dilation of
a single function v are called the mother wavelet defined by

K (x,y) =

1 x—1
s = — , teR, 0
I/Jt, \/gw( s ) S 5>

where s is called the scaling parameter which measures the degree of compression or
scale and t is a translation parameter which determines the time location of the wavelet.
The linear canonical mother wavelet is defined as

1 x _t —ta 2 2
A _ - 35 (z7—1%)
wt,s \/g ( S ) €

for each s,t and A as above. As per [12, 13] the canonical Hankel convolution of
f,b € LY(R,) is defined as:

== (1+p) oo e
(Frale) = S5 [ s@ 0w vy

where the canonical Hankel translation 7!
() (y) = vz, y)

¢ =#= (14+0) )

> A La
= T/O w(z)Du ('/anvz)e% dz

is given as:

Where
D = o [Tt () wois (£) cot
xJ, (Zf) e @) el 2n e
and

= (1) poo 2 (@ 4y?)

€z A a2 142 ez

P — D 2b Pdyg = ———
e A ey

Lemma 1.1. If f € L?(R+), then

=2 1)) =

L2 |brt/2260(p + 1))

=
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Proof. Since

(T2 ) = fA(=z,y)

2

e 5”(14‘“) o0 A e
= | ek et
0

Using (1.1), we have
(2 ) ()]
< [ |F@ e D,y )} 2 0 (D, 2)}

—Jo
- 1/2
< (/ Z—(u+1/2)|f(z)|2|Dj(x,y,z)|dz)
0
o 1/2
(/ Z(u+1/2)f(z)|2le(x,y,z)dz>
0
(wy)r+1/2 v
<
- (I(b)’““"’IWF(M+ 1))

o 1/2
([ ommisep it ) 12
0

so that

/0 2 )W) dy

- /2

= (O (it 1)

B ph1/2

S OGZEFDRESY
p21+1/2

- (|(b)H+1/2] 20T (1 + 1))2/0 |f(2)|7d=

[P [ 1D 2y
0 0

o] +1/2
—(u+1/2) 2 zat d
| I oy 1

therefore
B 1
v T e ()

a2 )| 111z

Remark 1.2. If f € L?(R+), then

2u41/2

A 2 ) > 2
|\t e < gy, O
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and
1

2 [T (o + 1))

[y 2 ) @)

£ 2

Proposition 1.3. Let (Hf f)(y) denote the canonical Hankel transformations of
function f then

/ " f@)a@)de = b / AP ) T )y (1.3)
and

/ @) da = b / T EA ) dy. (1.4)
0 0

Proof. We have

(f.9)

- / F(@)g(@)d(x)
= /OOO f(x) ((eg"(;m))b/ooo o 7t (ax?+dy?) (%)1/2 J, (%) (Hﬁ‘g)(y)dy)
b/ooc <€;+H)> (H;19)(v) (/OOO edntostsan®) (WY1 (1) f(:c)dx> dy

b / T HA ) () (HE) )y
0

if f =g, then
/ f(@)2dz=b / \(H2 £)(w)] dy.
0 0

2. The continuous Linear Canonical Bessel wavelet
transformation(CLCBWT)

The continuous linear canonical Bessel wavelet transformation (CLCBWT) is a
generalization of the ordinary continuous Bessel wavelet transformation(CBWT). In
this section, we define the continuous linear canonical Bessel wavelet transformation and
study some of its properties using the theory of linear canonical Hankel convolution.

A Canonical Bessel wavelet is a function ¢ € L?(R) which satisfies the condition

o A 2
a _ [T IHEY) ()]
Cﬂvw_A Wdl’<00, /142—1/2

where Clﬁwis called the admissibility condition of the canonical Bessel wavelet and
(H l‘? )is the canonical Bessel transformation of ¥. The canonical Bessel wavelets th, S
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are generated from one single function v € L?(R,) by dilation and translation with
parameters s > 0 and t > 0 respectively by

_ _ _ t x
Vi (@) = 572D () = sT DAt @) = 5T (S’s>
28_1/2632a(g+:%)/001/}(z)DA tz 2 dz.
o 12 87 87

Lemma 2.1. If ¢ € L2(R+), then

(1+1/2) 6= (u+1/2)
brH/220T (1 + 1)

[ | 1912

Proof. Since

—va 2 | 22 oo t
7%45 =5 123 (3t 5) / 1/)(,2)lex ( + x,z) dz
’ 0 S S

Now,

S1/2(p+1/2)

0o 1/2
ot <5 [ iwpreen (o (L2 .5)]
0

1/2
aft x
{or (55

< g71/2 </OO |1/)(z)|227(”+1/2)

0
& t x
DA ==

< g 1/2 ( (tm)“H/Q )

$2(u1/2) b 17220 (ut 1)

([ woresmlop (15

X

1/2
t
Dﬁ <, w,z) ‘ dz>
s’ s

1/2
Z<u+1/2>dz>

1/2

1/2
dz) .

Thus
/ i (o) [Pde

0
12(n+1/2) oo oo .
—(p+1/2) 2d DA v ;L+1/2d
= 82“+2|b“+1/2|2“F(M+1)/0 z |9 (2)] Z/O ’ u (s’ S,z) T x
$2(nt+1/2) o y
< .
= (sHTL/2(put1/2)26T (1 + 1))2/0 ¥ (2)["dz
Hence
t(u+1/2) g—(p+1/2)
Wl Le < 1]l ze.

([brt1/21200 (p + 1))
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Theorem 2.2. Let f 1) € L?>(R+).Then the continuous linear canonical Bessl wavelet
transform B$ 1s defined on [ by

0o 1/2
—ta 1 2 tx
BAF) (1, 5) = e~ 'm/20+m) = / 3 (& ~1)(s2)* —u=1/2
( wf)( 78) € S 0 € b
tx La
x J, ( ; > (Hites O f)(2)(HMp)(sz)dx.

Proof. We have

(ByS) (t5)
fv % s>

/ FEOD @) de
— 2b(2 2) Eﬁ
/0 f(é)( 1/2¢ / e <5 z)dz>d§
b oo 6L7r/2(1+,u) 00 ) fw 1/2 gw ae?
- i /0 (25 [ e (£)"0, ()5 o

o (L) (—pm 1/2)( )1/2J (tw>(HAw())( )dw
sb sb

S 1/2
_ b e (B ) (0
et /2(1+p) g1/2 sb
o\
<, (%) i oy (4) ) )i

By taking % = x the continuous linear canonical Bessel wavelet transformation can be

written as

(B:?f) (t, 5) = 67m/2(1+u)87’u/ .
0

< () e O @) TG (501

1/2
S (1) (s2)° =1/ <m) /
b

This means

HA L0 (BAP)(t,9) ) = bs (@1 205" (HA 50" 1) (@) (H) (52)).

O

Theorem 2.3. Ify and ¥y are two wavelets and (B;Z‘lf)(t, s)and (B1‘22g) (t, s)denote the
continuous linear canonical Bessel wavelet transformations of f, g € L?(R.) respectively,
then

/ BN B ) =12, (),

0
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where

ds < 0.

A _ /°° (Hit1) (s) (Hitp2) (s)
Hohr,h2 T

52(H+1)

Proof. Since

0o 1/2
(BE) (1) = om0 [T 5 G0 (f)
0

< () (O @ s0)d
Now

dtds
2

S

0o poo o ) i 1/2
:/ / 67L7r/2(1+ﬂ)s*l1«/ e2b (87*1)(51) xfufl/g <)
0 0 0 b

% T (%) (Hile$ 0 f) (@) (HiJ ) (sv)da |

/ T BA NGB 5)

x [e—tﬂ/2(1+u)3—u [ e (D) g1z (1) /2

X Ty (4) (Hi2e 507 1) (o) (HT2) (sy)dy | de 5

0o oo
- 4 —tag_¢2)p2 —ta . 2 e
:/0 A p3s—2(nt1) o 55 (2—57)a” . —p 1/2(Hlfe 35 () f)(w)(H,f’l/h)(Sl‘)

[T o0 g (12) 12, (1)

X (LT () g ()

—ta

X e%‘;‘@—s“’)fy—u—lﬂ(er 3 (~)2g)(y)(H;?1/)2)(sy)dy) dt} dzds

:/ / bSsz(uH)e%(2752)m2x7u71/2(H;1€‘z‘g“(.)zf)(x)(Hf%)(Sx)
0 0

« {e”"/2ljl+u) fooo 6%“2"’_12) (%)1/2 JM (tz) (H;?)_l (eEZa(2—52)y2

< y=h 12 (M AewE O g) (y)( HMQ)(Sy)) (t)dt.} dxds.
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fbs/ / 52000 S (=) y—uL/2 (AT O ) (2) (H A (s2)

X(H;?)(H;:l)fl (6%&(2752)yzy*M*1/2(er%(-)zg)(y)(Hf¢2)(sy)) (x)dzds

o0 o0
:b3/0 /0 8—2(u+1)$—2u—1(

x (Hpe=" () g)(z) (H o) (sw)dwds

Ae7 O f)(z)

— b / (Hie 3 O f) (@) (Hite = 0 g) ()

X (/OW(Sx)2(u+1)(Hﬁlg/;l)(sx)(waQ)(sx)xds> dx
5 Cihorn | HAD @ )

_ b3cA¢1 Ve <HAf, HA >

= V*Cgra (£,9)

Hence the proof is completed. O

Theorem 2.4. If ¢ is a wavelet and (B;Z‘f)(t,s) and (Bﬁf)(t,s) are the continuous
linear canonical Bessel wavelet transform of f,g € L*(Ry) respectively, Then

/0 h / "B B9 "L = e 5.0

Proof. If we take 91 = 12 = 1 in Theorem 2.3 we get the proof of Theorem 2.6 O

Remark 2.5. If f = g and 97 = ¥9 = 9 then from Theorem 2.6, we have
dtds
[ [iminesrts =t

Theorem 2.6. Let f € L?(R,).Then f can be reconstructed by the formula

dtds
=g [, | Boww©F s>0
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Proof. For any g € L?>(R,), we have

b2CA ,(f,9) // (B2, ) (Blg)(t, )dtds

_ Benws( [ oo ©ae) e
Ll (/ )%
= [T [ oo ] s
([ [ @nwstos ).

b2cA / / (BAD 0,50 € )dtds

Therefore,

Theorem 2.7. If ¢ € L*(Ry), then
| [BanesBEae.s) i= s .0,

where

P(x) = ea 02" n=1/2(g AT OF £) (1) (HAY) (s),

a9 ¢2V,2 g —ta (y2__
Q(z) = e =)Wy =i 12 (A (g (y) (HA0) (sy).

Proof. Using Theorem 2.2 and Theorem 2.7, we have

z‘,‘s<€>d£> ( / g(n)wz‘,‘s(n)dn> d

0

e [vong (252 a) ]
UO g (s Gt 2>/ oD (zz ) Z>dn}dt

X
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_ s / Hi e 2o g1 2 A5 O ) () (HA) (52)) (1)

xHpA (e C=sy—n=1/2(H e (7 g) (y) (Hilp) (sy)) (t)dt
= bBs 2 / (HP)(t)(HAQ)(t)dt
0
= b*s * (H'P, H;' Q)
= b5 (P, Q).

This completes the proof of the theorem. (I

Theorem 2.8. If1) be in L?(R ) is a Bessel wavelet and f is a function which is bounded
and integrable ,then the convolution (¢ x4 f)(x) is linear canonical Bessel wavelet.

Proof. We know that

(6 %4 f)(x) = / () )y~ 2 £ (y)dy.
Therefore,

(W xa £)(@)] < Jo7 | (r20) )y~ B2 F120) | | £1/2] dy,

:/Oww oa F)@)? dr

oo o0 )
—(uH1/2) $1/2(,) (A 1o
S/o </0 ‘y KR ) (s w)(y)llf |dy> da

<[ [( | 1wl <wa><y>|2dy)1/2 ([ |f(y)|dy>1/ ] e

—([Tirwiay) ([ ([ @iy et @A) @ P ) 1)
0 0 0

< ([T wan) ([ e re)

This implies that

1
(#1220 (1 + 1)

1 #a (@) < | [¥llz2lfllzr < oo
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We have (¢ x4 f) € L?(R,). Moreover,

| T2 | AW g (@) da

|b|/ v a1 (5) o) (5)
|b|5up ( —p—1/2 HAf) ( )‘2)
S el ) e

e x|
:C/‘iwsup (az n-1/2 ‘(H;:‘f) (g)‘ ) < 00.
Thus, the convolution function( % 4 f) is a linear canonical Bessel wavelet. (]

Theorem 2.9. Let f,1 are in L*(Ry) and (B,ﬁf)(t, s)is a continuous linear canonical
Bessel wavelet transform(CLCBWT), then

(1) (B;Z‘ )(t,s) is continuous on Ry x Ry x Ry.

() 1(BAR)E8) o < 20D s )
» ,S)|lpee < BT 2[20T (1) L 12

Proof. (1) Let (g, so) be an arbitrary but fixed in R;.Then using Hélders inequality we
have:

,1/2/ / {DA (z’;;:,z)
_DA (s s )} dxdz
0 80’
_1/2 i 12 - e
(/ |f x)| d:c/o P
<ot (5 5e) o ()| dzy/?
S0 S0
" (/OOZ M_1/2|f<1/})|2dz/oo pHF1L/2
’ 0
. D

1/2
t
[l o) o (o)l )
s S So So

(E“+1/2

= PR )

+1/2

+(n41/2) - té“ /2)

s2(pt+1/2) - 2(pt1/2) |7
0
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And

JZ a2 | pp (2,2, 2) - D (1, £,2) | a

Z;L+1/2

<
> ‘b;¢+1/2|2;t]j‘(ﬂ + 1)

3

[St(u+1/2) _ Sot(()wl/?)}

Hence by dominated convergence theorem and by the continuity of D (£, %, 2) in the
variables t and s ,we have

lim lim ’(Bﬁf)(t,s) - (B;Z‘f)(to,so)‘ =0

t—to s—so

Which proves (B;Ef)(t, s) is continuous on Ry x R;.

Proof. (2)We have

Therefore, by the Holders inequality, we have
(B3 f)(t,5))]
<572 (/ oo / T U (@)D
o Jo

0 0

1/2
dxdz)

t x
A
1/2
t
D;‘ (,x,z) dxdz)
s’s

1/2
Z(u+1/2)dz)

t,u,+1/2

0o 1/2
—1/2 2
< (wmmpemmrD)  (, Vere)
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Stu+1/2 1/2 o) ) 1/2
d
- <|bu+1/2|2urm+ 1)) (/ W) )

tu+1/2

- S(“+1/2)‘b“+1/2|2ﬂr(’u + 1) Hf”LQ”q/}”L2

H1/2 g~ (pt1/2)

- st 1/2) [ bt 172 26T (3 + 1) 1 l[z2lle 22

This completes the proof. ([
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