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Abstract. In this paper, we use the idea of normal family to investigate the
uniqueness problem of entire functions that share one value with their derivatives
and obtain a result which improves and generalizes the recent result due to Zhang
and Yang [16]. Also we exhibit an example to show that the condition of our result
is the best possible.

1. Introduction, definitions and results

In the paper, we assume that the reader is familiar with standard notation and main
results of Nevanlinna Theory (see, e.g., [7, 13]). Again we recall that a meromorphic
function a is said to be a small function of f if T'(r,a) = S(r, f).

Let f and g be two non-constant meromorphic functions and a € C. If f(z) —a and
g(z) — a have the same zeros with the same multiplicities then we say that f(z) and g(2)
share a with CM (counting multiplicities) and if we do not consider the multiplicities then
we say that f(z) and g(z) share a with IM (ignoring multiplicities). Also if g(z) —a =0
whenever f(z) —a = 0, we write f(2) = a = ¢g(2) = a. If f(z) =a = g(z) = a and
g9(z) = a = f(z) = a, we then write f = a & g = a and we say that f and g share a
IM.

We recall that the order p(f) of entire function f defined by

logT log log M
p(f) = limsup BL ) _ g 10B10B M, F)
r—00 IOgT r—00 logr

where M (r, f) = Ir?li)i |f(2)]-

)
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Let f be a non-constant entire function. We know that f can be expressed by the

o0
power series f(z) = Y an,z"™. We denote by
n=0

plr. f) = max{an="[} and v(r, f) = sup{n : [anls™ = p(r. f)}.

|z|=r
Clearly for a polynomial P(z) = a,2" + an_12""1 + ...+ ao, a, # 0, we have
w(r, P) =lay|r"™ and v(r,P)=n

for all r sufficiently large.
In the general case, |a,|r"™ < w(r, f) for all n > 0 and |a,|r™ < w(r, f) for all
n > v(r, f).
Here it is enough to recall that (see [8])
(1) w(r, f) is strictly increasing for all r sufficiently large, is continuous and tends
to 400 as r — oo;
(2) v(r, f) is increasing, piecewise constant, right-continuous and also tends to +oco
as r — oo;
(3) logv(r, F) = O(logr), if p(f) < +oo.
Next we introduce some basic ideas about normal families. First we recall the chordal
metric x(.,,) on CU {oc} (see [11]) defined by

|21 —22|

X(21,22) = 1+\z1\21~ Lleal®’ .
W, if Z9 = OQ.

The important property of the chordal metric is that it allows z = co to be treated
like any other point. It is easy to verify that x(z1, 22) < |21 — 22| in C. We now introduce
the prime mode of convergence in normal family is as follows.

A sequence of functions {f,,} is said to be converge spherically uniformly on compact
subsets of D to a function f if for any compact subset K C D and ¢ > 0, there exists
ng = ng(K,¢) € N such that n > ng implies x(f,(2), f(2)) <eV z € K and n > ng.

Let F be a family of meromorphic functions in a domain D C C. We say that F
is normal in D in the sense of Montel, if for any sequence {f,}, C F there exists a
subsequence { f,,} such that {f, } converges spherically and uniformly on the compact
subsets of D to a meromorphic function or co.

The family F is said to be normal at a point zy € D if it is normal in some
neighbourhood of zy. Clearly F is normal in D if and only if it is normal at every
point of D. It follows that if F is not normal in D, then D contains at least one point
at which F is not normal.

Normal families, in particular, of holomorphic functions often appear in operator
theory on spaces of analytic functions.

Following example shows that the limit function may be identically co.

Let fo(z) =2, n€Nand 2 € A ={z¢€C:|z] <1}. Then each f, is meromorphic
and {f,} converges spherically uniformly to oo in A.

The following example is an example of a family of holomorphic functions which is
not normal.

Let F = {fn(2) = nz: n € N}. Then f,(0) — 0, but f,(z) — oo as n — oo for z # 0.
Clearly F is not normal in A.

if 21,20 € C,
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Next we introduce the notation of the spherical derivative. Let A be a meromorphic
function. The spherical derivative of h at z € C is given as

1+ [n(2)[?

We remember that h is called a normal function if there exists a positive real number
M such that h#(z) < M V z € C. The following result is the famous Marty’s Theorem.
Marty’s Theorem: A family F of meromorphic functions on a domain D is normal
if and only if for each compact subset K C D, there exists M(K) € RT such that
fA2) < M(K)VY fe FandV z € K.

The Marty criterion is one of the most widely used for determining the normality of a
family of meromorphic functions. In the paper, we also use it to deal with the normality
of a family of entire functions.

Rubel and Yang [10] were the first to study the entire functions that share values
with their derivatives. In 1977 they proved the following important result.

Theorem 1.1. [10] Let a and b be complex numbers such that b # a and let f be a
non-constant entire function. If f and f’ share the values a and b CM, then f = f'.

Mues and Steinmetz [9] generalized Theorem 1.1 from sharing values CM to IM and
obtained the following result.

Theorem 1.2. [9] Let a and b be complex numbers such that b # a and let [ be a
non-constant entire function. If f and f’ share the values a and b IM, then f = f’.

Also Theorem 1.1 has been generalized to sharing values IM independently by G.
Gundersen in the case when both shared values are nonzero (see [5]). Since then, in this
topics many results have been obtained (see [13]).

A natural question is:

Question A. What is the possible relation between f and f’ when an entire function
f and it’s derivative f’ share only one finite value CM ?
Motivated by Question A, Briick [1] obtained the following results in 1996.

Theorem 1.3. [1] Let f be a non-constant entire function such that p1(f) < oo and
p1(f) is not a positive integer, where

. loglog T'(r,
p1(f) = hmsupig lg (r, f)
r—00 ogr

If f and f'share the value 0 CM, then f' = cf for some constant ¢ # 0.

Theorem 1.4. [1] Let f be a non-constant entire function. If f and f’ share 1 CM,

and if N(r, %) =S(r,f), then f' —1=c(f — 1) for some constant ¢ # 0.

In the same paper, Briick [1] made the following conjecture.
Conjecture A . Let f be a non-constant entire function. Suppose p1 (f) is not a positive
integer or infinite. If f and f’ share one finite value a CM, then f'—a = ¢(f —a), where
ce C\ {0}
Also in the same paper, Briick [1] ensured the necessity of the condition pi(f) &
NU{co} in Conjecture A, by considering solutions of the following differential equations:
FE-1_ e fE 1

e

-1 ¢ e -1
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In 1998, Gundersen and Yang [6] proved that Conjecture A holds for entire functions
of finite order. Also in 2004, Chen and Shon [4] further investigated Conjecture A for
the case when f is of infinite order and proved that Conjecture A holds when p;(f) < %
Recently Cao [2] affirmed Conjecture A when p;(f) = 3.

However, Conjecture A does not hold for meromorphic functions in general (see [6]).
For example if f(z) = 2¢22H then f and f’ share the value 1 CM, but f'—1 # ¢(f—1),
where ¢ € C\ {0}.

Though Conjecture A remains open when p;(f) > %, it gives rise to a long course of
research on the uniqueness of entire and meromorphic functions sharing a single value
with its derivatives. Specially, it was observed by Yang and Zhang [14] that Conjecture
A holds if instead of an entire function one considers its suitable power. They proved
the following result.

Theorem 1.5. [14] Let f be a non-constant entire function, n € N such thatn > 7 and
let F = f*. If F and F' share 1 CM, then F = F’ and f assumes the form f(z) = cen?,
where ¢ € C\ {0}.

In 2010, Zhang and Yang [16] improved the above result in the following manner.

Theorem 1.6. [16] Let f be a non-constant entire function and n,k € N. Suppose f"
and (f*)*) share 1 CM and n > k4 1. Then f* = (f™)*®) and f assumes the form
flz)= ce%z, where ¢ € C\ {0} and \F = 1.

2. Main Results

In this paper, we always use P(z) denoting an arbitrary non-zero polynomial as
follows:

P(2) = a2 + am_12™ 1 + ...+ ao, (2.1)
where a; € C(¢ =0,1,...,m).
Now observing Theorem 1.6 the following question is inevitable.
Question 1. What will happen if “f™” is replaced by “f™P(f)” in Theorem 1.6 7
In this paper, taking the possible answer of the above question into back ground we
obtain our main result as follows.

Theorem 2.1. Let f be a non-constant entire function and let n,k € N, m € NU {0}.
Suppose fPP(f) and (f”P(f))(k) share 1 CM, where P is defined as in (2.1) and

max{k,m}, if k=1,
n= { k, if k> 2.

Then f"P(f) = (f"P(f))(k). In this case P(z) reduces to a non-zero monomial, namely
P(2) = a;z® # 0 for some i € {0,1,...,m} and so f*" = (f*+))%) where f assumes
the form f(z) = cen%riz, c € C\ {0} and \F =1.

Remark 2.2. Following example shows that the condition

- max{k,m}, if k=1,
k, it k> 2.

in Theorem 2.1 is sharp.
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Example 2.3. Let f(z) = i(eclz + ¢a), where ¢1, co,cg € C\ {0} such that ¢; # 1 and
c1ca = c3(c; —1). Then f —1 and f’ — 1 share 0 CM, but f £ f’.

3. Auxiliary lemmas
Following lemmas play important roles in the proof of our main result.

Lemma 3.1. [3] Let f be a meromorphic function on C with finitely many poles. If f
has bounded spherical derivative on C, then f is of order at most 1.

Lemma 3.2. (Zaleman’s Lemma) [15] Let F be a family of meromorphic functions
defined in the open unit disc A. Then if F is not normal at a point zg € A, then there
exist for each real number a satisfying —1 < a < 1,
(i) points zp, € A, z, — 20,

(ii) positive numbers pn, p, — 07 and

(iii) functions fn, fn € F,
such that g,(C) = p% fn(zn + pnC) — g({) spherically uniformly on compact subsets of
C, where g is a non-constant meromorphic function and g (¢) < g#(0) = 1.

Lemma 3.3. ([8], Lemma 1.5.1.) Let P(z) = .1, a;2*, where a, #0. Then V¥ £ > 0,
there exists o > 0 such that ¥ r = |z| > ro the inequalities (1 — €)|an|r™ < |P(z)| <
(L4 ¢€)|an|r™ hold.

Lemma 3.4. ([8], Theorem 3.2.) Let f be a transcendental entire function. Then
there exists a set E C (1,+00) with finite logarithmic measure, we choose z satisfying
2| =r€[0,1]UE and |f(z)] = M(r, f), such that

fO%) _ (v )Y ,
= 1 1 N.
e DY (4 o)) forje
Lemma 3.5. [13] Suppose f; (j = 1,2,...,m+1) and g; (j = 1,2,...,m) are entire
functions satisfying the following conditions
(’L) Z:ijegj = fm-‘rl;
=

(i) the order of f; is less than the order of e9* for 1 < j <m+1, 1<k < m;
and furthermore, the order of f; is less than the order of €97 79 for m <2 and
1<ji<m+1,1<l,k<m,[l#k.

Then f; =0 (j=1,2,...,m+1).

Lemma 3.6. ([12], Proof of Lemma 2) Let f be a non-constant meromorphic function
and Pu(f) = anf" +an_1f" 1 +...+a1f +ao, where ag,ay,...,a,_1,a, are constants
and ay # 0. Then m(r, Pu(f)) =nm(r, f) + O(1).

4. Proof of the theorem

Proof of Theorem 2.1. First we see that if f is a polynomial, then f"P(f) — 1 and

(f"P(f))(k) — 1 cannot have the same zeros with same multiplicities. Therefore f is a
transcendental entire function.

Let F = {f.}, where f,(z2) = f(z +w), z € C. Clearly F is a family of entire
functions defined on C. We now consider following two cases.
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Case 1. Suppose the family F is normal on C. Then by Marty’s theorem
f#(w) = f#(0) < M for some M > 0 and for all w € C. Hence by Lemma 3.1,
we have f is of order at most 1.

Let H = f*P(f). Now by Lemma 3.6, we have T(r, H) = (n+ m) T(r, ) + O(1).
Therefore H is also a transcendental entire function. On the other hand p(H) = p(f)
and so p(H®)) = p(H) = p(f) < 1. Since H — 1 and H®*) — 1 share 0 CM, then there
exists a polynomial v such that

H® -1
T —¢" (4.1)

We now want to prove that v is a constant. If not, suppose deg(y) = p > 1. Let

v(z) = Y0 b;z", where b; € C for i = 0,1,...,p and b, # 0. Then from (4.1) we get

HF _1 H® 1
—log— ~ —Jog H ____H
Y=y 0g 1_ % )
where log g is the principle branch of the logarithm and so by Lemma 3.3 we have
H(k)(z) 1
H(z) H(2)

[bplr® (L +0(1)) = y(2)] = |log ——— (4.2)

(2)
Since H is a transcendental entire function, we have M (r, H) — oo as r — 00. Again
we let
M(r,H) = |H(z,)|, where z. =re? and 6 € [0,27). (4.3)
Now from (4.3) and Lemma 3.4, there exists a subset E C (1,400) with finite
logarithmic measure such that for some point z, = re? (6 € [0, 27)) satisfying |z,.| =7 &
E and M (r,H) = |H(z,)| we have

k
H;()S) = <V(T’2H)> (14 0(1)) as r — oo. (4.4)
Since H is a transcendental entire function, it follows from (4.3) that
lim ‘ 1 < lim _ 0. (4.5)
r—+oo | H(z.)| = r—+o0 M(r, H(2,))

Also we know that, if p(f) < +oo, then
logv(r, f) = O(logr). (4.6)
Therefore from (4.2)-(4.6) we conclude that |y(z,)| = O(logr) for |z.| = r ¢ E, which
is impossible. Hence 7 is a constant. Without loss of generality we assume that
H® —1=d(H -1), (4.7)
where d € C\ {0}.
First we suppose that d # 1. Then from (4.7), we have
H® =dH +1—d. (4.8)

We now consider following two sub-cases.

Sub-case 1.1. Suppose 0 is not a Picard exceptional value of f. Let zg be a zero of
f. Then H(z) = 0. Since n > k41, it follows that H¥)(zy) = 0. Therefore from (4.8),
we arrive at a contradiction.
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Sub-case 1.2. Suppose 0 is a Picard exceptional value of f. By Hadamard’s
Factorization theorem, we may assume that f(z) = c¢;e**, where a,c¢; € C\ {0}. Then
by induction we get

o (70 — o) = g 9
where d; (i = 0,1,2,...,m) are constants. Since H*) — dH # 0, it follows that d; # 0
for at least one i € {0,1,...,m}. Now from (4.8) and (4.9) we obtain

dpemT™az 4 4 dien ez 4 genar =1 — 4. (4.10)

Then from (4.10) and Lemma 3.5, we arrive at a contradiction.
Next we suppose that d = 1. Then from (4.7), we obtain H® =H, ie.,

PP = (P ())®. (4.11)
We now prove that P(z) = a;2° # 0 for some i € {0,1,...,m}. If not, we may assume
that P(z) = @2 +am_12™ 1 +. . .+ai1z+ag, where at least two of ag, ay, ..., @m_1,0mn

are non-zero. Without loss of generality, we assume that ag,a; # 0, where s # t,
s,t=0,1,2,...,m.

Since n > k + 1, it follows from (4.11) that f # 0. So we can take f(z) = e%*, where
a € C\ {0}. Then by induction, we get

a; (f”“ - (f”“)(k)) = ai(l —(n+ i)kak>e("+i)“z. (4.12)
Now from (4.11) and (4.12), we obtain
am (1 —(n+ m)kak)em‘” +...4+a (1 —(n+ 1)kak)e‘” = —aqy (1 - nkak>. (4.13)

Then from Lemma 3.5 and (4.13), we conclude that ai(l —(n+ i)kak> = 0 for

i=0,1,...,m. As as,a; # 0, from (4.12), we have (n + s)*a* =1 and (n +t)*a* =1,
which is a contradiction.

Hence P(z) = a;z* # 0 for some i € {0,1,...,m}. Therefore from (4.11) we get
i = (f"‘”)(k)7 where i € {0,1,...,m}. Clearly f assumes the form f(z) = cen iz,
where ¢ € C\ {0} and A\* = 1.

Case 2. Suppose the family F is not normal on C. Then there exists at least
one point zy € A such that F is not normal at zy. For the sake of simplicity we
assume that zyp = 0. Now by Marty’s theorem there exists a sequence of entire functions
{f(z+wj)} C F, where z € A and {w;} C C is some sequence of complex numbers such
that f#(w;) — oo as |wj| — oo. Then by Lemma 3.2, we see that there exist

(i) points z; € A such that z; — 0,
(i) pj € R such that p; — 07,
(iii) a subsequence {f;(z; 4+ p;¢) = f(wj + z; + p;Q)} of {f(w; + 2)};
such that
hi(€) = fi(zi + pi¢) = h(() (4.14)
spherically uniformly on compact subsets of C, where h is some non-constant entire

function such that h# (¢) < h#(0) = 1. Now from Lemma 3.1, we conclude that p(h) < 1.
Clearly from (4.14), we have

BHC) = £77 (2 + pi€) = WTHQ), (4.15)
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i=0,1,...,m and so
(RO = A (7 25+ ) ® = ()™, (4.16)
i=0,1,...,m. Now from (4.15), we deduce that
G](C) :Hj(szrij) = H(w]‘+Zj+ij) (417)

am ;) 4 a1 hITTHE) + L+ aohf ()
= am P + am KT + -+ agh™(Q)
= h"(C)P(h(C)),

spherically uniformly on compact subsets of C.
Again from (4.16) and (4.17) we have

(GHW = FHP (2 + pi0) (4.18)
= an (W)Y + o (O
= an(B"(O) Y+ ag (1)
= (PN,

spherically uniformly on compact subsets of C.

Let ¢ = h™P(h). First we want to prove that g(¢) is non-constant. If possible
suppose that g = h" P(h) = ¢o, where ¢y € C. Then clearly h has no zeros. Since h is
a non-constant entire function of order at most 1, then there exist ¢i,c0 € C\ {0}
such that h(¢) = cie®¢. Now using Lemma 3.6, we see that (n + m)T(r,h) =
(n+m)T(r,e?¢) + O(1) = O(1), which is impossible. Hence g is non-constant.

Next we want to prove that ¢(®) is non-constant. If possible suppose that ¢(*) =
(h"P(h))(k) = c3, where c¢3 € C. Sincen > k+1, it follows that A has no zeros. Therefore
h(¢) = cqe¢, where c4,c5 € C\ {0}. In this case also we arrive at a contradiction.
Hence ¢®) is non-constant.

Now we prove that g = 1 = ¢®*) = 0. Let g(¢y) = 1. Then by Hurwitz’s theorem
there exists a sequence {(;}, (; — (o such that (for sufficiently large j) H;(z;+p;(;) = L.
The assumption H and H®*) share 1 CM implies that Hj(-k)(zj + pj¢;) = 1. Now from
(4.18) we see that

gM (@) = (0 P(1) " (Go) = lim pFH[Y (25 + p,¢;) = lim pf = 0.

Thus g =1= g(k) =0.

Finally we prove that ¢*) =0 = g = 1. Now from (4.18) we see that

k n k
o (HP (25 + 050 = 1) = g2(0) = (" (O P(()) Y. (4.19)

Let g%*)(&y) = 0. Then by (4.19) and Hurwitz’s theorem, there exists a sequence {;},
& — &o such that (for sufficiently large j) Hj(k)(zj + p;&;) = 1. The assumption H and
H®) share 1 CM implies that H;(z; + p;&;) = 1. Therefore from (4.17) we have

9(&0) = 1" (&) P(h(&)) = lim H;(z; + p;;) = 1.

Thus ¢®*) =0 = g = 1. As aresult we have g = 1 < ¢(*) = 0. Note that h = 0= g = 0.
Since n > k + 1, it follows that h = 0 = ¢g*) = 0. Therefore one can easily deduce that
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h # 0. Since h is a non-constant entire function of order at most 1, then there exist
¢, A € C\ {0} such that h(¢) = ce?¢.

Now we divide the following sub-cases.

Sub-case 2.1. Suppose k = 1. Since g = 1 & ¢’ = 0, one can easily conclude
that zeros of g — 1 are of multiplicity at least 2. Also by Lemma 3.6, we have
T(r,g) = (n+m) T(r,h) + O(1) and so S(r,g) = S(r,h). Therefore by the second
fundamental theorem we have

(n+m)T(r,h) = T(r,g)+ 0(1)

< N(r,0;9) + N(r,00;9) + N(r,1;9) + S(r,9)
_ 1
< N(r,0;P(h))+ 3 N(r,1;9)+ S(r,g)
1
S mT(r7h)+§T(r,g)+S(r,g)

n-—+m

= mT(rh)+ T(r,h) + S(r, h),

which is a contradiction as n > m.

Sub-case 2.2. Suppose k > 2. In this case we concentrate our attention on the
nature of the polynomial P. Therefore we have to consider the following sub-cases.

Sub-case 2.2.1. Suppose P = dy € C\ {0}. Then g = doh™ and so g¥) = do(h")*).
Note that ¢ # 0 and ¢®) #£ 0. Since g = 1 < ¢®) = 0, it follows that g # 1.
Therefore 0 and 1 are the Picard exceptional values of g and so g is a constant. Since
T(r,g) =nT(r,h) + O(1), we conclude that h is a constant, which is impossible.

Sub-case 2.2.2. Suppose deg(P) = 1. Clearly P(¢) = a1{ + ag. If ag = 0, then we
conclude that g # 0 and ¢g(*) # 0. In this case also we arrive at a contradiction. Hence
ag # 0. Note that

9(¢) = " (OP(A(Q)) = " are™ TV 4 apem (4.20)
and so
(g(O)®) = Necme™* (c(n + 1)Fare? + agn*) . (4.21)
Let
Poi1(¢) = a1¢"™ + ag¢" — 1 (4.22)
and
Pi(¢) = (n+ 1)*ay¢ + agn®. (4.23)
Now from (4.20) and (4.22), we see that
9(¢) = 1= Pryq (ce™). (4.24)
Also from (4.21) and (4.23), we see that
(9(0)®) = Necnemd= Py (ce??). (4.25)
Since g = 1 < g*) = 0, from (4.24) and (4.25), we conclude that P4 (ce’) = 0 <
Py (ce*®) =0 and so ¢ = —% is the only zeros of P;. Therefore from (4.22), we
have

aonk n+1
Prii(Q) =a <C + (n—i—l)ka1>
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and so from (4.24), we get

k n+1
1= AN L B
9(¢) ay <C€ + (n+ 1)ka,

This shows that all the zeros of g — 1 have multiplicity at least n+ 1. On the other hand
by Lemma 3.6, we see that T'(r,g) = (n+ 1) T(r,h) + O(1) and so S(r,g9) = S(r,h).
Now by using the second fundamental theorem, we have

(n+1) T(r,h) T(r,g) +O(1)
N(r,0;9) + N(r,00:9) + N(r,1:9) + S(r, 9)

1
< R _— N
< N(r,0;P(h)) + o N(r,1;9) + S(r,9)

IA

1
< T(r.h — T
< T(r )+n+1 (r,g) +S(r,9)
n+1
n+1

which is a contradiction since n > k + 1.

Sub-case 2.2.3. Suppose deg(P) =m > 2. If P({) = a,,{™, then we conclude that
g # 0 and g(®) # 0. In this case also we arrive at a contradiction. Hence P(¢) # a,, (™.
For the sake of simplicity, we may assume that a.,,ag # 0. Note that

9(¢Q) = m*(QP(h(QC)) (4.26)

= T(r,h)+ T(r,h) +S(r,h) =2T(r,h) + S(r, h),

g, eEMIAG | pndm—lg o p(ntm=DAC Ly g enAC
and so

(g(cN™ (4.27)
= A ™+ m)Pame™ + T 4 m — 1)Fap_1eMTAN 4 4 agnF).

Let
Poim(€) = amC" 4 a1 T 4 L+ ag(M - 1 (4.28)

and
Pp(C) = (n+m)fanC™ + (n+m—1)*a, 1™+ ... +aon”. (4.29)

Clearly deg(Py+m) = n+ m and deg(P,,) = m. Therefore from (4.29), we may assume
that

Ppn(C) = (n+m) an (¢ —b1)™ (¢ = b2)™ ... (¢ = bs)™, (4.30)

where by, by, ..., bs € C\ {0} such that by # b # ... #bs and m; +ma+...+ms = m.
Now from (4.26) and (4.28), we see that

g(C) -1= Pn+m (CEAC) . (431)
Also from (4.27) and (4.30), we see that
(9™ = Necmem P, (ce) (4.32)

= AR (e — )™ (ceM = bg) ™. (ceX = by
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Since g = 1 < g®) = 0, from (4.31) and (4.32), we conclude that P, (ce*®) =0 <
P, (ce’\C) = Oand so by, ba, ..., bs are the only zeros of P, 1,,. Therefore we may assume
that

Prim(C) = am (¢ = b1)"* (¢ = b2)" ... (¢ = bs)", (4.33)

where [ +1ls+ ...+ 1, =m+n.

We now want to prove that P, 4., has only one zero. If possible suppose that P, 1,
has more than one zeros. For the sake of simplicity we may assume that P,,, has two
zeros, say by and by. Therefore

Py () = am(C = b1)"™ (¢ = ba)", (4.34)
where [ + lo = m + n. Therefore from (4.31) and (4.34), we see that
g(€) — 1 = am(ce™® —b1) (ce?s — by)'2. (4.35)
On the other hand from (4.30), we have
Prn(¢) = (n+m) am (¢ = b1)™ (¢ = b2)™, (4.36)
where my + mg = m and so from (4.32), we have
(g(())(k) = )\kc"e")‘z(ce’\C —b)™ (ce”\C —by)™2. (4.37)
Now from (4.34), we have
Pl = "H(n+m)aml™ + (n4+m—1)am-1""" + ...+ nag) (4.38)

= am(C—01)"THC = ba)2 T (1 + 15)C — (I3b1 + 17D2))

ﬁ_{ 1,  ifl=1,
Tl i-1, ifi>2
Clearly (I5 4+ 15)by — (I5b1 + I5b2) # 0 and (17 + 13)ba — (I5b1 + 1b2) # 0.

Note that n > k+1 > 3 and so n — 1 > 2. Since ag # 0, from (4.38) one can easily
arrive at a contradiction.

Hence P,.,, has only one zero, say b;. Consequently Py y.,(¢) = am,(¢ — b)) ™.
Therefore from (4.31), we see that

9(Q) = 1=ap, (ce — b

This shows that all the zeros of g — 1 have multiplicity at least n + m.
Now from Lemma 3.6, we have T(r,g) = (n +m) T(r,h) + O(1) and so S(r,g) =
S(r, h). Therefore by using the second fundamental theorem we have

(n+m)T(r,h) = T(rg)+0(1)

where

)n—i-m

< N(r,0;9) + N(r,00;9) + N(r,1;9) + S(r, g)
— 1

< N P —— N(r. 1;

< N(0:P(h) + ——— N(r,1;9) + S(r,9)

< e

< mT(nh)JrnerT(hg)JrS(r,g)

n-+m
mT(r,h)—l—ner T(r,h) + S(r,h)

= (m+1)T(rh)+ S(rh),
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which is a contradiction since n > 3. This completes the proof. (]
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