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Abstract . In this paper, we use the idea of normal family to investigate the
uniqueness problem of entire functions that share one value with their derivatives

and obtain a result which improves and generalizes the recent result due to Zhang

and Yang [16]. Also we exhibit an example to show that the condition of our result
is the best possible.

1. Introduction, definitions and results

In the paper, we assume that the reader is familiar with standard notation and main
results of Nevanlinna Theory (see, e.g., [7, 13]). Again we recall that a meromorphic
function a is said to be a small function of f if T (r, a) = S(r, f).

Let f and g be two non-constant meromorphic functions and a ∈ C. If f(z)− a and
g(z)−a have the same zeros with the same multiplicities then we say that f(z) and g(z)
share a with CM (counting multiplicities) and if we do not consider the multiplicities then
we say that f(z) and g(z) share a with IM (ignoring multiplicities). Also if g(z)−a = 0
whenever f(z) − a = 0, we write f(z) = a ⇒ g(z) = a. If f(z) = a ⇒ g(z) = a and
g(z) = a ⇒ f(z) = a, we then write f = a ⇔ g = a and we say that f and g share a
IM.

We recall that the order ρ(f) of entire function f defined by

ρ(f) = lim sup
r→∞

log T (r, f)

log r
= lim sup

r→∞

log logM(r, f)

log r
,

where M(r, f) = max
|z|=r

|f(z)|.
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Let f be a non-constant entire function. We know that f can be expressed by the

power series f(z) =
∞∑
n=0

anz
n. We denote by

µ(r, f) = max
n∈N
|z|=r

{|anzn|} and ν(r, f) = sup{n : |an|rn = µ(r, f)}.

Clearly for a polynomial P (z) = anz
n + an−1z

n−1 + . . .+ a0, an 6= 0, we have

µ(r, P ) = |an|rn and ν(r, P ) = n

for all r sufficiently large.
In the general case, |an|rn ≤ µ(r, f) for all n ≥ 0 and |an|rn < µ(r, f) for all

n > ν(r, f).
Here it is enough to recall that (see [8])

(1) µ(r, f) is strictly increasing for all r sufficiently large, is continuous and tends
to +∞ as r →∞;

(2) ν(r, f) is increasing, piecewise constant, right-continuous and also tends to +∞
as r →∞;

(3) log ν(r, F ) = O(log r), if ρ(f) < +∞.

Next we introduce some basic ideas about normal families. First we recall the chordal
metric χ(., , ) on C ∪ {∞} (see [11]) defined by

χ(z1, z2) =


|z1−z2|√

1+|z1|2
√

1+|z2|2
, if z1, z2 ∈ C,

1√
1+|z1|2

, if z2 =∞.

The important property of the chordal metric is that it allows z = ∞ to be treated
like any other point. It is easy to verify that χ(z1, z2) ≤ |z1−z2| in C. We now introduce
the prime mode of convergence in normal family is as follows.

A sequence of functions {fn} is said to be converge spherically uniformly on compact
subsets of D to a function f if for any compact subset K ⊆ D and ε > 0, there exists
n0 = n0(K, ε) ∈ N such that n ≥ n0 implies χ(fn(z), f(z)) < ε ∀ z ∈ K and n ≥ n0.

Let F be a family of meromorphic functions in a domain D ⊆ C. We say that F
is normal in D in the sense of Montel, if for any sequence {fn}n ⊆ F there exists a
subsequence {fnj} such that {fnj} converges spherically and uniformly on the compact
subsets of D to a meromorphic function or ∞.

The family F is said to be normal at a point z0 ∈ D if it is normal in some
neighbourhood of z0. Clearly F is normal in D if and only if it is normal at every
point of D. It follows that if F is not normal in D, then D contains at least one point
at which F is not normal.

Normal families, in particular, of holomorphic functions often appear in operator
theory on spaces of analytic functions.

Following example shows that the limit function may be identically ∞.
Let fn(z) = n

z , n ∈ N and z ∈ ∆ = {z ∈ C : |z| < 1}. Then each fn is meromorphic
and {fn} converges spherically uniformly to ∞ in ∆.

The following example is an example of a family of holomorphic functions which is
not normal.

Let F = {fn(z) = nz : n ∈ N}. Then fn(0)→ 0, but fn(z)→∞ as n→∞ for z 6= 0.
Clearly F is not normal in ∆.
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Next we introduce the notation of the spherical derivative. Let h be a meromorphic
function. The spherical derivative of h at z ∈ C is given as

h#(z) =
|h′(z)|

1 + |h(z)|2
.

We remember that h is called a normal function if there exists a positive real number
M such that h#(z) ≤M ∀ z ∈ C. The following result is the famous Marty’s Theorem.
Marty’s Theorem: A family F of meromorphic functions on a domain D is normal
if and only if for each compact subset K ⊆ D, there exists M(K) ∈ R+ such that
f#(z) ≤M(K) ∀ f ∈ F and ∀ z ∈ K.

The Marty criterion is one of the most widely used for determining the normality of a
family of meromorphic functions. In the paper, we also use it to deal with the normality
of a family of entire functions.

Rubel and Yang [10] were the first to study the entire functions that share values
with their derivatives. In 1977 they proved the following important result.

Theorem 1.1. [10] Let a and b be complex numbers such that b 6= a and let f be a
non-constant entire function. If f and f ′ share the values a and b CM, then f ≡ f ′.

Mues and Steinmetz [9] generalized Theorem 1.1 from sharing values CM to IM and
obtained the following result.

Theorem 1.2. [9] Let a and b be complex numbers such that b 6= a and let f be a
non-constant entire function. If f and f ′ share the values a and b IM, then f ≡ f ′.

Also Theorem 1.1 has been generalized to sharing values IM independently by G.
Gundersen in the case when both shared values are nonzero (see [5]). Since then, in this
topics many results have been obtained (see [13]).

A natural question is:
Question A. What is the possible relation between f and f ′ when an entire function
f and it’s derivative f ′ share only one finite value CM ?

Motivated by Question A, Brück [1] obtained the following results in 1996.

Theorem 1.3. [1] Let f be a non-constant entire function such that ρ1(f) < ∞ and
ρ1(f) is not a positive integer, where

ρ1(f) := lim sup
r→∞

log log T (r, f)

log r

If f and f ′share the value 0 CM, then f ′ ≡ cf for some constant c 6= 0.

Theorem 1.4. [1] Let f be a non-constant entire function. If f and f ′ share 1 CM,
and if N(r, 1

f ′ ) = S(r, f), then f ′ − 1 ≡ c(f − 1) for some constant c 6= 0.

In the same paper, Brück [1] made the following conjecture.

Conjecture A . Let f be a non-constant entire function. Suppose ρ1(f) is not a positive
integer or infinite. If f and f ′ share one finite value a CM, then f ′−a ≡ c(f −a), where
c ∈ C \ {0}.

Also in the same paper, Brück [1] ensured the necessity of the condition ρ1(f) 6∈
N∪{∞} in Conjecture A, by considering solutions of the following differential equations:

f ′(z)− 1

f(z)− 1
= ez

n

and
f ′(z)− 1

f(z)− 1
= ee

z

.
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In 1998, Gundersen and Yang [6] proved that Conjecture A holds for entire functions
of finite order. Also in 2004, Chen and Shon [4] further investigated Conjecture A for
the case when f is of infinite order and proved that Conjecture A holds when ρ1(f) < 1

2 .

Recently Cao [2] affirmed Conjecture A when ρ1(f) = 1
2 .

However, Conjecture A does not hold for meromorphic functions in general (see [6]).

For example if f(z) = 2ez+z+1
ez+1 , then f and f ′ share the value 1 CM, but f ′−1 6≡ c(f−1),

where c ∈ C \ {0}.
Though Conjecture A remains open when ρ1(f) > 1

2 , it gives rise to a long course of
research on the uniqueness of entire and meromorphic functions sharing a single value
with its derivatives. Specially, it was observed by Yang and Zhang [14] that Conjecture
A holds if instead of an entire function one considers its suitable power. They proved
the following result.

Theorem 1.5. [14] Let f be a non-constant entire function, n ∈ N such that n ≥ 7 and

let F = fn. If F and F ′ share 1 CM, then F ≡ F ′ and f assumes the form f(z) = ce
1
n z,

where c ∈ C \ {0}.

In 2010, Zhang and Yang [16] improved the above result in the following manner.

Theorem 1.6. [16] Let f be a non-constant entire function and n, k ∈ N. Suppose fn

and (fn)(k) share 1 CM and n ≥ k + 1. Then fn ≡ (fn)(k) and f assumes the form

f(z) = ce
λ
n z, where c ∈ C \ {0} and λk = 1.

2. Main Results

In this paper, we always use P (z) denoting an arbitrary non-zero polynomial as
follows:

P (z) = amz
m + am−1z

m−1 + . . .+ a0, (2.1)
where ai ∈ C(i = 0, 1, . . . ,m).

Now observing Theorem 1.6 the following question is inevitable.
Question 1. What will happen if “fn” is replaced by “fnP (f)” in Theorem 1.6 ?
In this paper, taking the possible answer of the above question into back ground we

obtain our main result as follows.

Theorem 2.1. Let f be a non-constant entire function and let n, k ∈ N, m ∈ N ∪ {0}.
Suppose fnP (f) and (fnP (f))

(k)
share 1 CM, where P is defined as in (2.1) and

n >

{
max{k,m}, if k = 1,

k, if k ≥ 2.

Then fnP (f) ≡ (fnP (f))
(k)

. In this case P (z) reduces to a non-zero monomial, namely
P (z) = aiz

i 6≡ 0 for some i ∈ {0, 1, . . . ,m} and so fn+i ≡ (fn+i)(k), where f assumes

the form f(z) = ce
λ
n+i z, c ∈ C \ {0} and λk = 1.

Remark 2.2. Following example shows that the condition

n >

{
max{k,m}, if k = 1,

k, if k ≥ 2.

in Theorem 2.1 is sharp.
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Example 2.3. Let f(z) = 1
c3

(ec1z + c2), where c1, c2, c3 ∈ C \ {0} such that c1 6= 1 and

c1c2 = c3(c1 − 1). Then f − 1 and f ′ − 1 share 0 CM, but f 6≡ f ′.

3. Auxiliary lemmas

Following lemmas play important roles in the proof of our main result.

Lemma 3.1. [3] Let f be a meromorphic function on C with finitely many poles. If f
has bounded spherical derivative on C, then f is of order at most 1.

Lemma 3.2. (Zalcman’s Lemma) [15] Let F be a family of meromorphic functions
defined in the open unit disc ∆. Then if F is not normal at a point z0 ∈ ∆, then there
exist for each real number α satisfying −1 < α < 1,

(i) points zn ∈ ∆, zn → z0,
(ii) positive numbers ρn, ρn → 0+ and

(iii) functions fn, fn ∈ F ,

such that gn(ζ) = ραnfn(zn + ρnζ) → g(ζ) spherically uniformly on compact subsets of
C, where g is a non-constant meromorphic function and g#(ζ) ≤ g#(0) = 1.

Lemma 3.3. ([8], Lemma 1.3.1.) Let P (z) =
∑n
i=1 aiz

i, where an 6= 0. Then ∀ ε > 0,
there exists r0 > 0 such that ∀ r = |z| > r0 the inequalities (1 − ε)|an|rn ≤ |P (z)| ≤
(1 + ε)|an|rn hold.

Lemma 3.4. ([8], Theorem 3.2.) Let f be a transcendental entire function. Then
there exists a set E ⊂ (1,+∞) with finite logarithmic measure, we choose z satisfying
|z| = r 6∈ [0, 1] ∪ E and |f(z)| = M(r, f), such that

f (j)(z)

f(z)
=

(
ν(r, f)

z

)j
(1 + o(1)) for j ∈ N.

Lemma 3.5. [13] Suppose fj (j = 1, 2, . . . ,m + 1) and gj (j = 1, 2, . . . ,m) are entire
functions satisfying the following conditions

(i)
m∑
j=1

fje
gj ≡ fm+1;

(ii) the order of fj is less than the order of egk for 1 ≤ j ≤ m + 1, 1 ≤ k ≤ m;
and furthermore, the order of fj is less than the order of egj−gk for m ≤ 2 and
1 ≤ j ≤ m+ 1, 1 ≤ l, k ≤ m, l 6= k.

Then fj ≡ 0 (j = 1, 2, . . . ,m+ 1).

Lemma 3.6. ([12], Proof of Lemma 2) Let f be a non-constant meromorphic function
and P∗(f) = anf

n + an−1f
n−1 + . . .+ a1f + a0, where a0, a1, . . . , an−1, an are constants

and an 6= 0. Then m(r, P∗(f)) = n m(r, f) +O(1).

4. Proof of the theorem

Proof of Theorem 2.1. First we see that if f is a polynomial, then fnP (f) − 1 and

(fnP (f))
(k) − 1 cannot have the same zeros with same multiplicities. Therefore f is a

transcendental entire function.
Let F = {fω}, where fω(z) = f(z + ω), z ∈ C. Clearly F is a family of entire

functions defined on C. We now consider following two cases.
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Case 1. Suppose the family F is normal on C. Then by Marty’s theorem
f#(ω) = f#ω (0) ≤ M for some M > 0 and for all ω ∈ C. Hence by Lemma 3.1,
we have f is of order at most 1.

Let H = fnP (f). Now by Lemma 3.6, we have T (r,H) = (n + m) T (r, f) + O(1).
Therefore H is also a transcendental entire function. On the other hand ρ(H) = ρ(f)
and so ρ(H(k)) = ρ(H) = ρ(f) ≤ 1. Since H − 1 and H(k) − 1 share 0 CM, then there
exists a polynomial γ such that

H(k) − 1

H − 1
= eγ . (4.1)

We now want to prove that γ is a constant. If not, suppose deg(γ) = p ≥ 1. Let
γ(z) =

∑p
i=0 biz

i, where bi ∈ C for i = 0, 1, . . . , p and bp 6= 0. Then from (4.1) we get

γ = log
H(k) − 1

H − 1
= log

H(k)

H − 1
H

1− 1
H

,

where log g is the principle branch of the logarithm and so by Lemma 3.3 we have

|bp|rp(1 + o(1)) = |γ(z)| =

∣∣∣∣∣∣log

H(k)(z)
H(z) −

1
H(z)

1− 1
H(z)

∣∣∣∣∣∣ . (4.2)

Since H is a transcendental entire function, we have M(r,H)→∞ as r →∞. Again
we let

M(r,H) = |H(zr)| , where zr = reiθ and θ ∈ [0, 2π). (4.3)

Now from (4.3) and Lemma 3.4, there exists a subset E ⊂ (1,+∞) with finite
logarithmic measure such that for some point zr = reiθ(θ ∈ [0, 2π)) satisfying |zr| = r 6∈
E and M(r,H) = |H(zr)| we have

H(k)(z)

H(z)
=

(
ν(r,H)

z

)k
(1 + o(1)) as r →∞. (4.4)

Since H is a transcendental entire function, it follows from (4.3) that

lim
r→+∞

∣∣∣∣ 1

H(zr)

∣∣∣∣ ≤ lim
r→+∞

1

M(r,H(zr))
= 0. (4.5)

Also we know that, if ρ(f) < +∞, then

log ν(r, f) = O(log r). (4.6)

Therefore from (4.2)-(4.6) we conclude that |γ(zr)| = O(log r) for |zr| = r 6∈ E, which
is impossible. Hence γ is a constant. Without loss of generality we assume that

H(k) − 1 ≡ d(H − 1), (4.7)

where d ∈ C \ {0}.
First we suppose that d 6= 1. Then from (4.7), we have

H(k) ≡ dH + 1− d. (4.8)

We now consider following two sub-cases.
Sub-case 1.1. Suppose 0 is not a Picard exceptional value of f . Let z0 be a zero of

f . Then H(z0) = 0. Since n ≥ k+ 1, it follows that H(k)(z0) = 0. Therefore from (4.8),
we arrive at a contradiction.
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Sub-case 1.2. Suppose 0 is a Picard exceptional value of f . By Hadamard’s
Factorization theorem, we may assume that f(z) = c1e

az, where a, c1 ∈ C \ {0}. Then
by induction we get

ai

(
(fn+i)(k) − dfn+i

)
= die

(n+i)az, (4.9)

where di (i = 0, 1, 2, . . . ,m) are constants. Since H(k) − dH 6≡ 0, it follows that di 6= 0
for at least one i ∈ {0, 1, . . . ,m}. Now from (4.8) and (4.9) we obtain

dme
(n+m)az + . . .+ d1e

(n+1)az + d0e
naz ≡ 1− d. (4.10)

Then from (4.10) and Lemma 3.5, we arrive at a contradiction.
Next we suppose that d = 1. Then from (4.7), we obtain H(k) ≡ H, i.e.,

fnP (f) ≡ (fnP (f))(k). (4.11)

We now prove that P (z) = aiz
i 6≡ 0 for some i ∈ {0, 1, . . . ,m}. If not, we may assume

that P (z) = amz
m+am−1z

m−1+. . .+a1z+a0, where at least two of a0, a1, . . . , am−1, am
are non-zero. Without loss of generality, we assume that as, at 6= 0, where s 6= t,
s, t = 0, 1, 2, . . . ,m.
Since n ≥ k + 1, it follows from (4.11) that f 6= 0. So we can take f(z) = eaz, where
a ∈ C \ {0}. Then by induction, we get

ai

(
fn+i − (fn+i)(k)

)
= ai

(
1− (n+ i)kak

)
e(n+i)az. (4.12)

Now from (4.11) and (4.12), we obtain

am

(
1− (n+m)kak

)
emaz + . . .+ a1

(
1− (n+ 1)kak

)
eaz ≡ −a0

(
1− nkak

)
. (4.13)

Then from Lemma 3.5 and (4.13), we conclude that ai

(
1 − (n + i)kak

)
= 0 for

i = 0, 1, . . . ,m. As as, at 6= 0, from (4.12), we have (n+ s)kak = 1 and (n+ t)kak = 1,
which is a contradiction.

Hence P (z) = aiz
i 6≡ 0 for some i ∈ {0, 1, . . . ,m}. Therefore from (4.11) we get

fn+i ≡
(
fn+i

)(k)
, where i ∈ {0, 1, . . . ,m}. Clearly f assumes the form f(z) = ce

λ
n+i z,

where c ∈ C \ {0} and λk = 1.
Case 2. Suppose the family F is not normal on C. Then there exists at least

one point z0 ∈ ∆ such that F is not normal at z0. For the sake of simplicity we
assume that z0 = 0. Now by Marty’s theorem there exists a sequence of entire functions
{f(z+ωj)} ⊂ F , where z ∈ ∆ and {ωj} ⊂ C is some sequence of complex numbers such
that f#(ωj)→∞ as |ωj | → ∞. Then by Lemma 3.2, we see that there exist

(i) points zj ∈ ∆ such that zj → 0,
(ii) ρj ∈ R+ such that ρj → 0+,

(iii) a subsequence {fj(zj + ρjζ) = f(ωj + zj + ρjζ)} of {f(ωj + z)};
such that

hj(ζ) = fj(zj + ρjζ)→ h(ζ) (4.14)

spherically uniformly on compact subsets of C, where h is some non-constant entire
function such that h#(ζ) ≤ h#(0) = 1. Now from Lemma 3.1, we conclude that ρ(h) ≤ 1.
Clearly from (4.14), we have

hn+ij (ζ) = fn+ij (zj + ρjζ)→ hn+i(ζ), (4.15)
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i = 0, 1, . . . ,m and so

(hn+ij (ζ))(k) = ρkj (fn+ij (zj + ρjζ))(k) → (hn+i(ζ))(k), (4.16)

i = 0, 1, . . . ,m. Now from (4.15), we deduce that

Gj(ζ) = Hj(zj + ρjζ) = H(ωj + zj + ρjζ) (4.17)

= amh
n+m
j (ζ) + am−1h

n+m−1
j (ζ) + . . .+ a0h

n
j (ζ)

→ amh
n+m(ζ) + am−1h

n+m−1(ζ) + . . .+ a0h
n(ζ)

= hn(ζ)P (h(ζ)),

spherically uniformly on compact subsets of C.
Again from (4.16) and (4.17) we have

(Gj(ζ))(k) = ρkjH
(k)
j (zj + ρjζ) (4.18)

= am
(
hn+mj (ζ)

)(k)
+ am−1

(
hn+m−1j (ζ)

)(k)
+ . . .+ a0

(
hnj (ζ)

)(k)
→ am

(
hn+m(ζ)

)(k)
+ am−1

(
hn+m−1(ζ)

)(k)
+ . . .+ a0

(
hn(ζ)

)(k)
= (hn(ζ)P (h(ζ)))

(k)
,

spherically uniformly on compact subsets of C.
Let g = hnP (h). First we want to prove that g(ζ) is non-constant. If possible

suppose that g = hnP (h) ≡ c0, where c0 ∈ C. Then clearly h has no zeros. Since h is
a non-constant entire function of order at most 1, then there exist c1, c2 ∈ C \ {0}
such that h(ζ) = c1e

c2ζ . Now using Lemma 3.6, we see that (n + m)T (r, h) =
(n+m)T (r, ec2ζ) +O(1) = O(1), which is impossible. Hence g is non-constant.

Next we want to prove that g(k) is non-constant. If possible suppose that g(k) =

(hnP (h))
(k) ≡ c3, where c3 ∈ C. Since n ≥ k+1, it follows that h has no zeros. Therefore

h(ζ) = c4e
c5ζ , where c4, c5 ∈ C \ {0}. In this case also we arrive at a contradiction.

Hence g(k) is non-constant.
Now we prove that g = 1 ⇒ g(k) = 0. Let g(ζ0) = 1. Then by Hurwitz’s theorem

there exists a sequence {ζj}, ζj → ζ0 such that (for sufficiently large j) Hj(zj+ρjζj) = 1.

The assumption H and H(k) share 1 CM implies that H
(k)
j (zj + ρjζj) = 1. Now from

(4.18) we see that

g(k)(ζ0) =
(
hnP (h)

)(k)
(ζ0) = lim

j→∞
ρkjH

(k)
j (zj + ρjζj) = lim

j→∞
ρkj = 0.

Thus g = 1⇒ g(k) = 0.
Finally we prove that g(k) = 0⇒ g = 1. Now from (4.18) we see that

ρkj

(
H

(k)
j (zj + ρjζ)− 1

)
→ g(k)(ζ) =

(
hn(ζ)P (h(ζ))

)(k)
. (4.19)

Let g(k)(ξ0) = 0. Then by (4.19) and Hurwitz’s theorem, there exists a sequence {ξj},
ξj → ξ0 such that (for sufficiently large j) H

(k)
j (zj + ρjξj) = 1. The assumption H and

H(k) share 1 CM implies that Hj(zj + ρjξj) = 1. Therefore from (4.17) we have

g(ξ0) = hn(ξ0)P (h(ξ0)) = lim
j→∞

Hj(zj + ρjξj) = 1.

Thus g(k) = 0⇒ g = 1. As a result we have g = 1⇔ g(k) = 0. Note that h = 0⇒ g = 0.
Since n ≥ k + 1, it follows that h = 0⇒ g(k) = 0. Therefore one can easily deduce that
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h 6= 0. Since h is a non-constant entire function of order at most 1, then there exist
c, λ ∈ C \ {0} such that h(ζ) = ceλζ .

Now we divide the following sub-cases.
Sub-case 2.1. Suppose k = 1. Since g = 1 ⇔ g′ = 0, one can easily conclude

that zeros of g − 1 are of multiplicity at least 2. Also by Lemma 3.6, we have
T (r, g) = (n + m) T (r, h) + O(1) and so S(r, g) = S(r, h). Therefore by the second
fundamental theorem we have

(n+m) T (r, h) = T (r, g) +O(1)

≤ N(r, 0; g) +N(r,∞; g) +N(r, 1; g) + S(r, g)

≤ N(r, 0;P (h)) +
1

2
N(r, 1; g) + S(r, g)

≤ m T (r, h) +
1

2
T (r, g) + S(r, g)

= m T (r, h) +
n+m

2
T (r, h) + S(r, h),

which is a contradiction as n > m.
Sub-case 2.2. Suppose k ≥ 2. In this case we concentrate our attention on the

nature of the polynomial P . Therefore we have to consider the following sub-cases.
Sub-case 2.2.1. Suppose P ≡ d0 ∈ C \ {0}. Then g = d0h

n and so g(k) = d0(hn)(k).
Note that g 6= 0 and g(k) 6= 0. Since g = 1 ⇔ g(k) = 0, it follows that g 6= 1.
Therefore 0 and 1 are the Picard exceptional values of g and so g is a constant. Since
T (r, g) = nT (r, h) +O(1), we conclude that h is a constant, which is impossible.

Sub-case 2.2.2. Suppose deg(P ) = 1. Clearly P (ζ) = a1ζ + a0. If a0 = 0, then we
conclude that g 6= 0 and g(k) 6= 0. In this case also we arrive at a contradiction. Hence
a0 6= 0. Note that

g(ζ) = hn(ζ)P (h(ζ)) = cn+1a1e
(n+1)λζ + cna0e

nλζ (4.20)

and so

(g(ζ))(k) = λkcnenλz
(
c(n+ 1)ka1e

λζ + a0n
k
)
. (4.21)

Let

Pn+1(ζ) = a1ζ
n+1 + a0ζ

n − 1 (4.22)

and

P1(ζ) = (n+ 1)ka1ζ + a0n
k. (4.23)

Now from (4.20) and (4.22), we see that

g(ζ)− 1 = Pn+1

(
ceλζ

)
. (4.24)

Also from (4.21) and (4.23), we see that

(g(ζ))(k) = λkcnenλzP2

(
ceλζ

)
. (4.25)

Since g = 1 ⇔ g(k) = 0, from (4.24) and (4.25), we conclude that Pn+1

(
ceλζ

)
= 0 ⇔

P1

(
ceλζ

)
= 0 and so ζ = − a0n

k

(n+1)ka1
is the only zeros of P1. Therefore from (4.22), we

have

Pn+1(ζ) = a1

(
ζ +

a0n
k

(n+ 1)ka1

)n+1
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and so from (4.24), we get

g(ζ)− 1 = a1

(
ceλζ +

a0n
k

(n+ 1)ka1

)n+1

.

This shows that all the zeros of g−1 have multiplicity at least n+1. On the other hand
by Lemma 3.6, we see that T (r, g) = (n + 1) T (r, h) + O(1) and so S(r, g) = S(r, h).
Now by using the second fundamental theorem, we have

(n+ 1) T (r, h) = T (r, g) +O(1)

≤ N(r, 0; g) +N(r,∞; g) +N(r, 1; g) + S(r, g)

≤ N(r, 0;P (h)) +
1

n+ 1
N(r, 1; g) + S(r, g)

≤ T (r, h) +
1

n+ 1
T (r, g) + S(r, g)

= T (r, h) +
n+ 1

n+ 1
T (r, h) + S(r, h) = 2 T (r, h) + S(r, h),

which is a contradiction since n ≥ k + 1.
Sub-case 2.2.3. Suppose deg(P ) = m ≥ 2. If P (ζ) ≡ amζm, then we conclude that

g 6= 0 and g(k) 6= 0. In this case also we arrive at a contradiction. Hence P (ζ) 6≡ amζm.
For the sake of simplicity, we may assume that am, a0 6= 0. Note that

g(ζ) = hn(ζ)P (h(ζ)) (4.26)

= cn+mame
(n+m)λζ + cn+m−1am−1e

(n+m−1)λζ + . . .+ cna0e
nλζ

and so

(g(ζ))(k) (4.27)

= λkcnenλz{cm(n+m)kame
mλζ + cm−1(n+m− 1)kam−1e

(m−1)λζ + . . .+ a0n
k}.

Let

Pn+m(ζ) = amζ
n+m + am−1ζ

n+m−1 + . . .+ a0ζ
n − 1 (4.28)

and

Pm(ζ) = (n+m)kamζ
m + (n+m− 1)kam−1ζ

m−1 + . . .+ a0n
k. (4.29)

Clearly deg(Pn+m) = n+m and deg(Pm) = m. Therefore from (4.29), we may assume
that

Pm(ζ) = (n+m)kam(ζ − b1)m1(ζ − b2)m2 . . . (ζ − bs)ms , (4.30)

where b1, b2, . . . , bs ∈ C \ {0} such that b1 6= b2 6= . . . 6= bs and m1 +m2 + . . .+ms = m.
Now from (4.26) and (4.28), we see that

g(ζ)− 1 = Pn+m
(
ceλζ

)
. (4.31)

Also from (4.27) and (4.30), we see that

(g(ζ))(k) = λkcnenλzPm
(
ceλζ

)
(4.32)

= λkcnenλz(ceλζ − b1)m1(ceλζ − b2)m2 . . . (ceλζ − bs)ms .
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Since g = 1 ⇔ g(k) = 0, from (4.31) and (4.32), we conclude that Pn+m
(
ceλζ

)
= 0 ⇔

Pm
(
ceλζ

)
= 0and so b1, b2, . . . , bs are the only zeros of Pn+m. Therefore we may assume

that

Pn+m(ζ) = am(ζ − b1)l1(ζ − b2)l2 . . . (ζ − bs)ls , (4.33)

where l1 + l2 + . . .+ ls = m+ n.
We now want to prove that Pn+m has only one zero. If possible suppose that Pn+m

has more than one zeros. For the sake of simplicity we may assume that Pn+m has two
zeros, say b1 and b2. Therefore

Pn+m(ζ) = am(ζ − b1)l1(ζ − b2)l2 , (4.34)

where l1 + l2 = m+ n. Therefore from (4.31) and (4.34), we see that

g(ζ)− 1 = am(ceλζ − b1)l1(ceλζ − b2)l2 . (4.35)

On the other hand from (4.30), we have

Pm(ζ) = (n+m)kam(ζ − b1)m1(ζ − b2)m2 , (4.36)

where m1 +m2 = m and so from (4.32), we have

(g(ζ))(k) = λkcnenλz(ceλζ − b1)m1(ceλζ − b2)m2 . (4.37)

Now from (4.34), we have

P ′n+m(ζ) = ζn−1
(
(n+m)amζ

m + (n+m− 1)am−1ζ
m−1 + . . .+ na0

)
(4.38)

= am(ζ − b1)l1−1(ζ − b2)l2−1 ((l∗1 + l∗2)ζ − (l∗2b1 + l∗1b2)) ,

where

l∗ =

{
1, if l = 1,

l − 1, if l ≥ 2.

Clearly (l∗1 + l∗2)b1 − (l∗2b1 + l∗1b2) 6= 0 and (l∗1 + l∗2)b2 − (l∗2b1 + l∗1b2) 6= 0.
Note that n ≥ k + 1 ≥ 3 and so n− 1 ≥ 2. Since a0 6= 0, from (4.38) one can easily

arrive at a contradiction.
Hence Pn+m has only one zero, say b1. Consequently Pn+m(ζ) = am(ζ − b1)n+m.

Therefore from (4.31), we see that

g(ζ)− 1 = am
(
ceλζ − b1

)n+m
.

This shows that all the zeros of g − 1 have multiplicity at least n+m.
Now from Lemma 3.6, we have T (r, g) = (n + m) T (r, h) + O(1) and so S(r, g) =

S(r, h). Therefore by using the second fundamental theorem we have

(n+m) T (r, h) = T (r, g) +O(1)

≤ N(r, 0; g) +N(r,∞; g) +N(r, 1; g) + S(r, g)

≤ N(r, 0;P (h)) +
1

n+m
N(r, 1; g) + S(r, g)

≤ m T (r, h) +
1

n+m
T (r, g) + S(r, g)

= m T (r, h) +
n+m

n+m
T (r, h) + S(r, h)

= (m+ 1) T (r, h) + S(r, h),
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which is a contradiction since n ≥ 3. This completes the proof. �
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