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Abstract. In this paper, the space Gﬁ‘S(RT'l) is considered, and many properties,
including completeness and inclusion, are discussed by using the theory of the
Weinstein transform. It is shown that the space S, (R1+1), is dense in space

Gﬂ‘S(Ri+1). The generalized Hankel potential H* associated with the Weinstein
transform is introduced, and its properties are examined. The LP-space of all such
Hankel potential, denoted by WLn‘p(Ri+l), is defined and it is proven that the

generalized Hankel potential H? is an isometry of Wf’p(R1+1) onto Wgﬂ”“’p(Ri*l ).

1. Introduction

Sobolev space was introduced by S. L. Sobolev in the 20th century. This space is
a useful and powerful tool that is frequently used in nonlinear analysis, differential
geometry, physics, and other areas of the mathematical sciences. This theory is
useful for solving the problems of partial differential equations. Pahk and Kang [10],
extended the concept of Sobolev space to the generalized distribution spaces of Beurling-
Bjorck type [1, 2], and investigated the Sobolev imbedding theorem, the Rellich’s
compactness theorem and others, exploiting the weight function w. Pathak and Pandey
[12], introduced the Sobolev space of type GI;® and discussed the properties including
completeness and inclusion by using the theory of distributional Hankel transform. The
aforesaid authors introduced the Hankel potential H; and showed that the Hankel
potential H;, is a continuous linear mapping of the Zemanian space H, into itself.
Other properties of Hankel potential were also found in this work. Later on, Pathak
and Shrestha [13], defind the space of type G%;3, and discussed many results. Pathak
[11], considered the generalized Sobolev space HY(R™) which is a generalization of
the Sobolev space H*(R™) and developed a multiresolution analysis for the generalised
Sobolev space.
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For the Weinstein transform concern, many properties regarding the Sobolev type spaces
were studied. In this connection, Salem and Dachraoui [15], studied the Sobolev type
spaces Gz’}sﬁ associated with Jacobi differential operators A, g, and examined that the
Jacobi potential 7—[27 5 is a pseudodifferential operator with a precise symbol. Using the
afforsaid results they extended the operator H;, 5, to the distributional space [2]. Hassen
and Belgacem [7], introduced the Sobolev spaces of exponential type associated with the
Weinstein operator, and found many results. Mehrez, [3], Mejjaoli, et al. [4, 6, 5], Salem
[16], Saoudi [18, 17], and Trimeche, [20], observed useful results regarding the Weinstein
transform. Our main objective of the present paper is to expose the properties of
generalized sobolev space GP*(R™™1) and to obtain other results by the exploiting the
theory of Weinstein transform. The present manuscript is organized in the following
manner:

Section 1, is introductory. It introduces the Sobolev space, the Hankel transform,
and Weinstein transform, and describes motivations for the generalised Sobolev space
involving the Weinstein transform. In section 2, we present auxiliary results of the
Weinstein transform that are useful for our investigations. In section 3, the generalized
Sobolev space GP; ¢ is defined and some related results are proven. In section 4, the
generalized Hankel potential associated with the Weinstein transform is defined and
many properties on space WP are studied by exploiting the theory of Weinstein
transform.

2. Preliminaries

In this section, we discuss some properties related to the Weinstein transform that
are useful for our research. From [8, 9] and [20], standard notations, definitions, and
properties are given below:

R =R™ x (0, 00).

x = (2, Tpy1) = (x1, T2, T3...Tp, Tpt1) € Rg“.
—x = (—a', Tpp1) = (21, —To, —T3... — Ty, Tppq) € RO

(@, &) = Y pt) wne.

D® =D{"Dy>.......... Dg» Dyt and o € Nyt
C (Rf_ﬂ), represents the space of continuous functions over RT‘l, even with respect
to the last variable.

o (' (Riﬂ), represents the space of infinitely differentiable function over RTFI, even
with respect to the last variable.

e S, (R%T), represents Schwartz space of rapidly decreasing functions over R/, even
with respect to the last variable.

° LZ, represents the space of measurable functions ¢ over ]R:L_H such that

1
P

lollas = ([ 16607 dus))” <00 1<,

[|¢]|g,00 = €55 sup |o(y)| < oo,
yE]Ri+1
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where dpug(y) is the measure over R = R™ x (0, 00) given by

28+1
yn+1

220T(B+ 1)

The Weinstein operator A’VLM 5 over R?fl is given by

_ / _
dug(y) = dps(y's Yyn+1) = ) dy.

W N2 2841 D
w.,B — 9.2
Flaxj

=AWy +Lsg, >-1/2,
Tn+1 8$7n+1 W ? /

where AY, is the Laplacian operator for the first n variables and given by
n
82

Ox?
=1 J

noo__
AW_

and Lg is the Bessel operator for the last variable defined on (0, c0) by
0? 286+1 0

Lgop =
A 5‘z?+1 Tn+1 OTpg1

The Weinstein transform :

Definition 2.1. Let ¢ € L},(Rffl). The Weinstein transform of ¢ is defined by

(Fud)(€) = / e MY o (Eniayni)d(y) dus(y), €€ REFL (2.1)

Rn+1
i
where jg is the normlized Bessel function of index /3, which is given by

00 _1\m 2m
jsy) =T(B+1) Z zmr(nlrl(),é’ S—yzn +1)°

m=0
Inversion formula: Let ¢ € L(RT™). If Fy¢ € LE(RTT) then,
0 = [ s i) P dua(©), e (22)
e For f € S, (RTH), we h+ave
Ful(Ay ) (€)= (€I (Fuf)(E) (V€ € RY). (2.3)
o Let p €S, (]R:L_H), then the inverse Weinstein transform is defined by
Fu'o(y) = Fud(—y) ¥y € R (24)

Definition 2.2. Let x € Riﬂ, The translation operator Tf, associated with the
Weinstein operator Ay, 5 is defined by

8 _ rB+1)
> (y) NGRS

/ » ¢<y' +a, \/y?H_l +aZ + 2yn+1xn+1c059) (sin 8)%7 df.
RY

(2.5)
Convolution product ¢#g1 associated with translation, of the functions ¢,¢ ¢
LY(RH) is given by:

@#s)@) = [ 00 w) duslo) (2.6)
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Proposition 2.3. The Weinstein transform F,, is a topological isomorphism from
S, (Ri”) onto itself and we have

[ @R dus@) = [ (FaD©OP dus(©), ¥ FeS.&ET. (2
R" R

Proposition 2.4. For all f,g € L*(R"™), f#4g belongs to L'(R*") and
«Fw(f#ﬂg) :]:w(f)]:w(g)' (2'8)
Proposition 2.5. Let 1 < p,q,r < oo such that % + % + % =1.1If fe LP(RT’l) and
g € LYRYTY), then (f#ps9) € L"(R}™) and
Hf#ﬁgHLr(Rffl) = |‘f”Lp(Ri‘H)||g||L(I(R1+1)' (2.9)

3. Generalized Sobolev type space G%;°

In this section, the generalized Sobolev space G?;° is defined and various properties
including completeness and inclusion are obtained by exploiting the theory of the
Weinstein transform.

Definition 3.1. Let w be the real-valued continuous function defined on RT‘l satisfying
the following condition:

(1) 0 =w(0) = ili)%w(m) <w(@+y) <w(@) +w(y), Yz, yeRE

@ hw) = [ dnaty) < o

(3) a+blog(l+ |y |) <w(y), Yy e R a e R, and b > 0.
The class of all w satisfying 1,2 and 3 will be denoted by M.

Definition 3.2. Let w € M and A > 0 . Then for each multi-index « the space
S (Riﬂ) is defined to be the set of all complex-valued infinitely differentiable function
¢ on RT‘l such that

Par(¢) = sup @ | (A}, 5)%¢(z) |< oo (3.1)
zGRK+1
and
Tax(9) = sup e [ (AL ) (Fud) () |< oo (3.2)
geM“

We denote S.,(R’™) as the dual of S,,(R’}™).
Theorem 3.3. The Weinstein transform F, f is an automorphism on S, (Riﬂ).

Proof: Let ¢ € S,(R™), then first we show that F,,(¢) € S,,(R7™). From (3.1),
we have
pa,/\[]:w(é(f)}
= sup O | (A 5)F (Fud)(€) |

n+1
EER™

= sup MO [ (AR )2 / U o (En i 1ym 1) S() dpnp(y) | -
§ER1+1 R1+1
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Using the derivative properties of the Weinstein transform (2.3), we get

Par[Fud(€)] = sup | e MY o (Enrryns) (YD) o (y) dus(y) | -

56Ri+1 R1+1

Now, we can write g(y) = (—||y||*)*¢(y) therefore above expression yeilds

ParFud(©)] = sup e | e Y o (Eniryni)g(y) dus(y) |
geryt Ry
< sup M@l | e~HEY >jﬁ(fn+1yn+1)g(y) dus(y) | -
gerytt Ry

Form [14] for every € > 0 there exist C(e) such that |w(€)| < €/|€||* + C(€). Therefore,
we have

pa,)\[}—wéﬁ(f)]
< sup BA(EHEHMC(E)) | e*“f"y’>jg(§n+1yn+1)g(y) dps(y) |
gery Ry
<O gup eellel’ |/ YD o (En1Yna1)9(y) dps(y) |
gerTH R"“
< er gup Z ey >Jﬁ(fn+1yn+1)9(y) dps(y) |
£€R1L+l —
Ae m_—i(&y')
= MO Z ( )' sup | / H§||2 e ey >Jﬁ(fn+1yn+l)9(y) dus(y) |
m=0 €€Ri+1 Ry
sup | (Arvlv,ﬁ)gb(efiw’yl)iﬁ(fn+1yn+1))g(y) dug(y) | -

= M er7tt JRYH
By integrating by parts, we get
pa,)\[}_wd)(g)]

€ - )\€)m m T
<@ Y PO sup 07 [ i) Al ) ) dias)|
+

m=0 ’ 5€R1+1

€ - Ae)™ —i(& Y'Y - n m
<20 50 LI sup 1 @) )| [ Qo) duat)
+

n+1
EERT

<O S L @) dus () |
+

m=0
o0
Ae)™
<00 5 QO @ an, gty | / ) g (y) |
mzz:o ml yeRr}

— N9 Z o sup e (v) | ( W,B)y ay) | )| - e~ w(y) dug(y) |
+

n+1
yG]RJr
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— 0 3 (*e)mpm,A(g(y)) | / e W) dpg(y) < occ.

m' n+1
m=0 R+

This shows that J,,(¢) € S, (RTH).

Since by the inversion formula for the Weinstein transform we have F,; ¢ (y) = Fud(—y).
Therefore F,, is one-one. So that F,, is an automorphism.

Definition 3.4. The generalized Sobolev type space GP;® is the set of all
ultradistributions w € S, (RT!), such that its the Weinstein transform (F,u)
corresponds to a locally integrable function u over R’}rﬂ for which

lullgz,» = [l @ (Fuu)(©)lp < oo. (3.3)
Theorem 3.5. The space G2 %, 1 < p < oo is complete.
Proof: Let {u,} be a Cauchy sequence in G?*. Then €% (F,u,(£)) is a Cauchy

sequence in LP(R’™'). Since LP(R’™') is complete, therefore there exists a function
f € LP(RT) such that
e (Fpun)(€) = f(€) € LP(RY) as n — oo (3.4)

Let
9(6) = e Of(€), 5> 0. (35)
Then f € SL(R}™) and g(¢) = e*“© f(¢) are in S, (R}T'). Therefore the inverse
Weinstein transform of the above function exists. Using (3.5) we have
g(6) = O F(F, 9)() € IPRY.
Therefore from (3.3), we get
Fulge Gl

w

Let F,'g = u. Then

e (Fyu)(€) = O (Fu(Fy'9))(€) = eOg(¢) = O f(€) = f(¢).
This implies
e (Fuu)(€) = F(6)- (36)
Using (3.4) and (3.6) we get u, — u in G 5.
This shows that G2 ¢ is complete.

Theorem 3.6. Fort >r, GP:' C GP", the inclusion map is continuous.

Proof: Let u € G%* and t > r then we take t = 7 + ¢, for some € > 0. Then

lllgge = 14O (Fuu)(©)l, = ( Lo 0@ du5(£)>p

1
P

([ 1O E© P duslo)

> ([ 1 0@EE P dusl©) = IO E) Ol = s

Therefore,
ullgz~ < llullgs; -
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Hence
GPtC GPT.
Now let {u,} — 0 as n — oo in G?;* then
| gr e = 11" (Fuun) ()], — 0.
This implies that
lunllgr = 1€ (Fuun) (€], = 0 as n — oo.
This shows that {u,} — 0in G&" as n — 0.
This proves the continuity of the inclusion.

Theorem 3.7. The space S,(R'™) is dense in GF;°.

Proof: Let u € G%°. Then e*©(F,u)(€) € LP(R}'). Since Schwartz space
S(R*) is dense in LP(R’™), then there exists a sequence of functions {¢,} belonging
to S(RT™) such that

$n(€) = O (Fyu)(€) in LP(REH). (3.7)
Now, define
Un(x) = Fi (e @) (@) (3.8)
Since ¢, € SR, therefore (e7**©¢,) € SR}™); as S(R}) is subspace of
(

Su(R7YY), (7@ ®)g,) also in S, (R}T'). Hence, its the inverse Weinstein transform
exists, this implies that

Yn(@) = Ft (e, (2) € Ho(REH).
From (3.3) we can get
I —ullazs = 1O (Fu(ton = uw)(©)
= | @ (Fupn) (&) = O (Fuu) (€) I
In view of (3.8), we have
ln = ullgz e = llon — ™ (Furr) (€)llp-
Using (3.7), we find
o — ullgz: = l6n — €O (Fuu)(€)llp > 0 as n — oo.

Hence
Yy, = uin GO,
This shows that the space S, (R’™") is dense in G *.

Lemma 1. Let s1,s and so be three real numbers with s1 < s < so then for every e >0
there exists C(€) > 0 such that

e < ees2@(®) 4 O(e)es1w(8), (3.9)
Proof: The proof of above Lemma can be obtained from [13].

Theorem 3.8. Let s1,s and so be three real numbers with s; < s < so then for every
€ > 0 there exist C(e) > 0 such that

lullgr = < ellullgry =2 < Ce)ljullgr =1 Vu € [Jufl gz =
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Proof: Let u € G?®2. Then by Theorem (3.6), we have
ue Gl and ue GP L.
Then
ulluecn « = Hesw(g)(wa)(é)Hp

([ 1e=o@ae duﬁ@))‘l’

By using (3.9), we get

=

IN

[ulluecy *

( Lo e 0O (Fu)(6) dm(é))

P

<( L 10 P )

+(/Rn+1 | () Fyu(e) P du@(g)f

+

P

<o [ e 0@ P o)

1
P

@ [ 1 ORu0 1 aun)
+
= e (Fuu)(€)llp + C(e)lle* @ (Fuw) ()]l
= ellullyecr == + COllulluear -
This shows that
[ullgy « < ellullgr = < Cl)|ull gz =1
This proves the theorem.

Theorem 3.9. Let s <0, then L2(R}™') C G%>=.

Proof: Let ¢ € L*(R"""). Then from (2.7), we find
[N Fab QP dus(e) = [ 16la) duao).
Ri+1 ]RiJrl

Therefore, above implies

</Ri“ (Fw¢>)(€)l2duﬂ(£)>é _ (/Rz“ |¢(x)|2duﬁ(x))2,

Therefore, we have
1Fwdll Lo @niry = [0l L2 @ty (3.10)
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Hence for s < 0, we have

Nl

||¢||Gi = ||es“’(§)(]'—wéf’)(f)“Lz(Ri“) = </

n+1
R+

| €O (Fug)(©) | dmo)

2

< (/RTI | (Fud)(€) 7 duﬁ(f)) = 1(Fud) )l 2 aner)-

By using (3.10), we get
Iellgz s <I (Fud) ()l 2@ny-
Therefore
1l gz s < oo
Hence, above implies
e G%e.
This shows that L2(R}T) C GZ%*.

4. The generalized Hankel potential associated with the Weinstein

transform
Let a(x) # 0 be a multiplier in S,,(R’™") such that
Fot@®)(z) e LRV E=10,1,2,3 ..... (4.1)

Then, for f € S/(R}™), we define the products fa* and fa=* € S,(R7?H') by the
following relations.
(f a*, @) =(f, * )V ¢ € S, (R} (4.2)

and

(f a™®, aF ¢) = (f, ¢) V ¢ € S,(RT). (4.3)
Now, the generalized Hankel potential associated with the Weinstein transform is defined
by

Hru=F ' (@ (Fou) Yue SLRTH. (4.4)
Since the generalized Weinstein transformation JF,, corresponds to a continuous linear
mapping between S/, (R7") onto S/, (R}*!), the same holds for (F7,)~! as well .
Therefore we conclude that the generalized Hankel potential associated with the

Weinstein transform (4.5) is a continuous linear mapping of S/, (R’7*") onto S/, (RH).
From (2.1) and (2.4) we have

(@ = [ g OFEEQ dis@). (05)

This shows that the generalized Hankel potential associated with the Weinstein trans-
form is a pseudo differential operator with symbol a=*(¢) (See [21, p.10]).

Theorem 4.1. Let u € SL(RT{_H). Then for any m,l € Z we have
(i) H'H™u = HIT ™.
(ii) HoOu = .



10 S. K. Upadhyay and S. Yadav
Proof:(i): Let u € S/,(R’™) then from (4.4), we have
(H'H™ ) (z) =F,* <a—l(fw (Hmu)) (2).
Using (2.1), we get

(H'H ™) (z)

/}Rn+1 e 5 (g1 €nrr) (@ Fu (™)) (€) dpp (€)

/R'rL+1 eiwl’&/)jB(anrlfnﬂ)a_l(§)fw(7-lmu)(§) dﬂﬁ(f)

In view of (4.4), we have

(H™u)(€) =(Fo ' (a™™ (Fuu))) ().
Then, by the Weinstein transform we find

Fu(H"™u)(§) =a=" (€) ((Fuwu))(E)- (4.6)
Using (4.6), we find

(H'H™u)(z) :/ e g (wng1€nr1)a” (€)aT™(€) (Fuu) (€) dpp(€)

n+1
RY

Z/]Rn+1 €i<m/’€/>jﬁ($n+1§n+1)a_(l+m)(f)(}—wu)(f) dpg(§)

(O R ) @)
=(H ™) (2)
Therefore,
HH™ = HFT .
(ii): Now, we have

(HOu) () =F; 1 (a®(Fou))(z)
= /]R € @ bae) @0 (9) (Fu(u))(€) dus(€)

=F o (Fuu)(z)
=u(z).
This shows that

HOu = w.

The Space W/“P(R7). In this section we introduce the LP-space of all Hankel
potential H* which is represented by the W7“P(R*') and exploiting the theory of
Weinstein transform, many properties of this space will be discussed.
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Definition 4.2. Let m € Z and 1 < p < oo, the space W/P(R!) is the set of all
those ultradistributions u € S/, (R7*") for which

H"u e LP(RT). (4.7)
The norm of this space is defind by
1
P

lolbs =13 ally = ([ 1000 duste)) (1)

In the next theorem we are going to prove that the space W P(R’,™") is a Banach
space.

Theorem 4.3. The space WJ}”T’(Rﬁﬂ) 1s a Banach space with respect to the norm

| {lmpo-

Proof: Let {u;} be a Cauchy sequence in W P(R:"). Then {H~"uy} is a Cauchy
sequence in LP(R’™'). Since LP(R’™) is complete, therefore there exists a function
u € LP(RT) such that

H Mup —u € LP(RT) as k — oo. (4.9)
Take v = H™u. Then from (4.5), we have

ow) = [ e O Fu) € (@)

=F, (a7 (Fuu))(@).
Therefore, by the property of the Weinstein transform (2.4), we get
u(z) = F (@™ (Fuv))(z) = (K ™) (x) € LP(RT'I). (4.10)
Hence, we find
ve WP
From (4.9) and (4.10), it follows that
uk—>U€WI§”’p as k — oo.
This proves that the space WP (RT‘l) is a Banach space.

Theorem 4.4. The generalized Hankel potential H! is an isometry of W;"’p(RiH) onto
WmHtp (R and we have

14l lm+t.po = ||0llm.pe V6 € WIP(RET). (4.11)
Proof: Let ¢ € WP, then from (4.8) we have
[[H Gl te.po = Ol (4.12)

Now, we have
(H™ U (H! ) (x) = Fiy ' (o™ (@) Fou (H' 9)) ()

By inversion formula of the Weinstein transform (2.4), above get

(H=" D (A 9)) () :/ ) o (@ns1&nyn)a™ T () Fu (H'$)(€) dus (€).

n+1
R+
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Taking (4.6), we get

(H="D(HE)) () = / e 5 (21 na)aTHE) aTH(E) (Fud) (€) dps(€)

RYH
= [ )0 O Fud) € (@
— (H"9)(a).

Therefore, from above expression we find that
(- (M) = (K" 9).
In veiw of (4.12), we have

17 Gllmtpo = (- 0]
= lollm p.eo-
Let ¢ € W2 HEP(RH!). Then from (4.7), we obtain

H—(m+t)¢ c LP(RTFI).

Again, we get
(H™ ") (@) = F ' (@ (@) (Fud)) (@)

_ / T o (g 18na1)a™ T E) (Fud) (€) dpip(€)

= [ € )™ (0 € Fud) € iy (€).
Then applying (4.6), we find
(G a) = [ D ab)a (O Fu (KON dusle)

Ry
= (1" (H'9))(2).
This show that
H g = HT (Mg € LP(RET).
Hence,
(H'¢) € WP,

And, we have to obtain

H(H ) (x) = / ) o (2 i1Eni)a” () Fu(HT10) () dus(€)



Generalized Sobolev type spaces involving the Weinstein transform

Therefore, for each ¢ € WP, there exists an Ht¢ € WP such that
HH = 6.
Hence, H' is onto.
Theorem 4.5. Let 1 <p < oo and m =0,1,2.... then,
110l < Clldllp ¥ ¢ € Su(RY).
Proof: From (2.8), we have

Fulf#59)(&) = (Fuf)E)(Fud)(§)-
Take

Then,
ft) Fu (@™™E)(t) = Fula™™(€)) (1)

= [t O dus() = Fo )

Utilising (4.1), it follows that
ft) = Fu ' (@™™)(t) € L'(RYT).
In view of (4.14), we have
Fu(F#p0)(€) = Fu(Fy (a™™ ())(€)(Fud)(€) = a™™ () (Fud) (§).
Therefore,
(F#s0)(t) = Fo' (a7 () (Fud)(€))()

= Fu ' (@ " Fud)()

=H"¢.
Then

177 6llp = |l #591lp-
Using (2.9), we obtain

[H™ 8l <IIfll1lollp < Cll¢llp-
This proves the theorem.
Theorem 4.6. Let 1 <p < oo and m <I. Then
WIPRE) € WIPREY),
and
llmpw < Clldllpw-
Proof: Let ¢ € WLP(R). Then from (4.7), we have
Hlp € LP(RTH).

13

(4.13)

(4.14)

(4.15)
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From (4.6), we obtain

(H™"¢)(x) = / ) o (2 1Enpr)a” T (E) Fu (H'0)(€) dug (€).

Ry
From (4.4), we can find above expression
(H"o) (@) =H " (H'0)(@).
Therefore, in view of (4.7), we have
1¢llm.p =IH"llp = [ (H'0)l,-
Using (4.13), we get
16lm.pw <CIH'8llp = [16]]1.pe-
Hence,

P llmpw < 1¢1]1p,0-
This proves the theorem.

Theorem 4.7. Let 1 < p < oo and for any symbol o™, m € 7Z define the pseudo
differential operator

(A(D)u)(z) = F, ' (a™ Fyu)(@).
Then
A(D) s WIP(RYFY) — WOP(RYH)
18 a bounded linear operator.
Proof: Consider the following operators;
HL WP R — WOP(RTH),
AD)YH™ : WIP(RTH) — WEHP(RTT)
HEm L WOPRET) — WP (R,
We have to show that operator H~! is bounded. Now we take ¢ € WP, then
16110 = [[H™' 9|l < oo, (4.16)

and
11 Bllopw = HOH D), (4.17)
Now,

(HO(HT'0))(@) = F (a° Fu (H™'9)) (2).
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By the inverse Weinstein transform (2.4), we get

(HO(H'9))(z) = / e g (24 16041)a" () Fu(H ™' 0) () dug (€)

Ri“
= o i) P 9)(E) i€

= Fu(Fu(H7'9) (@) = (H7'¢)(x).

Therefore,
HOH ) = (HL9). (4.18)
In veiw of (4.17), we get
17 Sll0,pw = [[(HT'9)]] < oo

We have to show that the second operator is bounded. Let ¢ € W2?. Then

|8]]0,p,0 = ||HO¢||p = [|¢llp < o0, (4.19)
and

[AD)YH™ [0, = [[AD)H" @ ,- (4.20)

Now, we have to calculate

(A(DYH™ @) () = Fp (@™ (&) Fu (H™ b)) ()
= /Rn+1 ) (£ 1Ens1) @™ (E) Fu(H™3)(€) dus ().

Therefore, using (4.6), we can obtain

(A(DYH™¢)(z) = / e 5 (w16 )a™ (€)aT ™ (E) (Fud) (€) dps(€)

Ry
= o a6 ) ds ()
+
= Fo (Fud)(x) = ¢(2).
Using (4.19) and (4.20) we get
IAD)YH™llo.p.w = [[8]lp < o0
Third operator H!~™, is bounded by the following way:
1761w s = [[HT™HT ], = (|6l < oo

Hence, the product H'~™A(D)H™! is a bounded linear operator from WP(R’) into
Wol.;_mm(RiJrl)-

Theorem 4.8. For m € Z and symbol a™, the pseudo differential operator
A(D) = Fpla™ Fu : WEP(RTT) — WL PR

is a bounded linear operator.
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Proof: Let ¢ € WLP(RTH!). Then
¢

lipw = H,H_l(pr < o0,

and
IAD)¢ll1-mp = - (AD))|] < 0. (4.21)
Therefore, we have

H"H(AD)@)(2) = F, M a= "D FuA(D)9) ()
= /R - ) o (21 €nsr)a” M0 (E) Fu(A(D) ) (€) dus(€)

= /Rn+1 ei(m',E’)jﬁ(xn_i_lfn_,’_l)a—(m—l)(E)]:w(}-alam}-w(ﬁ)(g) dﬂﬂ(f)
= /R"+1 6i<x,’E/>j6($n+1§n+1)a*(m*l)(f)am(é)(]:wéf))(ﬁ) dus(§)

= /RHJrl e g (24 16n41)a (€) (Fud) (€) dus(€)
T

By (2.4), we have
H" T (A(D)9)(2) = F,, (0! Foug) ()
=H 'p(2).
Therefore, we have
H"H(AD)) () = H™'p(x). (4.22)
Using (4.21) and (4.22) the above expression yeilds

1A(D)Sli—mpe = IOl < o0.
Above shows that the mapping
A(D) : WhP (R — WP (R

is a bounded linear operator.

Conclusion

The Weinstein transform has a rich calculus and involves many problems in the

mathematical sciences and their applications. Utilizing this theory, many researchers
obtained observations in the theory of Sobolev-type spaces.
The Sobolev space is heavily used in partial differential equations and has wide
applications in wavelets, quantum calculus, and other areas of mathematics. The authors
made a proper framework for the generalised Sobolev space with the help of definitions
and properties. In the present paper, the generalized Sobolev space of type G is
introduced and with the help of the Weinstein transform various properties are obtained.
The LP-space of Hankel potential, WP (]Ri“) is cosidered and many results related
to the Hankel potential H* is studied by exploiting the theory of Weinstein transform.
Various updated research works related to the generalized distributions and generalized
Sobolev space are given in form of references.
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