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Abstract. In this paper, we characterize the H-frame induced monomorphism for
a normalized tight H-frame wavelet set in a reducing subspace H. This leads to a
construction of normalized tight H-frame wavelet sets. Also, we study symmetric
normalized tight H-frame wavelet sets as a special case. Further, fixed point sets of
these maps are studied. Different examples are considered for illustration.

1. Introduction

A function ¢ € L?(R) is said to be an orthonormal wavelet if the system {1, . }; kez,
where ;) = 2//2(27 - —k), j,k € Z, forms an orthonormal basis for L*(R). If
{¢;r}jkez forms (tight, normalized tight) frame for L?*(R), then the function ¢ is
called a (tight, normalized tight) frame wavelet for L?(R). If the modulus of the Fourier
transform of a wavelet is a characteristic function on a measurable set W in R, then
the set W is called a wavelet set. The Lebesgue measure of a wavelet set is 2w. If
the characteristic function on a measurable set is modulus of Fourier transform of a
normalized tight frame wavelet, then we call the measurable set as a frame wavelet set.
The Lebesgue measure of a frame wavelet set is less than or equal to 27. Thus, a wavelet
is particularly a normalized tight frame wavelet and a frame wavelet set is a wavelet
set if its Lebesgue measure is 2. A study of frame wavelet sets can be found in Ref.
1,2,3,4,5, 6] and [12].

Let H be a closed subspace of L?(R). We say that H is a reducing subspace if
f@m™.—l) e H for all f € H and m,l € Z. A characterization of reducing subspaces is
given as follows:

Theorem 1.1. [8] Let H be a closed subspace of L>(R). Then H is a reducing subspace
if and only if H = L*(R) - xg for some measurable set E of R with the property E = 2E.
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Note that 7 is the collection of the Fourier transforms of all f € H. For E = [0, oc),
the reducing subspace is called the Hardy space, and for E = R, the reducing space is
the L?(R) itself. Different examples of reducing subspaces can be found in Ref. [2], [5],
[8] and [10].

A function ¢ € H is said to be an H-frame wavelet if the system {¢; 1}, rez forms a
normalized tight frame for H. If ‘1&‘ = xr for a measurable set F' of E, then F is called

an H-frame wavelet set. In particular, if ¢ is an H-wavelet, then F' is an H-wavelet set.

The existence of an H-wavelet set is shown in [8] while the existence of an H-frame
wavelet set is shown in [2].

Let E and F be two measurable subsets of R. For a > 0, F is said to be a-translation
congruent to F', if there exists a measurable partition {E, : n € Z} of FE such that
{E, +na : n € Z} is a measurable partition of F. If o = 1, then E is said to
be Z-translation congruent to F. The set E is said to be dilation congruent to F, if
there exists a measurable partition {E,, : n € Z} of E such that {2"E, : n € Z}
is a measurable partition of F. Also, a measurable set E is said to be a-translation
generator of R if {E,, + na : n € Z} is a measurable partition of R. If a = 1, then F is
said to be a Z-translation generator of R.

A measurable set W is a wavelet set in R if and only if it is both 27-translation
congruent and dilation congruent to [—2m, —m) U [, 2m)[7].

A characterization of an H-frame wavelet set is given as following

Theorem 1.2. [8] A measurable set F' C E is an H-frame wavelet set if and only if

1. F is 2mw-translation congruent to a subset of [0,27), and
2. {2™F : m € Z} is a measurable partition of E.

In particular, if F' is 27-translation congruent to [0, 27), then F is an H-wavelet set.

Let 7: R — E and § : R\ {0} — E be maps defined, respectively, by 7(z) = x + 2k7
and §(z) = 27z, where E = [-27, —7) U [, 27) is the Shannon wavelet set and k and j
are the unique integers such that x + 2k7 and 27« are in F.

Suppose F is a frame wavelet set and F the Shannon wavelet set. Then §|p : F — E
is a measurable bijection, while 7|r : F' — E is a measurable injection [6]. Thus, the
map

hp =7|pod|z' :E—E

is a measurable injection. Consider the bijective map £ : F — [0,1) defined by

= if x € [m,2m),
§(z) = { Z 41 ifxe[-2m, —m).

Then the map hp : [0,1) = [0,1) defined by
}NLF(*T) =¢{ohp ngl(x)’ T € [Oa 1)7

is a measurable injection. We call this map to be the frame induced monomorphism for
F. We have the following characterization for frame induced monomorphisms [12].

Theorem 1.3. Let F be a frame wavelet set. Then there exist measurable partitions
{Ak}pez of [%,1) and {By}cq of [()7 %), such that the frame induced monomorphism
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hg for F has the form

= 2k if v € Ay,
() = { E’f(gg -] ifze B:, (1.1)

where |x] denotes the fractional part of a real number x.
Moreover, if h : [0,1) = [0,1) is a measurable injection defined likewise, then there is
a frame wavelet set F' such that h = hp.

2. H-Frame Induced Monomorphism for an #-frame wavelet set

Let E be a fixed H-wavelet set in reducing subspace H. Let F' be an H-frame wavelet
set. From Theorem 1.2, we conclude that the map §|, : F' — E is a measurable bijection,
while the map 7|, : F — E is a measurable injection. Define the map hp = 7|0 5\;1.
Thus, hp : F — FE is an injective map.

The measurable set F, being an H-wavelet set, is a 27- translation generator of R.
Therefore, the set % is a Z-translation generator of R. Observe that the set [0, 27) is
also a Z-translation generator of R. Therefore, we can define the map

E

@ or [0,1)
given by

p(z) =z +1
for some [ € Z. Hence, we have a bijective map

§E:FE—10,1)
defined by

§@) = 5 +1

for I € Z. Thus, we get measurable partitions {F;}, ., of E and {I;},., of [0,1) for
which

T

{(z) = o

With the help of the map &, we define hg = € o hp o €71, Thus,

hp :[0,1) = [0,1)

+iforx € E;, i € Z.

is an injective map. We call this map as H-frame induced monomorphism for the H-
frame wavelet set F'.

We fix the notation {I;}
fixed H-wavelet set FE.

sz for the measurable partition of [0, 1) corresponding to the
Theorem 2.1. Let F' be an H-frame wavelet set. Then there is a measurable partition
{Iik}k:ez of each {I;} ;i € Z such that the H-frame induced monomorphism hp is given
by

he(z) = [28@ —i)|, = € IF. (2.1)
Moreover, if h : [0,1) — [0,1) is an injective map defined in the same manner, then
there exists an H-frame wavelet set F' such that h = hgp a.e.
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Proof. Let x € I;, i € Z. Then £~ !(x) = 2n(x — i) € E;. Hence 6|;1 ot l(z) =
2% . 27(x — i) € F for some k € Z. Collect all x € I; with the same k and name the set
IF. Thus, for z € IF,

Tlpod|p o (x)=2" 2n(x — i)+ 2nl € E
for some [ € Z. Hence,
Eorlpodly ot (@) =2z i)+ 1
for I’ € Z. Therefore,
he(z) = [28(x — )| € [0,1).
Next, suppose h : [0,1) — [0,1) is an injective map defined likewise, i.e.
h(z) = L?k(.’b )|, z € IF
for measurable partition {Iik}kez of each {I;},i € Z. Define a map hy : E — E by
hi(z)=¢tohot(x), z € E.
Then h; is an injective map and
hy(x) = 2@ g + 27l ()
for k(x),l(z) € Z for x € E. Define a map ¢ : E — E by
d(z) = 2"z
and set F' = ¢(F). Thus ¢ : E — F is a measurable bijection. Now define ¢ : F — E
b,
’ o(z) =z + 2nl(y "} (x)), z € F.
Therefore, we have

¢ o(x) = 28@ gz 4 2nl(2) = hi(z), = € E.

Note that ¢ = ¢ \;1 and ¢ = 7|,. Hence, we have that F' is an H-frame wavelet set
and h = hp.

The above theorem generalizes the results found in [11] and [12] and provides a
construction of H-frame wavelet sets with help of injective maps.

Let E = +2E. We say that a set A is symmetric if A = —A. Following is the result
regarding symmetric H-frame wavelet set. The proof is similar as that given in [11].

Theorem 2.2. An H-frame induced monomorphism h is defined on measurable
partitions {If} Jk €Z of [%, 1) and {Jf} ,k € Z of 0, %) by
I EEACED] if x € IF,
W) = { Ek(x—&—i— | ifxeJr,
where
JP=1-1f

if and only if the map h is associated with a symmetric H-frame wavelet set.

Theorem 2.3. Let Fizhp denotes the fized point set of the H-frame induced
monomorphism hp for the H-frame wavelet set F. Then we have

Fizhp =¢(FNE).
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Proof. For z € IF, hp is given by
hp =28z —1)|, ke Z
Then for u = £~ 1(x),
6 Y (u) = 2Fu, where k € Z.

Therefore,

hp(x) =2 if and only if & = 0.
Equivalently, 3
x € Fix hp if and only if x € §(F N E).

3. Illustrations

1. Consider the Hardy space H? for which E = [0,00). Fix the H?-wavelet set
E = [27,4). Then the map £ : E — [0,1) is given by

E(w) = o

= % —
For an H?-frame wavelet F, the H2-frame induced monomorphism is given by
hp = |2z +1)], z et

where {I¥}, ¢z is a measurable partition of [0,1).

For example, F' = [2_"7r, 2_"+17r) , n €N, is an H2-frame wavelet set. The H?-frame
induced monomorphism hp is found to be

hp(z)=2"""Yz+1), z€[0,1).
If an injective map h : [0,1) — [0,1) is given by

b 274z +1)] ifzel0,3),
T 2%+ )] ifzeld,1),
then the H?2-frame wavelet set is given by [%, %) U [‘%’T, 7r).

Also, since for a.e. z € [0,1), h(x) # x, the measure of the set Fix h is zero.
2. Consider the reducing subspace H for which E = J,, 27 ([-3m, —2m) U [27, 3T)).
Fix the H-wavelet set E = [—-37,—27) U [27,37). Then & : E — [0,1) is given by

L —1 ifze2m3nm)
— 271— ) 9
§() _{ Z 19 ifxe[-3m,—27)
and the partition of [0,1) is given by I_; = [0,%) and I, = [%,1). Let FF =
[_T?”T, —7r) U [77 37”) Then F' is translation congruent to [%, 37”), a subset of [0, 2m),

and U,,cz2™F is a measurable partition of E. Thus, F is an H-frame wavelet set. The
‘H-frame induced monomorphism is given by

P 271z +1)| ifzel0,d),
F7 27z —2) i1
BF:{T 1fx€[?,%),
g if x € [3,1),
Further, note that in this case F' N E has measure zero, and hence Fix hp has also
measure zero.
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3. In the above example of reducing subspace H with the same fixed H-wavelet set
E, consider F' = [-3m,—2m) U [27,37). Then FNE = E. Hence, Fix hp = E, or
equivalently, Fix hp has measure 27.
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