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Abstract. In this paper, we introduce and study Gabor systems for quaternionic
Hilbert space £2(R,H) and explicitly define their analysis and synthesis operators
with the help of tensor product. We also provide some characterizations for Bessel
systems and Gabor frames. Moreover, a necessary and sufficient condition for the
boundedness of the synthesis operator with the help of a matrix valued function
is also given. Further, we give the Walnut’s representation for the Gabor frame
operator in quaternionic setting by introducing the correlation functions. Finally,
we give a necessary and sufficient condition for the invertibility and boundedness of
the Gabor frame operator.

1. Introduction

An important task in signal processing is to investigate signals with the help of a
set of basic building blocks that includes a fixed function which is shifted in time and
frequency. Gabor systems, whose elements are generated by the time-frequency shifts
of a fixed function of £L2(R), serve this purpose[5, 6, 7]. They are basically known for
their applications in auditory signal processing, pseudodifferential operator analysis and
uncertainity principle.

The generalization of the concept of Gabor systems to the quaternionic Hilbert space
L£?(R, H) has become an interesting and significant problem mainly due to its importance
in signal processing. The non-commutativity of quaternions makes the construction and
generalization of the results of Gabor systems to quaternionic Hilbert spaces, a bit
difficult. In 2018, Cerejeiras et al. [3] studied Gabor systems for £2(R? H) by defining
Gabor frame operator using two-sided windowed quaternionic Fourier transform. For
detailed information about quaternionic fourier transforms, refer[1, 4]. Recently, Li
[12] also studied the quaternionic Gabor frame operator for £2(R? H) through two-
sided quaternionic Gabor Fourier transform which is almost a similar approach. Their
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approach lacks the idea about the analysis and synthesis operators. This motivates us
to study Gabor frames for £2(R,H) and define the Gabor frame operator through the
analysis and synthesis operators, similar to the case of complex Hilbert spaces. We also
prove various significant results concerning Gabor frames in £2(R, H). This paper gives
a wider and abstract vision about the understanding of Gabor systems in £2(R, H) .
Throughout this paper, H denotes the non-commutative field of quaternions, Z the
set of all integers and $) a right quaternionic Hilbert space. By the term “right-linear
operator” we mean H-linear operator with scalars on the right hand side of the vectors.

Outline of the Paper: With a view of making the paper self-contained, we recall a
few facts and results about quaternionic Hilbert spaces in the remaining part of this
section. In section 2, we define Gabor frames in £2(R,H) and give some important
characterizations of Bessel systems and Gabor frames. Also, we define the Gabor frame
operator with the help of analysis and synthesis operators. Finally, we conclude our
paper with the Walnut’s representation and a characterization for the boundedness and
invertibility of the Gabor frame operator, in section 3.

2. Preliminaries

Quaternions are a four dimensional non-commutative extension of the complex
numbers over R. The quaternionic algebra H contain elements of the form

q=9qo+1iq:1 +jq2 + kq3, qo0,91,92,93 €R

where i2 = j? = k%2 = ijk = —1. For any q = qo + iq1 + jq2 + kqz € H, qo is called
the scalar (or real part) and iq; + jq2 + kqs is called the imaginary (or vector part) of
q. Further, it can be expressed as ¢ = a + v, where a is the scalar part and v is the
imaginary part of q and its conjugate q is given by

q=qo — 91 — jq2 — kqs.
This directs a norm of q € H defined as
lal = vad = /a3 + af + a3 + a3,
For basic definitions and information about quaternionic Hilbert spaces and related
terms, one may refer [8, 15].
The quaternion’s exponential function for ¢ = a + v € H is given by

el = e“(cos(|v|) + ﬁ sin(|v\)).

A quaternion-valued function f : R — H can be expressed as

f(z) = fo(x) + if1(x) + jf2(2) + kfs(2),
where z € R and f, : R = R, n = 0,1,2,3. The conjugate of a function f : R — H
is defined as f : R — H such that f(z) = f(r) and the right scalar multiplication
fq : R — H with (fq)(z) = f(z)q, g € H,z € R. The right quaternionic vector space of
square integrable quaternion-valued functions given by

£2(R,H):{f:R—>H ‘/R|f(x)|2dm<oo}
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forms a right quaternionic Hilbert space under the quaternion-valued inner product

(fla) = / f@a(x)dz, §,9 € £2(R, H)

where, dz is the usual Lebesgue measure on R.
The space of all quaternion-valued essentially bounded functions is given by

L®(R,H) = {f R—oH ‘esssup|f(ac)| < oo} with ||f||cc = esssup |f(z)].
zE€R z€eR
Also the space (% defined by

0 = {{qn}nEZ C H‘ Z 1q,]% < oo}

nez
under the right multiplication by quaternions together with the inner product given by

<{pn}neZ‘{qn}neZ> = qu7na {pn}7z6Z7{qn}n€Z € 6%117

neZ
forms a right quaternionic Hilbert space. In fact it is a two-sided quaternionic Hilbert
space and hence ¢4 ®/¢% forms a right quaternionic Hilbert space under the inner product
(poalp ®q)= <<P |p>q‘q > P.apa €6

For details, refer [2, 14]. Also, one may define partial isometries on ¢ with the help of
the standard orthonormal basis {e, }nez of (3 as lem)ez : 0% — (% ® (% such that

lem)ez(q) = em @49, q € & mez.
And for p = {pn}nez, q = {qn}nez € £4 its adjoint 5i<em| 02 @ 04 — (2 is given by
E%@m‘(p ®aq) = (em|p)q
= Pmq
= {pmqn}neZ~
Definition 2.1 ([10]). A function g € £L>°(R,H) is said to be in quaternionic Wiener
space W(R, H) if

lallw := > esssup la(z +n)| = > [|g-Xpnn+1lloo < 00
nez z€[0,1 nez

It is easy to observe that functions in the quaternionic Wiener space are locally bounded
and in £}(R, H).

3. Gabor frames in Quaternionic Hilbert spaces
For b,w € R, define the translation operator 7, and the modulation operator E,, on
L2(R,H) as:
Tof(z) = f(x —b) and E,f(z) = f(z)e 2™, §c L3(R,H), = € R.
One may observe that T, and F,, are not commutative in nature. Indeed for b, w € R,
ToEwf(z) = f(x — b)e 2™ =Y = B, Tf(z)e*™ ™", z € R.

Thus E,Tof = (ToEwf)e 2", § € £L2(R,H).
Note that we will also let E,, denote the function = — e~ 2™%* on R.
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Definition 3.1. Let g € £2(R,H) be a non-zero function and «, 3 > 0. Then, define
the Gabor system generated by g, «, 8 as the set of time-frequency shifts given by

Q(g,a,ﬁ) = {gm,n = Eﬁmlrcmg | m,n € Z}a
where g is called the window function for the Gabor system G(g, a, ).

Definition 3.2. The Gabor system G(g, , 3) is said to be a Gabor frame for £L2(R, H)
if there exist two constants 0 < r; < ry < oo such that

rllflP < Y0 > Komn

MEZneZ

NI < r2lifl?, § e £2(R, H). (3.1)

The real constants r; and ro are known as lower and upper frame bounds for the
Gabor frame G(g,a, 3) respectively and the inequality (3.1) is known as the Gabor
frame inequality. The system G(g, a, 3) is said to be a Bessel system for £2(R,H) with
Bessel bound 7 if it satisfies the right hand side of the Gabor frame inequality. Also, a
Gabor frame is known as Parseval Gabor frame if rq = ro = 1.

Lemma 3.3. Let G(g,c,3) be a Bessel system for L£?(R,H) with Bessel bound r
and {en}nez be the standard orthonormal basis of ¢4. Then for each m € Z, ®, :
L2(R,H) — %4 given by

() = enlgmnlf), F€ L2 (R,H) (3.2)
nez

defines a bounded right-linear operator. Moreover, its adjoint ®7, : (3 — L2(R,H) is

given by (b:n(q) = Zzgm,nqnv q= {qn}nEZ € 6112-]1
ne

Proof. Since G(g, a, B) is a Bessel system for £2(R, H), for f € £?(R, H),
1@ (D> =D K@l > < rlIfI* < oo
nez
Therefore, ®,, is a well-defined bounded operator. Further for f € £2(R,H) and
q = {qn}nez € 04, we compute

(fl®n (@) 2w = (Pm(Pla)e

<Z en<gm,nlf>‘q>eﬁ

nez

> (fl8m.n) (enla)

neZ

(3> gmntn)-

neEZ

Thus, we obtain %, (4) = > gm.ndn, 4= {qn}nez € . O
nez

We now give a characterization for Bessel systems in the space £2(R,H) with the
help of an operator.
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Theorem 3.4. Let G(g,a, 3) be a Gabor system for L2(R,H). Then, G(g,a,B) is a
Bessel system for £L2(R,H) with Bessel bound r if and only if there exists a bounded
right-linear operator U from (% @ 0% into L2(R,H) with |U|| < /7 such that

M(p ® CI) = Z ng,n(pmqn)v p= {pn}nGZa q= {qn}neZ € gl%l'

meEZne’

Proof. First suppose that G(g,a, 3) is a Bessel system for £2(R, H) with Bessel bound
r. Define V: L2(R,H) — (4 ® (2 as

VE = D lem)ez®n(

mEZ

= 33 en @ ealgmalf), §€ L2(RH)

MEZLNEL
where ®,, is as defined in (3.2). Then
VHOIZ = D> Hamald? < rlifl>.
MEZNEL
Take U = V*. Then
Up® q) = Z ng,n(meIn); p= {pn}nelvq = {qn}nEZ € EIQHI'
MEZLNEL

Since V is bounded, so is U with ||U|| < /7.
Conversely, let U : (4®(2 — L%(R,H) be a bounded right-linear operator with ||| <
V/r. Then, U* is also bounded with the same norm. AsU*(f) = > > e @ en(Gm.nlf),

meZneZ
we get
S HamnlDPP < rlIFIP, e £7(R,H).
MEZnEL
Thus, G(g,a, 3) is a Bessel system for £?(R,H) with Bessel bound 7. O

In the following result, we give a characterization for Gabor frames in £2(R,H) as an
extention of Theorem 3.4.

Theorem 3.5. Let G(g,a, 3) be a Gabor system for L2(R,H). Then, G(g,a,B) is a
Gabor frame for L2(R,H) if and only if there exists a bounded right-linear operator U
from 04 @ 034 onto L2(R,H) with |[U|| < /T such that

M(p ® CI) = Z ng,n(pmqn)v p= {pn}nGZa q= {qn}neZ € gl%]l' (33)

MmEZneZ

Proof. Firstly, let G(g,a, 3) be a Gabor frame for £2(R,H). Then by Theorem 3.4,
there exists a bounded right-linear operator U from ¢4 ® (2 to £L*(R, H) satisfying (3.3).
Observe that its adjoint * : £2(R,H) — (% ® (3 given by

u(f) = Z Zem ® en(@mnlf), f€ ‘62(R7H)7

MmEZLNEL

is an injective operator with closed range. Hence, U is a surjective operator.
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Conversely since U is surjective, U* is injective and hence there exists a positive
constant r; such that

rullfllP < CGIZ =D Y HomnlDI? € L2(R,H).
meEZnel
Thus, again by Theorem 3.4, G(g, o, 3) is a Gabor frame for £2(R, H). O

3.1. Analysis and Synthesis operators. We now define the analysis and synthesis
operators for the Bessel system G(g, , ). The operator ®¢ : L2(R, H) — (Z®(% defined
by
Z |em>€§1q)m(f) = Z Z em & en<gm,n|f>7 fe ‘CQ(Rv H)
meZ MmeZneZ
is called the analysis operator and the adjoint ® : 2 @04 — L%(R,H) of ®g given by
‘I’g p® C[ Z Z Im,n meIn p= {pn}nelv q= {qn}neZ € EHZ-H (34>
meZnel
is called the synthesis operator for G(g, o, ).
By composing the analysis operator ®g and the synthesis operator @, we obtain the

Gabor frame operator Sg : L2(R,H) — L*(R, H) given by
Sg (f) (I)Q‘I)g Z Z Im,n gnL n ; f € LQ (Ra H)

MmeZneZ

Remark 3.6. It can be easily verified that a Gabor system G(g,a, ) is a Parseval
Gabor frame if and only if the analysis operator is an isometry. Indeed

[eg(PII* =D > Homalf)* = (Sa(IP), §€ L3(R,H)
MEZLNEL

and in view of the Gabor frame inequality the analysis operator of the Gabor frame
G(g,«, B) is an injective operator.

Nextly, we prove some important properties of the Gabor frame operator.

Theorem 3.7. Let G(g,,3) be a Gabor frame for L2(R,H) with the Gabor frame
operator Sg. Then, Sg is a bounded, right-linear, positive and invertible operator.

Proof. Sg is a bounded right-linear operator as a composition of two bounded right-
linear operators. Also

0 < [[og(PII* = (Se(DIF), | € L2(R, H).

Therefore, Sg is positive. Now from the Gabor frame inequality (3.1), we have
r[flI? < (Sg)If) < r2llfll?, € L2(R,H) or Ir; < Sg < Ire. This gives
0<1-Sgryt <1(221),
T2
and hence

To — T
21

17 = Sgry || = sup (I = Sgry ' (If)] <

lIflI=1 2

Thus, by (Proposition 3.6 [13]) Sg is an invertible operator. O
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Now, we define a matrix valued function with the help of a fixed function of £2(R, H)
that will be used in the next result.
Let g € £L%(R,H) be a non-zero function, o, 3 > 0 and P(z) = (P, (%)) momez, © € R
be a matrix valued function whose entry in the m!"-row and n'"-column is defined as

P, () ::g(x—om— %), m,n €7Z, v €R.

One may verify that P(z) is a bi-infinite matrix for almost all € R. Let P(x)* be the
conjugate transpose of P(x). For each z € R, define the matrix

Q(LE) = (Qm,n(x))m,nez = P(m)*P(x), (35)

where

Qpon () :Zg<x—am—%)g(x—om—%>, m,n € Z,z € R.

rez

Since Tom®, Tang € L2(R,H), by Cauchy-Schwartz inequality, Tom@ Tang € L1(R,H).

Now
/[o,é] | ()| dx /[0,[%}} T% ‘g(aj —am — %)g(x —an — %) ‘da:

_ / 90z — am)g(z — an)|dz < . (3.6)
R

IN

Thus, the series Q,,,(z) is absolutely convergent for almost all z € [0, %] Since
z = Qpn(x) is a %Z-periodic function, we may conclude that Q,, ,(z) is absolutely
convergent for almost all z € R. Further for each z € R, the operator Q(z) acts on the
finite sequence q = {qy, nez € €3 as

(Q(m)q)m = Z Qrnn(2)qn = Z Zg(m —am — %)g(m —an — %)qn

neZ neZ re’
Also we compute

@o@a = > T (Y Qo))

meZ neZ

= X @y o(e—am=F)o(e—an—Z)a,
m,n€Z  rez

= Z Zq?g(x—am—%)g(x—om—%)%

= LU me(rmom=5)) (L a(r-on=F)a)
= T%’%g(w—an— %)qn ’ > 0.

Thus for each z € R, Q(z) is a positive operator in the sense that (q|Q2(z)q) > 0 for
q = {qn}nez € ¢4 with compact support .

In the next result, we prove the boundedness of the synthesis operator for the case
when the window function belongs to the quaternionic Wiener space. For that, we
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give the following lemma which gives a quantitative estimate for the periodizations of
functions and will be used in further results.

Lemma 3.8. Let g € W(R,H) and o > 0. Then

1
esssup ¥ |g(z —an)| < (*+1>||9||W-
x€eR % o

Proof. Proof follows on the similar lines as in [9], Lemma 6.1.2. g

Theorem 3.9. Let G(g, o, 3) be a Gabor system for L*(R,H) where g € W(R,H) and
«, 3 > 0. Then, the synthesis operator O : 03 02 — L2(R,H) as defined in (3.4) is a

bounded right-linear operator with operator norm || ®5[|* < (i + 1) (% + 1) lall3y-

Proof. Let g € W(R,H), p® q € {3 ® (2, where p = {p,}tnez ,q9 = {qn}nez € €34 have
finite support. For each n € Z, define

Kn(z) =Y e 2™ mep g, , z€R.
meEZ

It is easy to verify that only finitely many IC,,’s are non-zero and each IC,, is %Z—periodic
such that

310 = /[ K P (37)
7B b}

0,5]

Also,

Il gy = (2 pisn] 3 e )

= mez
= Z Pidn (e 2P e =20 q,,
I,m€eZ
1
= BZIqun\2~ (3.8)
MEZL

From (3.7) and (3.8) we get,

1
”ICn“2 1 = / ’Cn(x) de = = |pmqn 2,
£2([0,3),1) [0, 4] | | B Z |

meZ

Let fo:= > Tan8-Kn = 22 2 EpmTan8Bmdn) = 2° 2. man(Pmln) = (I)Z(p ®q).

nez meZneZ meZneZ
Since for r € Z , % + [0, %] are disjoint except on the boundaries whose measure is zero,
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1ol

Since Ta18.Tang € LY(R,H), thus its periodization belongs to El([O 1
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Z / Ki(z) g(z — al)g(z — an)K, (z)dz

l,nEZ

Z / a(z — al)g(x — an)K, (z)dx (3.9

l,nez rez” 5+10; 5]

> Z @Tl—%)g (2 -an- %)Kn(x)d;c

I,neZrel 7/3
(%g(m—al—;)g(@« —an— %))/Cn(x)dx.

>

I,neZ

,5},]}}1) and hence

everything is well-defined. Now, using Fubini’s theorem [9] (Appendix A.13) and
Lemma 3.8, we compute

S 1n(2)

lez

< bl H)le-m-3)
- (bl Dl 5)
< (;H)gllvv%b(wfm;)’
< (;4—1)(1‘*‘53”9”%\/ = M(a,f,9).

Since Q n(z) = Q,,(z), row sum can also be estimated. Therefore by Schur’s test [9],
the matrix Q(x) in (3.5) defines a bounded operator on ¢Z such that

19 < (5 +1) 0+ B)laliy = Mo, f.0), v e R

Thus, for almost all z € R

0< Y Ki(x)

l,n€EZ

) (2K (@) = (U (@) hez| @) () nez ) < MerB,8) Y (@) 2

neZ
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Therefore, we have

1ol = 3 | K@) (D a(r—al =5 )a(r—an—5))Kn@)da

t,nez”(0:5] rez
:/ > Ki(@) (@)K (2)da (3.10)
lnEZ
2
< M(e,B,9 ,%‘;/ da (3.11)
- (= +1) +5||g||wﬂzz|pmqn|2
neZ mel
= (1) (G ) (X ) (3 10aP)
meEZ neZ
= (1) (5+1) lalBsle @ al®
Hence [[5]1% < (£ +1) (4 +1) ol 0

Corollary 3.10. Let G(g,a,3) be a Gabor system for £2(R,H) where g € W(R, H)
and «, 8 > 0. Then, G(g,a, 3) forms a Bessel system for £2(R,H) with Bessel bound

(£ +1)(%+1)lslBy-
Proof. Follows from Theorem 3.4 and Theorem 3.9. (]

Example 3.11. Let g : R — H be defined as

(z) = l+joz+ka® 0<z<1
10 elsewhere.

One may observe that g € W(R, H) such that

llalhw = Z esssup |g(x +n)| = esssup|g(z)| + esssup |g(x + 1)| + esssup|g(z — 1)]
nez z€[0,1] z€[0,1] z€[0,1] z€[0,1]
= esssup(v/1+ 22 +at) = V3.
z€[0,1]

Thus, for any «, 8 > 0, G(g, a, 3) forms a Bessel system for £2(R, H) with Bessel bound
3(2+1)(3+1).
Corollary 3.12. Let G(g, a, 3) be a Gabor system for £2(R, H) where g € W(R, H) and

a,3 > 0. Then, the analysis operator ®g and the Gabor frame operator Sg = ®;®g
for G(g, , B) are bounded operators with norms

1 1 1 2/1 2
2 (2 = 2 2 (2 - 4
I2gl” < (; +1) (5 +1)laly and Sl < (; +1) (5 +1) ol
Proof. Straight forward. O

Corollary 3.13. Let G(g,,3) be a Gabor system for £2(R,H), where g € W(R, H)
and a, 3 > 0. Then for each m € Z and f € L*(R,H),{{(gm n|f) }nez € €% and hence
{< f>}m€Z ® {<gm,n|f>}neZ € [%I ® 51%1.
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Proof. We know that
1 1
> HgmalDE < D0 S HamalD 2 = 12g (N2 < (- +1) (5 +1) lalllil,
a g
newz MEZNEL
and hence we get the desired result. O

Next, we give a necessary and sufficient condition for the boundedness of the synthesis
operator.

Theorem 3.14. Let G(g,, ) be a Gabor system for L2(R,H). Then, the operator
o5 - 3 @02 — L2(R,H) as defined in (3.4) is bounded if and only if

esssup ||Q(z)]] < oo, (3.12)

S

where Q(x) is as defined in (3.5).
Proof. First suppose that esssup ||2(z)|] < oo. Thus, there exists a constant C > 0
T€R

such that |Q(z)| < C, for almost all z € R. Let p = {pn}nez,q = {dn}nez € 05
have finite support. Now, as in Theorem 3.9, we may define for each n € Z,

’Cn(l‘) = Z e_%mmmpmqn and fO = z %ng’Cn = (I)é(p & q)
meZ nez
From (3.10) we conclude that

\ C
12g(p ® a)I* = Il foll* < glre all*.

Conversely, let @5 be unbounded. Then for every N > 1, there exist PN = {pN ez
and qV = {q}V },,cz € ¢4 with finite support such that
25" @ g™ > N[p™ @ gV
Define for n € Z,
_ Z e—27rj,87nprqunN.

mEeZ
Thus, by (3.10) we get

/ > KN (@) QK dx>NBZ/ KN ()2 daz.
3]

’/3 L,nEL nez

Since integrands on the both sides are non-negative, there exists a set AN) c [0, %] of
positive measure such that

S K@) Q@)Y (@) > NS KN (@)[2, @ e AN,
l,neZ nez
This implies
Y (@) ez 1@ (2)bnezll = D KN (@) Q@)Y (@) > NB Y Y (2)

l,n€eZ neZ

Thus we have, [|Q(z)|| > NS, z € AN) which contradicts (3.12) and hence, we get the
desired result. O
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Corollary 3.15. Let G(g,, /) be a Gabor system for £2(R,H). Then, G(g,a, ) is a
Bessel system for £2(R,H) if and only if

esssup [|Q(z)]| < oo,
z€R

where Q(x) is as defined in (3.5).
Proof. Follows from Theorem 3.4 and Theorem 3.14. O

Theorem 3.16. Let G(g,a, 3) be a Gabor system for L?(R,H), where g € W(R,H)
with o, B > 0 and

A —fweu(l)fa](zm T —an) —Z’Zg(m—an)g(m—an—é)‘) > 0.

1#0 neZ
Then, G(g,, ) forms a frame for L2(R,H) with lower and upper frame bounds A and
B where B := (é + 1) (% + 1)”9”%/\;

Proof. Let f € L2*(R,H) be a continuous function with compact support and

Fo(z) == Y cp8(x —an — %)f(w - é), n € Z,x € R. Note that the series on the

right hand side converges for almost all x € R due to periodicity and

(Gmalf) = /R EgmTang(@)f(z)dz = / mﬁmmm;)f(x é ) "

IeZ

= / e%jﬁman(m‘).
[0,%]

B

Now,
meznel B B%/O’ﬂ] D
l
= ﬁ%/{o,ﬁ]lezzf x——) (x—ome>Fn(x)dx
= ﬁ%/f g(x — an)F,(x)dx
= B%/f g(z —an gg(x—om—;)f(x—;>dx
= 5 [ @R Y late — an) s
nez
ﬁ%/f nzégx—an (x—an—é)f(m—é)dm
> 5 [ e (3 i —amy ;];Zg(xan)g(xan;
> AllflP.
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Thus, by the above arguments and Corollary 3.10, G(g,a,() forms a frame for
L£2(R,H). O

Example 3.17. Let « = 8 =1 and g be such that
jle+2) 0<z<l,

g=14 k() 1<z<2,
0 elsewhere.
Consider for z € (0, 1]
g(x)g(z + 1) l=-1
2 2 7 _
Zg(m—n)g(m—n—l) — g(x)[* +]glz+1[* 1=0
= g(z + a(z) I=1
0 elsewhere
(42 2
i 5 ) l=-1
B 2(x+2)2 1=0
- 2
A R |
0 elsewhere.
Thus,
5
> lal@—n)? = S +2)% x € (0,1,
nez
Also
>SS st —n)gle—n =] = @+2)% @€ (0,1],
1#0 n€Z
and hence
l 1
inf x—n)? = ‘ r—n)glr—n—— ‘ = inf Z(z+2)?=1.
x€(0,1] (nze;g( ) ; %g( )g( ﬁ) ) x€(0,1] 4( )

Moreover, g € W(R, H) with
9
gy = esssup |g(x)| + esssup |g(z + 1)| = 7
2€(0,1] z€(0,1]

Therefore, by Corollary 3.10 and Theorem 3.16, G(g,1,1) forms a frame for £2(R,H)
with lower and upper frame bounds 1 and 81 respectively.

4. Walnut’s Representation for the
Gabor Frame Operator

To give the Walnut’s representation of the Gabor frame operator, we firstly need to
define some correlation functions with the help of a given window function g € £2(R, H).

Definition 4.1. Let g € £?(R,H) and a, 8 > 0 be given. The correlation functions for
g are defined as

Gon(z) = Zg(m - om)g(m —an— @) = Z(g.Tgﬁ)(m —an), t eR,m e Z.

nez ﬂ nez
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For each m € Z, ém is a periodization of g.T%ﬁ with period aZ and hence in view of
(3.6), we conclude that G,, € £([0,a], H).

In the following result we prove the boundedness of the correlation functions for the
case when the window function g belongs to the Wiener space.

Lemma 4.2. Let g € W(R,H) and o, 8 > 0. Then for each m € Z, Gm € LR, H).
Further,

S e < (= +1) (28 +2) gl (4.1)

mEZ

Proof. Since g € W(R, H), for each m € Z we have g.7= g € W(R, H). Now by applying
Lemma 3.8 on g.7= g, we get

1 _
esssup Y |(9-T8) (@ — an)| < (— +1)9.Tlw-

z€ER neZ
Thus,
[Gmlle < (5 +1) I8 T 5llw, m € 2.
This gives
S Gl < (2 41) S loToalhy
MmEZL meZ
= (2 +1) X I T (T o Toxion)
MEZLNEL
< (o+ )zng Toxoaloe (D 1758 Txponlle ). (42)
meZ

Also for each m € Z, we compute the inner sum

T8 Taxp)lleo = eSSSUP|7'm_ nX[0,1)()| = esssup [g(z)] < Z l9-Tkx10,11 00>
IE[O,].]Jr’I’Lf% kEA,,

where Ay, = {k € Z | [0,1] +n — 3 N[0,1] + k # ¢}. Since each k € Z belongs to at
most (25 + 2) of the A,,’s, we get

D 1T Taxpalleo < (28+2) Y 18- Tex0.1 /oo = (28 + 2)gllw- (4.3)
meZ kEZ
Combining (4.2) and (4.3) we obtain
5 1
S UGl < (- +1)28+ sl 0

meZ

We now give an important structure theorem, the Walnut’s representation for the
Gabor frame operator, that enables the Gabor frame operator to be expressible in terms
of the correlation functions.
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Theorem 4.3. Let G(g, o, 3) be a Gabor system for L>(R,H) where g € W(R,H) and
a, 3 > 0. Then, the Gabor fmme operator Sg for G(g,, B) can be expressed as

Sg(§) Z G Tt f€ L2(R,H).
BmEZ

Moreover, Sg is bounded on L£L2(R,H) with the operator norm

1 1
< = - 2.
ISgll < 2(1+ 2 ) (1+ ) laliy
Proof. For each | € EZ(R H), we have
Sgf(x Z Zg x —an)e 2™ g ), © €R. (4.4)

meZLneEL
For each n € Z, define
Kn(2) =Y (flgmn)e”™ ™, z e R.
meZ

From Corollary 3.13 we know that, {(f|gm.n)}mez € ¢4, § € L2(R,H). Therefore, each
Ky, is %Z— periodic and belongs to £2([0, l],]HI) with norm

1Kn ||£2(0 11H) = 3 Z K ﬂgmn

mEZ

Also,
(Flomn) = / D)o — an)e2799me 4z = / (- Tand) (@)e 00 = (5. Tong)(Bm).
R R

By restricting the Poisson summation formula [11] on {0} x R ~ R and applying on £,,,

we write
1 - m
Kn(2) = 5 n%(f-’];ng) (=~ E)' (4.5)

Let § be bounded with compact support. Then, (4.5) is valid almost everywhere on
[0, ﬂ] and the series is absolutely convergent almost everywhere. From (4.4) and (4.5),
we obtain

ng(l‘) = Z %ng(x)lc

nez
= > Tons@)(5 X Tana) (o= ). o€ &
nez meZ

Since f has compact support, for each x € R, the sum over m is finite and hence the
order of summation can be interchanged. We obtain

Sof(w) = 53 (Dot —ama(e—an— ) )i(x - 7)

meZ ne€eZ

5ZG Tm x), © €R.

meZ
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The above equality extends to the whole £2(R, H) by density and hence,

Ss(f) =3 Z G Tz, f€ L7(R,H). (4.6)

meZ
Now from (4.1) and (4.6), we obtain

ISl < BZIIG T il

meZ

/3 Z 1Gnloo |

mEZ

= 3 Z |Gimlloo 1 Fll2

meZ
< 214+ 2) (14 ) lalfulile: e R

and hence we complete the proof. O

IA

T fll2

Next, we consider a sesquilinear form on L£2(R,H) x £%(R,H), (h,§f) — (b|Sgf),
f,b € L2(R,H). A matrix representation of the Gabor frame operator can be derived
using this sesquilinear form. Let g € W(R, H) and «, § > 0. Define for each I, m € Z,

Gim(x) :Zg<z—an—é)g<x—an—%>, xR

neE”Z

One may observe that
o o [
Gom(x) = Gp(z) and Giiym(z) = Gy (JU - B), r e R. (4.7)

Now, we obtain a matrix representation of the Gabor frame operator using the above
defined sesquilinear form.

Theorem 4.4. Let G(g,,3) be a Gabor system for L£?(R,H) with the Gabor frame
operator Sg where g € W(R,H) and o, 8 > 0. Then for f,b € L2(R, H),

OSof) = 3 = [ Tih@)Gum(@) T f(x)de. (4.8)

l,mez p [0, 5]

Proof. Let us first assume that f,§ are bounded functions with compact support. Then
for each = € R, the sequences {’7%f(x)|l € Z} and {T%b(x)ﬂ € Z} have finite support.

From (4.6) and the periodization trick (as used in (3.9) ) with period %Z, we compute

(0Sef) = 5/h )Y Gl

neZ

I n
DR et
LS D 5
Since f, b are bounded with compact support, the sum over n and [ are finite and hence
the order of summation and integration can be interchanged. Substituting m =1+ n
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and using (4.7) we obtain

misen = 3 5 TG T ) (4.9)

l,meZ ' B

For the extension of (4.9) to £2(R, H), we consider the operator G(z), * € R acting on
finite sequences q = {qn }nez € £Z by matrix multiplication as

(G(w)q)l = Grm(@)dm. (4.10)

Since g € W(R, H), for each & € R the operator G(z) satisfies the condition of Schur’s
test. Indeed using Lemma 3.8, we obtain

Slenl < 323 fofsan=5)fo(e-an- )
leZ l€Z neZ
l m
< S[Eble-on- sl 2)
< (3+1)0+DlslRy.

A similar estimate holds for ) |G, (x)| and hence for each x € R, G(z) defines
meZ
a bounded operator on ¢%. Also if f and h € L£?(R,H), then both the sequences

{T%f(x)’l € Z} and {T%f)(x)’l € Z} belongs to % for almost all 2 € R. Therefore,
the matrix representation holds for arbitrary §, b € £2(R, H). O

Remark 4.5. One may observe that if g € £2(R, H) only, then Tig.Tug € LY(R,H)
and hence Gy, € L£}([0,a],H), I,m € Z. Therefore, (4.8) holds only for bounded
functions with compact support.

Remark 4.6. For each 2 € R, the operator G(x) defines a positive operator, i.e.,
(q|G(z)q) > 0 for q = {qn }nez € ¢4 with compact support. Indeed,

@G@a) = 33 @ Gim(@)an

lEZ mEZ

= Z q Zg(m—an—é)mqm

l,m€eZ neZ

S Xl D e

neZlme’L
2
= 2 X fo(e-an-F) [l =0
neEZ meZ 5

In the next result, we give a characterization for the invertibility and boundedness of
the Gabor frame operator, in terms of the above defined operator G(z) for almost all
z eR.

Theorem 4.7. Let G(g,a, 3) be a Gabor system for L2(R,H) with the Gabor frame
operator Sg where g € W(R,H). Then,
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(a) Sg is invertible over L*(R,H) if and only if G(z) > Ir, for almost all x € R for
some positive constant r where G(x) is as defined in (4.10).

(b) Sg is a bounded operator on L2(R,H) if and only if G(x) < Ir, for almost all z € R
for some positive constant r.

Proof. (a) Let G(x) > Ir, for almost all z € R for some positive constant r. Then, for
every bounded function § with compact support we have

ZZTL Glm 7-m >7“Z|Tz
lEZ mEZL leZ

Integrating over [0, %] and using (4.8) we obtain

(iSeh) > % / T, w)lde = S

’ﬁ leZ

By density, this extends to £?(R,H) and hence Sg is invertible over £2(R, H).
Conversely, assume that Sg is not invertible. Then, there exists a sequence of bounded
functions {fx}ren with compact support such that

1
(FulSafe) < 2 [IFxl*, k€ N.

Using (4.8) we obtain

/ Tz T ()G (e )Tz fr(z)de < / Z|Tl f1o(2) 2 da.

lmez 0.5] lez

This implies
0 < / . (kzn-‘ fe(@)” = = Z Tofe(z Gl,m(m)T%fk(if))d{Ii
[O’ﬁ] LEZ lmEZ

Thus, for each k € N, there exists a set Ay C [0, f] of positive measure such that

o )L e Do) 0 s

Therefore . ”ian<1}(q|G(x)q> < % x € Ay. Hence, G(x) > Ir cannot hold for almost all
a:llafl<
z €R.

(b) Proof follows on the same lines. O
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