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Abstract . In this paper, we consider a large network containing many regions

such that each region is equipped with a worker with some data processing and
communication capability. For such a network, some workers may become stragglers

due to the failure or heavy delay on computing or communicating. To resolve the

above straggling problem, a coded scheme that introduces certain redundancy for
every worker was recently proposed, and a gradient coding paradigm was developed

to solve convex optimization problems when the network has a centralized fusion

center. In this paper, we propose an iterative distributed algorithm, referred as
Code-Based Distributed Gradient Descent algorithm (CoDGraD), to solve convex

optimization problems over distributed networks. In each iteration of the proposed

algorithm, an active worker shares the coded local gradient and approximated
solution of the convex optimization problem with non-straggling workers at the

adjacent regions only. In this paper, we provide the consensus and convergence

analysis for the CoDGraD algorithm and we demonstrate its performance via
numerical simulations.

1. Introduction

Convex optimization on a network of large size has played a significant role for solving
various problems, such as big-data processing in machine learning, distributed parameter
estimation in wireless sensor networks, distributed sampling and signal reconstruction,
distributed design of filter banks, distributed spectrum sensing in cognitive radio
networks, source localization in cellular networks [7, 8, 10, 12, 18, 19, 23, 24]. The
objective functions f in such optimization problems,

f(x) =

m∑
l=1

fl(x), x ∈ RN , (1.1)
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are often the summation of some local objective functions fl, 1 ≤ l ≤ m, related to a
partition of the network. In this paper, we consider the scenario that each region of the
partition is equipped with a worker that has some data processing and communication
ability, while the whole network has a fusion center with limited computing capacity or
it does not have a fusion center at all.

The optimization problem

x̄ = arg min
x∈RN

m∑
l=1

fl(x) (1.2)

associated with the objective function f =
∑m
l=1 fl has been well studied, see

[2, 3, 6, 10, 14, 23, 24, 25, 26, 30, 29, 32] and references therein for various algorithms
implementable in a strong fusion center or in local workers distributed over the network.
Denote the gradient of g on RN by ∇g. For a network equipped with one data processing
unit only, a conventional approach to the optimization problem (1.2) is the gradient
descent algorithm,

x(k + 1) = x(k)− αk
m

m∑
l=1

∇fl(x(k)), k ≥ 0, (1.3)

where {αk}∞k=0 is a positive sequence chosen appropriately [4, 11, 16, 20, 22, 28, 31, 33,
36]. Our illustrative examples of step sizes αk, k ≥ 0, are

αk = (k + a)−θ, k ≥ 0, (1.4)

for some θ ∈ (1/2, 1] and a ≥ 1.
Several distributed versions of the gradient descent algorithm (1.3) have been

proposed, including the Adapt-Then-Combine algorithm (ATC) and the Combine-Then-
Adapt algorithm (CTA) [6, 30], where implementation of the worker at agent l is given
by { yl(k) = xl(k)− αk∇fl(xl(k))

xl(k + 1) =
∑
j∈Nl

wlj(k)yj(k)
(1.5)

and { yl(k) =
∑
j∈Nl

wlj(k)xj(k)

xl(k + 1) = yl(k)− αk∇fl(yl(k))
(1.6)

respectively, where Nl contains all adjacent agents of the agent l for data sharing, and
(wlj)1≤l,j≤m is a consensus matrix. The above ATC and CTA algorithms may reach
consensus over all nodes to the optimal solution x̄ in (1.2). They are essentially the same
as the gradient descent algorithm (1.3) if the graph to describe topological structure of
the network is complete and the consensus weights wlj = 1/m, 1 ≤ l, j ≤ m (in this
case, Nl = {1, . . . ,m} and xl(k) in (1.5) and yl(k) in (1.6) for different agents l are
the same for k ≥ 1). However, comparing with the gradient descent algorithm (1.3), in
the implementation of the ATC and CTA algorithms, we circumvent the expansive
evaluation of gradient ∇f of the global objective function by evaluating gradients
∇fl, 1 ≤ l ≤ m, of local objective functions at each worker node and then communicating
local gradients to the neighbors with nonzero consensus weights.

In applications such as distributed learning and optimization over the cloud, some
workers in the network may become inactive due to the failure or heavy delay on
computing or communicating [9, 17, 21]. To resolve the above problem, uncoded and
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coded local gradients have been proposed in [15, 27, 34] to recover the full gradient from
local gradients on active nodes ∆ ⊂ {1, . . . ,m}. Without loss of generality, we assume
that ∆ ⊂ {1, . . . , n}, where n ≤ m is the number of active nodes. In this paper, we
follow the coded scheme in [34] and consider the paradigm that for every active node i,
the coded scheme for non-stragglers is given by

gi(x) =

m∑
l=1

b(i, l)fl(x), 1 ≤ i ≤ n, (1.7)

and the global objective function can be recovered linearly from coded objective
functions gj on non-stragglers relative to node i, i.e.,

f(x) =

n∑
j=1

a(i, j)gj(x). (1.8)

Denote the decoding and coding matrices of the above paradigm by

A = (a(i, j))1≤i,j≤n and B = (b(i, l))1≤i≤n,1≤l≤m.

Then the requirement in the paradigm to recover the global objective function at active
nodes can be reformulated in the following matrix form,

AB = 1n×m, (1.9)

where 1n×m is the n×m matrix with all entries taking value 1, since
n∑
j=1

a(i, j)gj(x) =

m∑
l=1

n∑
j=1

a(i, j)b(j, l)fl(x) =

m∑
l=1

fl(x) = f(x).

We note that the code matrix B must be constructed such that the m-dimensional vector
1m with all one entries is in the column space of the transpose BT of the code matrix
B. This can be shown to be a necessary and sufficient condition for the existence of
a decoding matrix A that satisfies (1.9). We also see from (1.9) that the difference of
any two rows of the decoding matrix A belongs to the left null space of the code matrix
B, and therefore the decoding matrix A could be selected to have more zero entries
when the code matrix B has lower rank. We can see how sparse the decoding matrix
A is by looking at two extreme cases. In the first case, every active node gets a copy
of the global objective functions (and hence B has rank one) and the identity matrix
can be used as the decoding matrix (so each row has only one nonzero element). In the
second case, which is used in the decentralized descent algorithm, all nodes are active
and each node gets only the local objective function (B is the identity matrix in this
case), and then all entries of the decoding matrix take value one and are nonzero. The
sparsity of the decode matrix A will reduce the amount of data exchange among the
active nodes in the proposed iterative code-based distributed gradient descent algorithm
(CoDGraD). However, to meet the requirements in Assumption 2.1 for the convergence
of the iterative CoDGraD, the decode matrix A should not be too sparse and it should
be designed such that the normalized decoding matrix |Ã| given in (2.14) corresponds
to the weighted adjacent matrix of a strongly connected digraph, see Structures 2.4 and
2.6.

The coding and decoding scheme (1.7) and (1.8) has been used in [34] to solve the
global optimization problem (1.2), where the worker at each region evaluates the coded



140 E. Atallah, N. Rahnavard and Q. Sun

local gradients and sends them to the worker at the master node (the fusion center);
then the worker at the master node aggregates a weighted sum of coded local gradients
to form the gradient of the global objective function, and applies a centralized gradient
descent approach similar to (1.3) to update the approximation to the optimal solution
x̄ in (1.2); and finally the worker at the master node sends the updated approximation
to all local workers on the network for the next iteration. In this paper, based on the
coding and decoding scheme (1.7) and (1.8), we propose a distributed algorithm to solve
the global convex optimization problem (1.2).

1.1. Objectives and contributions. Since the focus of distributed optimization is
overwhelmingly occupied with first-order methods, it is worth trying to enhance such
methods rather than employing methods of another type. Our initial aim of this paper is
to improve the performance of distributed gradient descent algorithm through utilizing
coding. In particular, we focus on the leveraging of coding on the performance of the
distributed optimization algorithm and how the convergence rate of these algorithms can
be better enhanced through using an appropriate coding scheme based on the network
topology. And how resilience to stragglers and information privacy is also established.

While distributed optimization is implementable through distributing the local
functions among the nodes to sum up to the global optimization function as in (1.1), we
follow here an alternative route. We decompose the global function among the nodes
in a coded manner and try to implement an algorithm which allows optimization under
such scheme (1.8). To this end, we adapt the stochastic form of the decoding matrix A
in our proposed algorithm, carry the negativity in some of its coefficients to the gradient
operation, and then utilize a gradient descent and a gradient ascent step, see (2.4) and
(2.5).

In this paper, we do not impose any algebraic structure of the coding matrix B
and the decoding matrix A, and thus our approach applies for a broader class of
coding/decoding matrices as long as the allowed number of stragglers is fulfilled, except

that the normalized decoding matrix |Ã| in (2.14) is assumed to have simple eigenvalue
one, see Assumption 2.1 and Proposition 2.3. Our work has the assumptions of strongly
convex global function f , Lipschitz continuous (coded) gradients ∇gi, and uniformly
bounded (coded) gradients ∇gi. We believe that if the coding/decoding matrices
have additional structure properties [35], our algorithm could converge under weak
requirements on the objective functions and coded gradients.

In this paper, we utilize exact gradient coding for fusion centralized networks and
investigate the implications of such coding used in a multi-agent setting. This serves
well to our initial aim of showing how enhancement to the convergence rate can be
accomplished, see the consensus and convergence conclusions in Sections 3 and 4 of our
proposed algorithm. The paradigm of approximate gradient coding is discussed in [13].
It could be an interesting problem to extend our convergence conclusions in the above
setting.

In this paper, we work on distributed optimization problem for multi-agent systems on
fixed static network topology. Thus, the active nodes are the non-straggler nodes which
are fixed throughout the proposed distributed algorithm and where coded local functions
are used according to the coding scheme (1.8) instead of the brute decomposition as in
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(1.1). We postpone the consideration of time-varying straggler networks to a later
endeavor.

The implementation of distributed algorithms on static/time-varying networks with
stragglers is of importance. We wish that this work may serve as a starting point for a
full-fledged investigation to distributed algorithms on static/time-varying networks with
stragglers, with applications to the engineering field, such as federated decentralized
learning and distributed machine learning.

1.2. Organization and notations. The remainder of the paper is organized as
follows. In Section 2, we formulate our code-based distributed gradient descent algorithm
(CoDGraD) to solve the optimization problem (1.2). In Sections 3 and 4, we consider the
consensus and convergence properties of the proposed CoDGraD algorithm. Afterwards,
we demonstrate the performance of CoDGraD through simulations in Section 5. We
conclude the paper in Section 6 and include proofs of some conclusions in the Appendix.

In what follows, we use bold capital letters, bold lower case letters and lower case
letters for matrices, vectors and scalar variables, respectively. Denote the positive part of
a real number t by t+ = max(t, 0), the matrix of dimension n×m with all entries taking
value one by 1n×m, the unit matrix of size n×n by In, the column vector of size n with
all entries taking value 1 by 1n, and the zero matrix of size n×m by 0n×m respectively.
Denote the transpose of an matrix A by AT , and the transpose and standard `p-norm
of a vector x by xT and ‖x‖p, 1 ≤ p ≤ ∞, respectively.

2. A Code-based Distributed Gradient Descent Algorithm

Let the coded objective functions gj , 1 ≤ j ≤ n, and the decoding matrix A =
(a(i, j))1≤i,j≤n be as in the coding and decording scheme (1.7) and (1.8). Set decoding
weights

wi =
( n∑
j=1

|a(i, j)|
)−1

=
(∑
j∈Γi

|a(i, j)|
)−1

, 1 ≤ i ≤ n, (2.1)

where
Γi = {j, a(i, j) 6= 0}. (2.2)

For the decoding matrix A in (1.8), we define its normalized decoding matrix Ande =(
ã(i, j)

)
1≤i,j≤n of size n× n by

ã(i, j) = wia(i, j), 1 ≤ i, j ≤ n, (2.3)

and its row stochastic decoding matrix Asde of size 2n× 2n by

Asde =

(
Ã+ Ã−
Ã+ Ã−

)
, (2.4)

where
Ã+ =

(
(ã(i, j))+

)
1≤i,j≤n and Ã− =

(
(−ã(i, j))+

)
1≤i,j≤n

are positive/negative parts of the matrix Ande = (ã(i, j))1≤i,j≤n respectively. In this
section, we introduce a code-based distributed gradient descent algorithm (2.5) to
solve the optimization problem (1.2). For the consensus and convergence properties
of xi(k), k ≥ 0, in the proposed CoDGraD algorithm (2.5), we make the following
assumptions on the row stochastic decoding matrix Asde, the global objective function
f and the (coded) local objective functions gi, 1 ≤ i ≤ n.
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Assumption 2.1. (i) The row stochastic matrix Asde in (2.4) has simple
eigenvalue one and all other eigenvalues contained in the open unit complex
disk centered at the origin.

(ii) The global objective function f is differentiable and strongly convex in the sense
that

〈∇f(x)−∇f(y),x− y〉N ≥ A‖x− y‖22
for all x,y ∈ B(x̄, C2), where 〈·, ·〉N is the inner product on RN , the constant
C2 is defined in Theorem 2, and B(x̄, C2) is the ball with center x̄ and radius
C2.

(iii) The (coded) local objective functions gi, 1 ≤ i ≤ n, have bounded gradients,
i.e., there exists a positive constant M such that

‖∇gi(x)‖2 ≤M, x ∈ RN .
(iv) The (coded) local objective functions gj , 1 ≤ j ≤ n are differentiable and have

L-smoothly continuous gradients, i.e.,

‖∇gi(x)−∇gi(y)‖2 ≤ L‖x− y‖2, x, y ∈ RN , 1 ≤ i ≤ n,
for some positive constant L.

The rest of this section is organized as follows. In Subsections 2.1 and 2.2, we
introduce the code-based distributed gradient descent algorithm (2.5) to solve the
optimization problem (1.2) and we propose its implementation on a distributed network
with all communicating and computing conducted only at active nodes, see Algorithm
2.2. Here active nodes are those workers over the network that don’t witness delay
or failure on computing or communicating. The eigenvalue assumption on the row
stochastic matrix Asde in (2.4) plays a crucial role to establish the consensus and
convergence properties of the proposed CoDGraD algorithm (2.5), see Theorems 3.1,
4.1 and 4.2. In Subsection 2.3, we discuss two structures on the decoding matrix A so
that the row stochastic matrix Asde meets the requirement (i) in Assumption 2.1, see
Propositions 2.5 and 2.7.

2.1. Code-based distributed gradient descent algorithm. To solve the
optimization problem (1.2), we propose an iterative distributed algorithm with the
implementation of the worker at the region i given by

vi(k) = ∇gi(xi(k)),
y+
i (k) = xi(k)− αkvi(k),

y−i (k) = xi(k) + αkvi(k),
xi(k + 1) =

∑
j∈Γi

wi
{

(a(i, j))+y
+
j (k) + (−a(i, j))+y

−
j (k)

}
, k ≥ 0,

(2.5)

where initials xi(0) are chosen randomly or set zero initially, and step sizes αk, k ≥ 0,
are so chosen that

∞∑
k=0

αk =∞ and

∞∑
k=0

α2
k <∞ (2.6)

[3, 4, 28], and the weights wi and the sets Γi of active neighboring nodes are given in (2.1)
and (2.2) respectively. We call the above algorithm as a code-based distributed gradient
descent algorithm and use CoDGraD for abbreviation. Our illustrative examples of step
sizes are αk = (k + a)−θ, k ≥ 0, for some θ ∈ (1/2, 1] and a ≥ 1, see (1.4).
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Write Asde = (q(i, j))1≤i,j≤2n and for 1 ≤ i ≤ n, set

zi(k) = zi+n(k) = xi(k), k ≥ 0. (2.7)

Then the CoDGraD algorithm (2.5) can be rewritten as

zi(k + 1) =

2n∑
j=1

q(i, j)
(
zj(k)− αkhj(k)

)
, 1 ≤ i ≤ 2n, (2.8)

where

hi(k) =

{
∇gi(zi(k)) if 1 ≤ i ≤ n
−∇gi−n(zi(k)) if n+ 1 ≤ i ≤ 2n.

(2.9)

Set
z(k) :=

(
zi(k)

)
1≤i≤2n

and h(k) :=
(
hi(k)

)
1≤i≤2n

(2.10)

with vectors zi(k) and hi(k) ∈ RN , 1 ≤ i ≤ 2n, as their i-th entries respectively. Then
the iterative algorithm (2.8) can be reformulated in a matrix form:

z(k + 1) = Asdez(k)− αkAsdeh(k), k ≥ 0. (2.11)

Let asde be the stationary probability vector invariant under the row stochastic matrix
Asde, i.e., the left eigenvector of Asde associated with eigenvalue one that satisfies

aTsdeAsde = aTsde and aTsde12n = 1. (2.12)

Define
x̄(k) = aTsdez(k). (2.13)

In Theorem 3.1, we show that

lim
k→∞

xi(k)− x̄(k) = 0, 1 ≤ i ≤ n

and hence xi(k), k ≥ 1, in the CoDGraD algorithm (2.5) has the consensus property.
By (2.11), the weighted average x̄(k) of xi(k), 1 ≤ i ≤ n, satisfies

x̄(k + 1) = x̄(k)− αkaTsdeh(k), k ≥ 0.

We observe that aTsdeh(k) is an inexact estimate of the scaled global gradient ∇f(x̄(k)),
see Proposition 4.4. As a consequence, we show that x̄(k), k ≥ 1 converges to the
solution x̄ of the optimization problem (1.2), see Theorems 4.1 and 4.2.

2.2. Distributed implementation of the code-based distributed gradient
descent algorithm. For the distributed implementation of the CoDGraD (2.5), we
describe the network topology by an undirected graph G = (V,E), where the worker in
each region is represented by a vertex in V and each edge (l, l′) ∈ E means that workers
in the regions l and l′ ∈ V have direct communication for data sharing. However, for
each node i, any node j ∈ Ni = {j : (i, j) ∈ E} ∪ {i} may (however does not always)
contribute in the decoding process then any such node can be considered as a non-
straggling node of the active node i, with some abuse of meaning. Similarly, any node
j ∈ V \Ni is considered as a straggler of the active node i. Thus, only nodes from the
non-straggling set of nodes of an active node i can contribute in the decoding process
at i. Therefore the topological matching property of the coded scheme (1.8) and (1.7)
is satisfied if the decoding weight a(i, j) takes zero value whenever there is no direct
communication between active workers in the region i and j, i.e.,

a(i, j) = 0 if (i, j) 6∈ E.
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This means that any non-straggling node of any active node i which is contributing in
the decoding process must be a neighbor of the active node i in the whole network, i.e.,

Γi ⊂ Ni,

where Γi is given in (2.2). For the above scenario of the coded scheme (1.8) and (1.7),
the active worker at each region first evaluates the coded local gradient, then it updates
its estimate through gradient descent/ascent step, next it shares the updated estimate
approximations with neighboring active workers at the adjacent regions, henceforth it
updates the estimate towards the optimal solution x̄. Hence the CoDGradD algorithm is
implementable in the network that does not have a fusion center at all. As observed from
Algorithm 2.2 below, all communicating and computing in the CoDGradD algorithm
could be conducted only at active nodes.

Algorithm 2.2. (CoDGraD algorithm)

1. INPUT: Set tolerance value ε for halting the algorithm and the number of
iteration k = 0. Initialize an estimate xi(0) of the optimal solution x̄ and
approximation error ei(0) = ε at the worker i.

2. ITERATION:
– WHILE ei(k) ≥ ε
– Use (2.5) to update the estimate xi(k) at the worker i.
– Find error ei(k + 1) = ‖xi(k + 1)− xi(k)‖ for all 1 ≤ i ≤ n.
– Let k = k + 1
– ENDWHILE

3. OUTPUT: xi(k) and k.

2.3. Conditions on the network topology and (de)coding scheme. Denote the
normalized decoding matrix of the decoding matrix A by

|Ã| = (|ã(i, j)|)1≤i,j≤n, (2.14)

where ã(i, j), 1 ≤ i, j ≤ n, are given in (2.3). By (2.3), the normalized decoding matrix

|Ã| has row stochastic property. To meet the first requirement in Assumption 2.1 for
the row stochastic matrix Asde, we need an equivalence between the simple eigenvalue
properties for the row stochastic matrices Asde and |Ã|.

Proposition 2.3. The row stochastic decoding matrix Asde has simple eigenvalue one
and all other eigenvalues contained in the open unit complex disk centered at the origin
if and only if |Ã| has the same property for its eigenvalues.

The proof of the above proposition will be given in Appendix A.1.
As |Ã| is a row stochastic matrix, it follows from Perron-Frobenius theorem that |Ã|

has simple eigenvalue one if it is irreducible. In order for |Ã| to be irreducible, the
digraph with weighted adjacent matrix (|ã(i, j)|)1≤i,j≤n should be strongly connected.
But since Γi = {j, a(i, j) 6= 0} = {j, |ã(i, j)| 6= 0} and Γi ⊂ Ni then a necessary
condition for this digraph to be strongly connected is that the network graph G is
strongly connected.

In the following, we consider two scenarios of network topology in which the first
requirement in Assumption 2.1 is met, see Structure 2.4 and 2.6. Denote the minimum
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degree of the network graph G by

δ(G) = min
1≤i≤n

deg(i)

where deg(i) is the degree of a node i, i.e., the number of edges connected with the node
i ∈ G. Let si = n − |Ni| be the number of nodes that are not connected to i. Thus,
s = max1≤i≤n si = n − δ(G). In the first restrictive structure, the decoding matrix A
can be described as follows.

Structure 2.4. The decoding matrix A formed for an n-node network and computed
by Algorithm 1 of coding scheme in [34] which is robust to a maximum of s-stragglers
should be formed such that at least s + 1 entries are nonzero per each column and at
least s+ 1 non zero entries per each row.

For the above scenario, we have the following property for the corresponding row
stochastic matrix Asde, see Appendix A.2 for the proof.

Proposition 2.5. Let δ(G) > n/2−1, and the decoding matrix A satisfy Structure 2.4.
Then the matrix Asde used in the CoDGraD algorithm (2.5) has simple eigenvalue one
and all other eigenvalues contained in the open unit complex disk centered at the origin.

Next we consider the scenario of full cyclic assignment of the active workers after
certain permutation, i.e., the decoding matrix A = (a(i, j))1≤i,j≤n with the first row
having the n − s entries after the first assigned as non-zero, and as we move down the
rows, the positions of the n− s non-zero entries shifting one step to the right, and cycle
around until the last row.

Structure 2.6. The decoding matrix A formed for an n-node network and computed
by Algorithm 1 of coding scheme in [34] satisfies the following conditions:

a(i, j) 6= 0 (2.15)

for all (i, j) satisfying either i+ 1 ≤ j ≤ min(i+ n− s, n) or j + s ≤ i.

In this following proposition, we discuss the following eigenvalue property for the
corresponding row stochastic matrix Asde, see Appendix A.3 for the proof.

Proposition 2.7. Let 1 ≤ s ≤ n − 1 and the decoding matrix A satisfy (2.15). Then
the matrix Asde used in the CoDGraD algorithm (2.5) has simple eigenvalue one and
all other eigenvalues contained in the open unit complex disk centered at the origin.

3. Consensus property of the Code-based Distributed Gradient Descent
Algorithm

In this section, we establish the consensus property of xi(k), k ≥ 1, in the CoDGraD
algorithm (2.5).

Theorem 3.1. Let xi(k), k ≥ 1, be in the CoDGraD algorithm (2.5). If the row
stochastic matrix Asde in (2.4) has simple eigenvalue one and all other eigenvalues
contained in the open unit complex disk centered at the origin, the sequence {αk}∞k=0

satisfies
∑∞
k=0 α

2
k < ∞, and the local objective functions gi, 1 ≤ i ≤ n, have bounded

gradients, i.e., there exists a positive constant M such that

‖∇gi(x)‖2 ≤M, x ∈ RN , (3.1)
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then
lim
k→∞

(xi(k)− xj(k)) = 0 (3.2)

and
lim
k→∞

(f(xi(k))− f(xj(k))) = 0 (3.3)

for all 1 ≤ i, j ≤ n.

Define
z̃(k) = z(k)−Pz(k), k ≥ 0, (3.4)

where zk, k ≥ 0 are defined by (2.10), the stationary probability vector asde is given in
(2.12), and

P = 12n(asde)T . (3.5)

Then the consensus property (3.2) reduces to establishing

lim
k→∞

‖z̃(k)‖2,∞ = 0, (3.6)

where ‖z‖2,∞ = sup1≤i≤2n ‖zi‖2 for a vector z = (zi)1≤i≤2n with entries zi ∈ RN , 1 ≤
i ≤ 2n.

Let the row stochastic matrix Asde in (2.4) have simple eigenvalue one and
λm(Asde), 1 ≤ m ≤ 2n, be its eigenvalues listed in the order that

1 = λ1(Asde) > |λ2(Asde)| ≥ . . . ≥ |λ2n(Asde)|. (3.7)

For ‖z̃(k)‖2,∞, k ≥ 1, in (3.4), we have

Proposition 3.2. Let Asde, λ2(Asde) and P be as in (2.4), (3.7) and (3.5) respectively.
Assume that the row stochastic matrix Asde has simple eigenvalue one, and that the
local objective functions gi, 1 ≤ i ≤ n, satisfy (3.1). Then there exists a positive constant
C1 such that

‖z̃(k)‖2,∞ ≤ C1M

k−1∑
l=0

(1 + |λ2(Asde)|
2

)k−l
αl

+C1

(1 + |λ2(Asde)|
2

)k
‖z̃(0)‖2,∞ (3.8)

hold for all k ≥ 1.

The detailed proof of Proposition 3.2 is given in Appendix A.4.
Let x̄(k) be as in (2.13). By (3.5), we can write

Pz(k) = x̄(k)12n. (3.9)

Observe that
‖z̃(k)‖2,∞ = max

1≤i≤n
‖xi(k)− x̄(k)‖2, k ≥ 1.

Then by Proposition 3.2 we obtain the following estimate about the consensus property
of xi(k) for different 1 ≤ i ≤ n:

max
1≤i≤n

‖xi(k)− x̄(k)‖2 ≤ C1

(1 + |λ2(Asde)|
2

)k
max

1≤i≤n
‖xi(0)− x̄(0)‖2

+C1M

k−1∑
l=0

(1 + |λ2(Asde)|
2

)k−l
αl, k ≥ 1. (3.10)
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Set γ = (1 + |λ2(Asde)|)/2 ∈ (1/2, 1). Applying (3.10) to our illustrative example
(1.4) of step sizes, we can find a positive constant C such that

max
1≤i≤n

‖xi(k)− x̄(k)‖2 ≤ C1M

k−1∑
l=0

γk−l(k − l + a)θ(k + a)−θ

+C1 max
1≤i≤n

‖xi(0)− x̄(0)‖2γk ≤ C(k + a)−θ (3.11)

hold for all k ≥ 0, where the first inequality follows from (3.10) and the observation that
a ≥ 1 and (l + a)−θ ≤ (k + a)−θ(k − l + a)θ, 0 ≤ l ≤ k, and the second estimate holds
by the boundness of the sequence γk(k + a)θ, k ≥ 0, and the convergence of the series∑∞
m=0 γ

m(m+ a)θ. Therefore we have the following consensus property.

Corollary 3.3. Let xi(k), k ≥ 1, be in the CoDGraD algorithm (2.5) with αk =
(k + 1)−θ, k ≥ 0 for some 1/2 < θ ≤ 1, and the row stochastic matrix Asde in (2.4) and
the local objective functions gi, 1 ≤ i ≤ n, be as in Theorem 3.1. There there exists a
positive constant C such that

|xi(k)− xj(k)| ≤ C(k + a)−θ (3.12)

hold for all 1 ≤ i, j ≤ n and k ≥ 0.

Remark 3.4. For the case that the step sizes have exponential decay, i.e., αk = rk, k ≥ 0
for some r ∈ (0, 1), (the first condition in (2.6) is not satisfied in this case), we
obtain from Proposition 3.2 that xi(k), k ≥ 0 in the CoDGrad algorithm (2.5) have
the exponential consensus property, i.e., there exists a positive constant C such that

|xi(k)− xj(k)| ≤ C
(

max
(
r,

1 + |λ2(Asde)|
2

))k
, k ≥ 0.

However, we cannot obtain the convergence of xi(k), k ≥ 0 to the solution x̄ of the
optimization problem (1.2) from Proposition 4.6, cf. Theorem 4.2.

We finish this section with the proof of Theorem 3.1.

Proof of Theorem 3.1. By (3.7) and (3.8),( ∞∑
k=0

max
1≤i≤n

‖xi(k)− x̄(k)‖22
)1/2

≤ C1M
( ∞∑
k=0

( k−1∑
l=0

(1 + |λ2(Asde)|
2

)k−l
αl

)2)1/2

+C1

( ∞∑
k=0

(1 + |λ2(Asde)|
2

)2k)1/2

max
1≤i≤n

‖xi(0)− x̄(0)‖2

≤ 2C1M

1− |λ2(Asde)|

( ∞∑
k=0

α2
k

)1/2

+
2C1

1− |λ2(Asde)|
max

1≤i≤n
‖xi(0)− x̄(0)‖2. (3.13)

Therefore the limit in (3.2) follows.

By (1.8) and (2.1), we have

‖∇f(x)‖2 ≤W−1 sup
1≤j≤n

‖∇gj(x)‖2 ≤MW−1,
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where W = max1≤i≤n wi. This together with Proposition 3.2 implies that

|f(xi(k))− f(x̄(k))| ≤ |〈∇f(x̄(k)),xi(k)− x̄(k)〉|

≤C1M
2W−1

k−1∑
l=0

(1 + |λ2(Asde)|
2

)k−l
αl

+C1MW−1
(1 + |λ2(Asde)|

2

)k
max

1≤i≤n
‖xi(0)− x̄(0)‖2

→0 as k →∞ (3.14)

for all 1 ≤ i ≤ n. Then (3.3) follows. �

4. Convergence property of the Code-based Distributed Gradient Descent
Algorithm

In this section, we establish the convergence of xi(k), k ≥ 1, in the CoDGraD
algorithm (2.5) to the solution x̄ of the optimization problem (1.2). By (3.2), (3.9)
and (3.13), it suffices to show that x̄(k), k ≥ 1, in (2.13) converges to x̄.

Theorem 4.1. Assume that the row stochastic matrix Asde in (2.4) has simple
eigenvalue one and all other eigenvalues contained in the open unit complex disk
centered at the origin, the sequence {αk}∞k=0 satisfies (2.6), the local objective functions
gj , 1 ≤ j ≤ n, satisfy (3.1) and

‖∇gi(x)−∇gi(y)‖2 ≤ L‖x− y‖2, x, y ∈ RN , 1 ≤ i ≤ n, (4.1)

for some positive constant L, and the global objective function f is strongly convex in
the sense that

〈∇f(x)−∇f(y),x− y〉N ≥ A‖x− y‖22 (4.2)

for all x,y ∈ B(x̄, C2), where 〈·, ·〉N is the inner product on RN , B(x̄, C2) is the ball
with center x̄ and radius C2, and

C2 : = exp
( ∞∑
j=0

α2
j

){ 8C2
1L

2

(1− |λ2(Asde))|)2
max

1≤i≤n
‖xi(0)− x̄(0)‖22

+
M2(1 + 8C2

1 )

(1− |λ2(Asde)|)2

( ∞∑
j=0

α2
j

)
+ ‖x̄(0)− x̄‖22

}
.

Then x̄(k), k ≥ 1, in (2.13) converges to the solution x̄ of the optimization problem
(1.2),

lim
k→∞

x̄(k) = x̄. (4.3)

Combining Theorems 3.1 and 4.1, we have the following result on the convergence of
the proposed CoDGraD algorithm.

Theorem 4.2. Let the decoding matrix Asde and the objective function f satisfy
Assumption 2.1, and step size {αk}∞k=0 in the CoDGrad algorithm satisfy (2.6). Then
the sequences {xi(k)}∞k=1, 1 ≤ i ≤ n in the CoDGrad algorithm converge to the optimal
point x̄, i.e.,

lim
k→∞

xi(k) = x̄, 1 ≤ i ≤ n. (4.4)
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To prove Theorem 4.1, we need a technical lemma, which follows the probability
property for the vector asde in (2.12). For the completeness of this paper, we include a
detailed proof in Appendix A.5.

Lemma 4.3. Let asde and wi, 1 ≤ i ≤ n, be as in (2.12) and (2.1) respectively. Set

w = (w1, . . . , wn, w1, . . . , wn)T (4.5)

and

w̃ = aTsdew. (4.6)

Then

0 < min
1≤i≤n

wi ≤ w̃ ≤ max
1≤i≤n

wi. (4.7)

Let x̄(k), k ≥ 0 be as in (2.13). By (2.11), the weighted average x̄(k), k ≥ 0 can be
defined by the following iterative algorithm,

x̄(k + 1) = x̄(k)− αkaTsdeh(k), k ≥ 0. (4.8)

For local objective functions gi, 1 ≤ i ≤ n, with Lipschitz gradients (4.1), we observe that
aTsdeh(k) is an inexact estimate of the scaled global gradient w̃∇f(x̄(k)), see Appendix
A.6 for a detailed proof.

Proposition 4.4. Let Asde, λ2(Asde), P and w̃ be as in (2.4), (3.7), (3.5) and (4.6)
respectively. Assume that the row stochastic matrix Asde has simple eigenvalue one,
and the local objective functions gj , 1 ≤ j ≤ n, satisfy (4.1). Then

‖aTsdeh(k)− w̃∇f(x̄(k))‖2 ≤ L‖asde‖1‖z̃(k)‖2,∞. (4.9)

By Proposition 4.4, the iterative algorithm (4.8) can be considered as the gradient
descent algorithm (1.3) with inexact gradient update. Then following a standard
argument, we have the boundedness of x̄(k), k ≥ 1, when the objective function f is
convex, see Appendix A.7 for a detailed proof.

Proposition 4.5. Let the matrix Asde, the sequence {αk}∞k=0 and the local objective
functions gj , 1 ≤ j ≤ n, be as in Theorem 4.1. If the global objective function f is
convex, then

‖x̄(k)− x̄‖22 ≤ C2 for all k ≥ 0, (4.10)

where C2 is the constant in Theorem 4.1.

The estimate in (4.10) can be improved if the objective function f has the strongly
convex property (4.2), see Appendix A.8 for a detailed proof.

Proposition 4.6. Let the matrix Asde, the sequence {αk}∞k=0, the local objective
functions gj , 1 ≤ j ≤ n, and the global objective function f be as in Theorem 4.1.
Then

‖x̄(k)− x̄‖22 ≤ exp
(
− w̃A

k−1∑
j=0

αj

){
‖x̄(0)− x̄‖22 +

k−1∑
j=0

exp
(
w̃A

j∑
l=0

αl

)
×
(
M2α2

j + L2 max
1≤i≤n

‖xi(j)− x̄(j)‖22
)}

(4.11)

hold for all k ≥ 2.
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Set W = max1≤i≤n wi. Observe that

‖∇f(x)‖2 ≤ ‖∇f(x)−∇f(x̄)‖2 ≤ LW−1‖x− x̄‖2,

where the second inequality follows from (4.1) and the row stochastic property for the
matrix Asde. This together with Proposition 4.6 proves that

f(x̄) ≤ f(x̄(k)) ≤ f(x̄) + LW−1 exp
(
− w̃A

k−1∑
j=0

αj

)

×
{
‖x̄(0)− x̄‖22 +

k−1∑
j=0

exp
(
w̃A

j∑
l=0

αl

)
×
(
M2α2

j + L2 max
1≤i≤n

‖xi(j)− x̄(j)‖22
)}

(4.12)

hold for all k ≥ 2.
Applying (4.11) to the illustrative examples (1.4) of step sizes, we obtain the following

convergence result for the proposed CoDGraD algorithm, cf. the convergence rate
O(log k/

√
k) for the uncoded incremental gradient methods [14, 24].

Corollary 4.7. Let xi(k), k ≥ 1, be in the CoDGraD algorithm (2.5) with αk =
(k + 1)−θ, k ≥ 0 for some 1/2 < θ ≤ 1, and the row stochastic matrix Asde in (2.4),
the local objective functions gi, 1 ≤ i ≤ n and the global objective function f be as in
Theorem 4.1. Then there exists a positive constant C such that

‖x̄(k)− x̄‖2 ≤ C(k + a)−θ/2, k ≥ 0, (4.13)

where x̄ is the solution of the optimization problem (1.2),

The detailed proof of Corollary 4.7 will be given in Appendix A.9.
We finish this section with the proof of Theorem 4.1 under the assumption that

Proposition 4.6 holds.

Proof of Theorem 4.1. By (2.6) and (3.13), we have

∞∑
j=0

M2α2
j + L2 max

1≤i≤n
‖xi(j)− x̄(j)‖22 <∞, (4.14)

and

lim
k→∞

exp
(
− w̃A

k∑
j=l

αj

)
= 0 (4.15)

for all l ≥ 0. Combining (4.11), (4.14) and (4.15) proves the desired limit in (4.3) by
the dominated convergence theorem. �

5. Numerical Simulations

In this section, we consider the following unconstrained convex optimization problem
on a network

arg min
x∈RN

‖Gx− y‖22, (5.1)
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where the network contains n regions with each region of the partition equipped with a
worker, G is a random matrix of size Q×N whose entries are independent and identically
distributed standard normal random variables, and

y = Gxo ∈ RQ (5.2)

has entries of xo being identically independent random variables sampled from the
uniform bounded random distribution between −1 and 1. The solution x̄ of the
above optimization problem is the least squares solution of the overdetermined system
y = Gxo,xo ∈ RN . In this section, we demonstrate the performance of the CoDGraD
algorithm (2.5) to solve the convex optimization problem (5.1) and also compare it with
the performance of the the conventional distributed gradient descent algorithm (DGD)
under the CTA prototype (1.6).

Assume that the network has n active nodes. Then we can repartition the network
into n regions around those n nodes, and accordingly, the random measurement matrix
G, the measurement data y, and the objective function f(x) := ‖Gx− y‖22 in (5.1) as
follows,

f(x) =

m∑
i=1

fi(x) :=

n∑
i=1

‖Gix− yi‖22.

In our simulations, we assume that the repartitioned regions have the same size, i.e., the
number of rows in Gi and lengths of vectors yi, for all i where 1 ≤ i ≤ n are all equal.
Shown in Figure 1 are two undirected graphs to describe data exchanging structure for
active nodes of a 3-node and 5-node network respectively.

Figure 1. Data exchanging structures with three/five-node network

In our simulations, we take (Q,N) = (225, 75) for Figures 2, 3 and (M,N) = (250, 50)
for Figures 4 and 5. We use absolute error

AE := max
1≤i≤n

‖xi(k)− xo‖2
‖x0‖2

and consensus error

CE := max
1≤i≤n

‖xi(k)− x̄(k)‖2
‖xo‖2

to measure the performance of the CoDGraD algorithm (2.5) and the DGD algorithm
(1.6), where n is the number of active nodes in the network.
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Figure 2. Performance comparison of the CoDGraD algorithm
(2.5) and the DGD algorithm (1.6) over a three active nodes
network with (Q,N) = (225, 225) and step sizes αk = (k +
300)−0.75, k ≥ 0.

In the first simulation where there are 3 nodes with its topology described on the left
of Figure 1, we take the coding matrix

B =

 1 −5/4 0
0 1 4/9

18/10 0 1

 (5.3)

and the decoding matrix

A =

 0 1 10/18
1 9/4 0
−4/5 0 1

 . (5.4)

The above coding/decoding matrix pair satisfies (1.9) and the corresponding row
stochastic matrix in (2.4) is

Asde =


0 18/28 10/28 0 0 0

4/13 9/13 0 0 0 0
0 0 5/9 4/9 0 0
0 18/28 10/28 0 0 0

4/13 9/13 0 0 0 0
0 0 5/9 4/9 0 0

 .

In Figures 2 and 3, we consider three non-straggler network with the coding/decoding
matrices given in (5.3) and (5.4) respectively, and present the performance of the
CoDGraD algorithm (2.5) and the DGD algorithm (1.6) with absolute and consensus
metric being the average of the corresponding metrics over 100 trials, where random
measurement matrix G has independent and identically distributed standard normal
random variables as its entries, the original vector xo is identically independent random
variables uniform distributed in [−1, 1], and step sizes are αk = (k + 300)−0.75 and
(k + 500)−0.85, k ≥ 0, respectively.
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Figure 3. Performance comparison of the CoDGraD algorithm
(2.5) and the DGD algorithm (1.6) over a three active nodes
network with (Q,N) = (225, 225) and step sizes αk = (k +
500)−0.85, k ≥ 0.

In the second simulation, the network has 5 active nodes with data exchanging
structure described on the right of Figure 1. In that simulation, the coding/decoding
matrices are given by

B =


1 2 1/2 0 0
0 −1 3 4 0
0 0 −5/2 −3 1
1 0 0 1/5 13/5
2 1 0 0 4

 (5.5)

and

A =


1/2 1/4 0 0 1/4
1 1 1 0 0
0 −1 −8/5 1 0
0 0 −2/5 −1 1
2 0 0 5 −3

 (5.6)

respectively. The above coding/decoding matrix pair satisfies (1.9) and the
corresponding row stochastic matrix in (2.4) is

Asde =



1
2

1
4 0 0 1

4 0 0 0 0 0
1
3

1
3

1
3 0 0 0 0 0 0 0

0 0 0 5
18 0 0 5

18
8
18 0 0

0 0 0 0 5
12 0 0 1

6
5
12 0

1
5 0 0 1

2 0 0 0 0 0 3
10

1
2

1
4 0 0 1

4 0 0 0 0 0
1
3

1
3

1
3 0 0 0 0 0 0 0

0 0 0 5
18 0 0 5

18
8
18 0 0

0 0 0 0 5
12 0 0 1

6
5
12 0

1
5 0 0 1

2 0 0 0 0 0 3
10


.
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Figure 4. Performance comparison of the CoDGraD algorithm
(2.5) and the DGD algorithm (1.6) over a five node network with
(Q,N) = (225, 225) and step sizes αk = (k + 800)−0.9, k ≥ 0.

Figure 5. Performance comparison of the CoDGraD algorithm
(2.5) and the DGD algorithm (1.6) over a five node network with
(Q,N) = (225, 225) and step sizes αk = (k + 500)−0.95, k ≥ 0.

Shown in Figures 4 and 5 are the performance of the CoDGraD algorithm (2.5) and the
DGD algorithm (1.6), where the absolute metric and consensus metric are the average
of the corresponding metrics over 100 trials with random measurement matrix G and
the original vector xo being selected as in the first simulation, and step sizes being
αk = (k + 800)−0.90 and (k + 500)−0.95, k ≥ 0, respectively.

From the above simulations, we observe that the CoDGraD algorithm (2.5) has much
better performance than the CTA algorithm (1.6) in reaching consensus. Even though
x̄(k) satisfies a gradient descent algorithm (4.8) with an inexact global gradient, see
Proposition 4.4, our simulations indicate that the CoDGraD algorithm (2.5) still has
comparable performance in the absolute error with the DGD algorithm under the CTA
prototype (1.6). Also we can conceive from the simulations that the CoDGraD algorithm
(2.5) has faster convergence for a smaller exponent θ ∈ (1/2, 1], which confirms its
convergence rate estimate in (3.11) and (A.26). On the other hand, our simulations
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also indicate that decreasing the exponent θ moves the CoDGraD algorithm (2.5) into
the instability phase, which could directly be related to the sparsity of the network
(i.e., graph degree δ(G) and deg(i) distribution). It is worth mentioning that we can
adequately calibrate this instability by increasing the value of a in our illustrative
examples of step sizes (1.4) for a fixed exponent θ. Thus we can anticipate in Figures
2 and 3 that the increase in the value to θ = 0.85 degraded the convergence so that
the CoDGraD algorithm became closer in performance to the DGD algorithm. While
in Figures 4 and 5 we realize that the lower value of θ = 0.75 is impermissible since the
CoGraD algorithm will considerably enter the instability region while a higher value of
θ = 0.9 favors a better convergence rate and the highest value of θ = 0.95 degraded the
convergence again.

In these simulations, we have compared the performance of the CoDGraD algorithm
(2.5) and the DGD algorithm (1.6) over the described 3-node and 5-node networks
with subsystems on nodes being overdetermined. Therefore, a least squares solutions
on each node will correspond to the unique solution of a strongly convex function and
will consequently correspond to the least squared solution of the whole network, that
is, the unique solution of the strongly convex global function f . It is observed that the
errors decrease significantly in 2000 iterations where CoDGraD outperforms DGD in
reaching the unique minimizer (i.e., absolute error) and in reaching consensus. While
for both algorithms the consensus error decreases at a higher rate than the absolute error
meaning that the workers become closer in their estimates while they all drift towards
the unique solution. Our further simulations indicate that convergence behaviors of the
CoDGraD algorithm (2.5) and the DGD algorithm (1.6) depends directly on maximal
condition number of matrices Gi, 1 ≤ i ≤ n, cf. (3.14) and (4.12) where A is closely
related to the maximal condition number in the current setting.

6. Conclusions

In this paper, we propose the Code-Based Distributed Gradient Descent algorithm
(2.5) to solve a convex optimization problem over a network. The proposed algorithm
is a distributed version of gradient descent algorithm which employs coding to leverage
the convergence rate performance and allow resilience to stragglers in conjunction with
information privacy. To implement the proposed algorithm, we employ a centralized
coordinated coding strategy. This work can be considered as the first step for a future
investigation of exploiting distributed coding on time-varying networks under the effect
of computation and communication failures or delays.
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Appendix A

In the appendix, we provide the proofs of Lemma 4.3, Corollary 4.7, and Propositions
2.3, 2.5, 2.7, 3.2, 4.4, 4.5 and 4.6.
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A.1. Proof of Proposition 2.3. Observe that Ã+ + Ã− = |Ã|. Then, in order
to establish the equivalence in the proposition, it suffices to to prove that for any
positive integer k ≥ 1 and nonzero complex number λ 6= 0, the null space of((

A B
A B

)
− λI2n

)k
and the one of (A + B − λIn)k, to be denoted by N 1

k and

N 2
k respectively, have the same dimension, where A and B are two square matrices of

size n× n. In particular, we will show that

N 1
k =

{(
u
u

)
, u ∈ N 2

k

}
. (A.1)

Set C = A + B. By induction on j ≥ 1, we can show that(
A B
A B

)j
=

(
Cj−1 0n×n
0n×n Cj−1

)(
A B
A B

)
. (A.2)

Therefore any u ∈ N 2
k , i.e., (C− λIn)ku = 0n×1, we have((
A B
A B

)
− λI2n

)k (
u
u

)
=

k∑
j=1

(
k

j

)
(−λ)k−j

(
A B
A B

)j (
u
u

)
+ (−λ)k

(
u
u

)
=

(
(C− λIn)ku
(C− λIn)ku

)
=

(
0n×1

0n×1

)
,

where the second equality follows from (A.2). This proves that

N 1
k ⊃

{(
u
u

)
, u ∈ N 2

k

}
. (A.3)

On the other hand, for any u,w ∈ Cn satisfying((
A B
A B

)
− λI2n

)k (
u
w

)
=

(
0n×1

0n×1

)
,

we obtain from (A.2) that

(−λ)k
(

u
w

)
= −

k∑
j=1

(
k

j

)
(−λ)k−j

(
A B
A B

)j (
u
w

)

= −
k∑
j=1

(
k

j

)
(−λ)k−j

(
Cj−1(Au + Bw)
Cj−1(Au + Bw)

)
.

This implies that w = u. Substituting the above equality back, we get

(−λ)k
(

u
u

)
= −

k∑
j=1

(
k

j

)
(−λ)k−j

(
Cju
Cju

)
which implies that (C− λIn)ku = 0n×1. Hence

N 1
k ⊂

{(
u
u

)
, u ∈ N 2

k

}
. (A.4)



Code-based distributed gradient descent scheme . . . 157

Combining (A.3) and (A.4) proves (A.1), and hence completes the proof.

A.2. Proof of Proposition 2.5. Set B = |Ã|, and write B = (b(i, j))1≤i,j≤n and
Bk = (bk(i, j))1≤i,j≤n, k ≥ 1. Then B is a row stochastic matrix. By Perron-Frobenius
theorem and Proposition 2.3, it suffices to prove that B is primitive, i.e., for any
1 ≤ i, j ≤ n, there exists k ≥ 1 such that

bk(i, j) 6= 0. (A.5)

Set C1 = {l, b(i, l) 6= 0} and C2 = {l, b(l, j) 6= 0}. By the assumption on the decoding
matrix A, they contain at least δ(G) > n/2 elements and hence there exists l0 ∈ C1∩C2.
Hence

b2(i, j) =

n∑
l=1

b(i, l)b(l, j) ≥ b(i, l0)b(l0, j) > 0.

This proves (A.5) with k = 2. But since B is row stochastic then eigenvalue one is the
unique eigenvalue on the unit circle centered at the origin and this completes the proof.

A.3. Proof of Proposition 2.7. As in the proof of Proposition 2.5, it suffices to prove
that B is primitive, i.e., for any 1 ≤ i, j ≤ n, there exists k ≥ 1 such that

bk(i, j) 6= 0. (A.6)

By the assumption on the decoding matrix A, we have

b(i, j) 6= 0 if i+ 1 ≤ j ≤ i+ n− s and if j + s ≤ i. (A.7)

Observe that for any 1 ≤ i, j ≤ n, we have

bk+1(i, j) =

n∑
l=1

b(i, l)bk(l, j) ≥
min(i+n−s,n)∑

l=i+1

b(i, l)bk(i, j)

+

i−s∑
l=1

b(i, l)bk(l, j), k ≥ 1. (A.8)

By (A.7) and (A.8), we can prove by induction on k ≥ 1 that

bk(i, j) 6= 0 (A.9)

for all (i, j) satisfying either i+ 1 ≤ j ≤ min(i+ k(n− s), n) or j + ks ≤ i. This proves
(A.6) for all k ≥ n/s. But since B is row stochastic then eigenvalue one is the unique
eigenvalue on the unit circle centered at the origin and this completes the proof.

A.4. Proof of Proposition 3.2. By (2.12) and (3.5), we have

PAsde = AsdeP = P and P2 = P. (A.10)

This together with (2.11) implies that

z̃(k + 1) = (Asde −P)z̃(k)− αk(Asde −P)h(k). (A.11)

Applying (A.11) repeatedly yields

z̃(k) = (Asde −P)kz̃(0)−
k−1∑
l=0

αl(Asde −P)k−lh(l), k ≥ 1. (A.12)
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Denote the spectrum of a square matrix A by σ(A). By the assumption on the matrix
Asde,

σ(Asde) ⊂ {1} ∪ {z, |z| < 1}, (A.13)

and the eigenspace associated with eigenvalue one is given by

N(Asde − I) = span {12n} . (A.14)

Combining (3.5), (A.10), (A.13) and (A.14), we obtain

σ(Asde −P) =
(
σ(Asde)\{1}

)
∪ {0} ⊂ {z, |z| ≤ |λ2(Asde)|}. (A.15)

Therefore there exists a positive constant C1 such that

‖(Asde −P)k‖B∞ ≤ C1

(1 + 2|λ2(Asde)|
3

)k
, k ≥ 1, (A.16)

where ‖A‖B∞ = sup‖x‖∞=1 ‖Ax‖∞.

By (1.7), (2.9), (2.10) and (3.1), we have

‖h(k)‖2,∞ ≤ sup
1≤i≤n

sup
x∈RN

‖∇gi(x)‖2 ≤M. (A.17)

Then combining (A.12), (A.16) and (A.17) completes the proof.

A.5. Proof of Lemma 4.3. By (A.10), we have

(Asde −P)k = Ak
sde −P, k ≥ 1.

Therefore
lim
k→∞

Ak
sde = P

by (A.16). This, together with the observation that all entries of Ak
sde, k ≥ 1 are

nonnegative. Hence the required estimate implies that all entries of asde are nonnegative
and the desired estimate (4.7) follows.

A.6. Proof of Proposition 4.4. By (2.9), (3.9) and (4.1), we have

‖hi(k)−∇gi(x̄(k))‖2 = ‖∇gi(zi(k))−∇gi(x̄(k))‖2
≤ L‖zi(k)− x̄(k)‖2 ≤ L‖z̃(k)‖2,∞

for 1 ≤ i ≤ n, and
‖hi(k) +∇gi−n(x̄(k))‖2 ≤ L‖z̃(k)‖2,∞

for n+ 1 ≤ i ≤ 2n. Therefore

‖h(k)− h̃(k)‖2,∞ ≤ L‖z̃(k)‖2,∞, (A.18)

where

h̃(k) =

(
∇G(x̄(k))
−∇G(x̄(k))

)
and ∇G(x) =

 ∇g1(x)
...

∇gn(x)

 .

Therefore

‖aTsdeh(k)− aTsdeh̃(k)‖2 ≤ ‖asde‖1‖h(k)− h̃(k)‖2,∞ ≤ L‖asde‖1‖z̃(k)‖2,∞, (A.19)

where the second estimate follows from (A.18).
Observe from (1.9) that

Asdeh̃(k) = ∇f(x̄(k))w,
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which together with (2.12) implies that

aTsdeh̃(k) = aTsdeAsdeh̃(k) = w̃∇f(x̄(k)). (A.20)

Combining (A.19) and (A.20) proves the desired estimate (4.9).

A.7. Proof of Proposition 4.5. Set

βk = M2α2
k + L2‖z̃(k)‖22,∞, k ≥ 0. (A.21)

By (2.9), (3.1), (4.8) and (4.9), we obtain

‖x̄(k + 1)− x̄‖22 = ‖x̄(k)− x̄‖22 + α2
k‖aTsdeh(k)‖22 − 2αk〈aTsdeh(k), x̄(k)− x̄〉N

= ‖x̄(k)− x̄‖22 + α2
k‖aTsdeh(k)‖22 − 2αk〈aTsdeh̃(k), x̄(k)− x̄〉N

−2αk〈aTsdeh(k)− aTsdeh̃(k), x̄(k)− x̄〉N
≤ ‖x̄(k)− x̄‖22 +M2‖asde‖21α2

k

+2L‖asde‖1αk‖z̃(k)‖2,∞‖x̄(k)− x̄‖2
= ‖x̄(k)− x̄‖22 +M2α2

k + 2Lαk‖z̃(k)‖2,∞‖x̄(k)− x̄‖2
≤ (1 + α2

k)‖x̄(k)− x̄‖22 + βk, (A.22)

where we also use the positivity of w̃ in (4.7), ‖asde‖1 = 1 and the convexity of the
objective function f ,

〈∇f(x),x− x̄〉N ≥ 0, x ∈ RN . (A.23)

Applying (A.22) repeatedly, we get

‖x̄(k + 1)− x̄‖22 ≤
k∏
j=0

(1 + α2
j )‖x̄(0)− x̄‖22 + βk +

k−1∑
j=0

βj

k∏
j′=j+1

(1 + α2
j′)

≤ exp
( k∑
j=0

α2
j

)(
‖x̄(0)− x̄‖22 +

k∑
j=0

βj

)
≤ exp

( ∞∑
j=0

α2
j

)(
‖x̄(0)− x̄‖22 +

∞∑
j=0

βj

)
, k ≥ 1. (A.24)

This together with (2.6) and (3.13) proves the desired bound (4.10) for the sequence
x̄(k), k ≥ 0.

A.8. Proof of Proposition 4.6. By (2.6), without a loss of generality, we assume
that

0 ≤ αk ≤ w̃A for all k ≥ 0.

Then for k ≥ 1, following the argument in (A.22) with the convexity (A.23) replaced by
the strong converxity (4.2), we obtain

‖x̄(k)− x̄‖22 ≤ (1− w̃Aαk−1)‖x̄(k − 1)− x̄‖22 + βk−1, (A.25)
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cf. (A.22). Applying the above estimate repeatedly leads to

‖x̄(k)− x̄‖22 ≤
k−1∏
j=0

(1− w̃Aαj)‖x̄(0)− x̄‖22 + βk−1 +

k−2∑
j=0

βj

k−1∏
j′=j+1

(1− w̃Aαj′)

≤ exp
(
− w̃A

k−1∑
j=0

αj

)
‖x̄(0)− x̄‖22 + βk−1 +

k−2∑
j=0

exp
(
− w̃A

k−1∑
j=j+1

αj

)
βj ,

where βj , j ≥ 0, is given in (A.21). This proves the desired estimate (4.11).

A.9. Proof of Corollary 4.7. Applying (4.11) for the illustrative examples (1.4) of

step sizes, and using (3.11), we can find a positive constant C̃ such that

‖x̄(k)− x̄‖22 ≤ exp
(
− w̃A

k−1∑
l=0

(l + a)−θ
){
‖x̄(0)− x̄‖22

+(M2 + L2C2)

k−1∑
j=0

exp
(
w̃A

j∑
l=0

(l + a)−θ
)

(j + a)−2θ
}

≤ exp
(
− w̃A

1− θ
(
(k + a)1−θ − a1−θ))‖x̄(0)− x̄‖22

+(M2 + L2C2) exp
(
− w̃A

1− θ
(k + a)1−θ

)
×
k−1∑
j=0

exp
( w̃A

1− θ
(j + 1 + a)1−θ

)
(j + a)−2θ ≤ C̃(k + a)−θ (A.26)

hold for all k ≥ 1, where the first estimate holds by (4.11), the second one follows from
the observation

k−1∑
l=m

(l + a)−θ ≥
k−1∑
l=m

∫ l+1

l

(x+ a)−θdx =
(k + a)1−θ − (m+ a)1−θ

1− θ

for 0 ≤ m ≤ k − 1, and the third one is obtained from the boundness of the sequences
(k+a)θ exp(− w̃A

1−θ (k+a)1−θ) and (k+a+1)1−θ−(k+a)1−θ, k ≥ 0, and the intergrability
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of
∫∞

0
exp(− w̃A

1−θ t)(t+ 1)θ/(1−θ)dt, and the following estimate

k−1∑
j=0

exp
( w̃A

1− θ
(j + 1 + a)1−θ

)
(j + a)−2θ

≤ 32θ

∫ k

0

exp
( w̃A

1− θ
(x+ a+ 1)1−θ

)
(x+ a+ 1)−2θdx

≤ 32θ(1− θ)−1

∫ ak

0

exp
( w̃A

1− θ
(
(k + a+ 1)1−θ − t

))
×
(
(k + a+ 1)1−θ − t

)−θ/(1−θ)
dt

≤ 32θ(1− θ)−1 exp
( w̃A

1− θ
(k + a+ 1)1−θ

)
(k + a+ 1)−θ

×
∫ ak

0

exp
(
− w̃A

1− θ
t
)

(t+ 1)θ/(1−θ)dt

≤ 32θ(1− θ)−1 exp
( w̃A

1− θ
(k + a+ 1)1−θ

)
(k + a)−θ

×
∫ ∞

0

exp
(
− w̃A

1− θ
t
)

(t+ 1)θ/(1−θ)dt,

where ak = (k+1+a)1−θ− (a+1)1−θ ≤ (k+1+a)1−θ−1. Then the desired conclusion
(4.13) follows by taking square roots of both sides of the above estimate (A.26).
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