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Abstract. Gabor systems play an important role in various practical problems
related to signal and image processing. In this paper, we study the computability
of Gabor frames in L2. Computable version of some existing results related to
Gabor systems are obtained. Also, computability of operators associated with Gabor
frames is discussed and the computability of Zak transform is defined. Finally, we
discuss the existence of the computable dual frames associated with the Gabor
Systems.

1. Introduction

Frames are generalizations of orthonormal basis in Hilbert spaces. The notion of
frames was introduced in 1952 by Duffin and Schaeffer [8]. Basis in a Hilbert space
H allows every f € H to be represented as a unique expansion in terms of the basis
elements. However, the condition of uniqueness of expansion is very restrictive in nature.
Frames are particularly important because they provide the desired flexibility. The
redundant nature of frames is a desirable property in many practical problems. Gabor
frames play a very important role in signal analysis. They are generated by modulations
and translations of one single function.

In this paper, we extend the notion of computability to Gabor frames. We first study
the computability of Translation, Modulation and Dilation operators. We then deal with
the computable Gabor frames and computable versions of some of the related results.
The computability of the Zak Transform, an important tool for analyzing Gabor frames,
is also discussed.
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2. Preliminaries

In this section, we briefly summarize some notions from computable analysis as
presented in [17]. Computable Analysis is the Turing machine based approach to
computability in analysis. Pioneering work in this field has been done by Turing
[16], Grzegorczyk [9], Lacombe[13], Banach and Mazur[l], Pour-El and Richards[15],
Kreitz and Weihrauch[11] and many others. The basic idea of the representation
based approach to computable analysis is to represent infinite objects like real numbers,
functions or sets by infinite strings over some alphabet ¥ (which at least contains the
symbols 0 and 1). Thus, a representation of a set X is a surjective function § :C ¥ — X
where 3“ denotes the set of infinite sequences over ¥ and the inclusion symbol indicates
that the mapping might be partial. Here, (X, d) is called a represented space.

A function F :C ¥¥ — 3¢ is said to be computable if there exists some Turing
machine, which computes infinitely long and transforms each sequence p, written on
the input tape, into the corresponding sequence F'(p), written on one way output tape.
Between two represented spaces, we define the notion of a computable function.

Definition 2.1. [6] Let (X,d), (Y,¢’) be represented spaces. A function f:C X — Y
is called (6, 0")-computable if there exists a computable function F :C ¥ — ¢ such
that 6'F(p) = fd(p), for all p € dom(f9).

We simply call, a function f computable, if the represented spaces are clear from
the context. For comparing two representations 8, § of a set X, we have the notion of
reducibility of representations. & is called reducible to ¢ , § < ¢ (in symbols), if there
exists a computable function F' :C %% — % such that §(p) = & F(p), for all p € dom(9).
This is equivalent to the fact that the identity I : X — X is (0, (5/)- computable. If § < §'
and § < 6, then § and § are called computably equivalent. Analogous to the notion of
computability, we can define the notion of (9, 5/)—continuity, by substituting a continuous
function F' in the Definition 2.1. On X, we use the Cantor topology, which is simply
the product topology of the discrete topology on X.

Given a represented space (X, ¢), a computable sequence is defined as a computable
function f : N — X where we assume that N is represented by dy(1"0“) = n and a point
x € X is called computable if there is a constant computable sequence with value x.
The notion of (4, (5')—continuity agrees with the ordinary topological notion of continuity,
as long as, we are dealing with admissible representations.

A representation ¢ of a topological space X is called admissible if § is continuous and
if the identity I : X — X is (¢§’,0)-continuous for any continuous representation ¢’ of
X. If 0, &, are admissible representation of topological spaces X,Y, then a function
f: € X =Y is (6,0") continuous if and only if it is sequentially continuous [2, 3].

Given two represented spaces (X,9), (Y,d’), there is a canonical representation
[0 — &’] of the set of (4,d")-continuous functions f: X — Y. If § and §’ are admissible
representations of sequential topological spaces X and Y respectively, then [0 — §'] is
actually a representation of the set C(X,Y) of continuous functions f : X — Y. The
function space representation can be characterized by the fact that it admits evaluation
and type conversion.

Definition 2.2 (Evaluation and Type Conversion). Let §; be a representation of X,
1=1,2,3.
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(a) Evaluation-ev : C(X1,Xs) x X7 — X, defined by (f,z) — f(z) is ([[01 —
2], 01], 02)-computable.

(b) Type Conversion-For any total function f : X; x Xo — X3, define a function
T(f) : X1 — X352 by T(f)(2z)(y) = f(x,y).Then f is ((61,02),d3) -computable iff T(f)
is (01, [02 — d3]) - computable.

Here, sz denotes the set of all functions f: Xo — X3.

If (X,6), (Y,¢') are admissibly represented sequential topological spaces, then, in the
following, we will always assume that C(X,Y") is represented by [0 — ¢'] . It follows
by evaluation and type conversion that the computable points in (C(X,Y), [0 — §'])
are just the (4,0’)-computable functions f :C X — Y [17]. For a represented space
(X,8), we assume that the set of sequences X" is represented by 0" = [6y — &]. The
computable points in (XY, ") are just the computable sequences in (X, ).

The notion of computable metric space was introduced by Lacombe [?]. However, we
state the following definition given by Brattka [5].

Definition 2.3. [5] A tuple (X, d, «) is called a computable metric space if
(1) (X,d) is a metric space.
(2) a: N — X is a sequence which is a dense in X.
(3) do (a x a): N? — R is a computable (double) sequence in R.

Given a computable metric space (X, d, «), its Cauchy Representation jx :C X% — X
is defined as
Sx (0101012t ) = lim a(ny),

11— 00

for all n; € N such that («(n;));en converges and
d(a(n;), a(nj)) < 277, for all j > i.

In the following, we assume that computable metric spaces are represented by their
Cauchy representation. All Cauchy representations are admissible with respect to the
corresponding metric topology.

An example of a computable metric space is (R, dg, ar) with the Euclidean metric
given by dr(z,y) = ||z — y|| and a standard numbering of a dense subset @ C R as
ar(i, j, k) = (i—j)/(k+1). Here, the bijective Cantor pairing function (-, -) : N> — N is
defined as (i,j) = j+ (i+7)(i+7j+1)/2 and this definition can be extended inductively
to finite tuples. It is known that the Cantor pairing function and the projections of its
inverse are computable. In the following, we assume that R is endowed with the Cauchy
representation dg induced by the computable metric space given above.

Brattka gave the following definition of a computable normed linear space.

Definition 2.4. [5] A space (X, || - ||, e) is called a computable normed space if
(1) || -] : X - Ris anorm on X.
(2) The linear span of e : N — X is dense in X.
(3) (X,d,a.) with d(z,y) =|| x —y || and a.{k, (ng,...,nk)) = Z?:o ar(n;)e; is a
computable metric space with Cauchy representation dy .
Here, ay is a standard numbering of Qp where Q= Q in case of F = R and Qp = Q[{]
in case of F = C.
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It was observed that computable normed space is automatically a computable vector
space, i.e., the linear operations are all computable. If the underlying space (X, ||-|) is a
Banach space then (X, |||, e) is called a computable Banach space. If X is a computable
Banach space, then a sequence (e;);en is said to be a computable basis if it is a Schauder
Basis that is computable in X.

We always assume that computable normed spaces are represented by their Cauchy
representations, which are admissible with respect to norm topology. Two computable
Banach spaces with the same underlying set are called computably equivalent if the
corresponding Cauchy representations are computably equivalent.

Brattka gave the following definition of computable Hilbert spaces.

Definition 2.5. [4] A computable Hilbert space (H,(-),e) is a separable Hilbert space
(H, (.)) together with a fundamental sequence e : N — H such that the induced normed
space is a computable normed space.

The standard dual space representation of the dual space H "is given by
o (p,q) = f & [0 — 0rl(p) = f and dr(q) = || f||

forall fe H A computable isomorphism 7" : H — H is an isomorphism such that T'
as well as T~1 are computable.

A sequence (f;)ien of elements in a Hilbert space H is called a frame for H if there
exist constants A, B > 0 such that

ANFIP < SIS £ < BIFIP, for all f € H.
ieN

If only the upper inequality holds in above, then (f;);cn is said to be a Bessel sequence in
H. The numbers A and B are called a lower and upper frame bound for the frame (f;);en.
The synthesis operator T given by T'((¢;)) = Y_io, ¢ifi, (¢i)ien € I? associated with a
frame (f;) is a bounded operator from /2 onto H. The adjoint operator T* : H — [? given
by T*(f) = ({f, fi))ien is called the analysis operator. The frame operator S : H — H
given by S(f) = TT*(f) = > ,en(f, fi) fi associated with the frame (f;) is a bounded,
invertible and positive operator mapping H onto itself. The frame decomposition, stated
below, shows that every element in H has a representation as a superposition of the frame
elements.

F=Y ST =) ST
i€N ieN

for all f € H. The series converge unconditionally for all f € H. Thus, it is natural
to view a frame as some kind of generalized basis. A sequence (g;);en in H such that
F=>{f,9:) fi forall f € H,is called a dual of (f;);en. If (g;) is a frame then it is called
a dual frame of (f;).

We denote the set of step functions on R with rational values by RSF =

n
{22 ¢iX(a;0;):m € Nyaj, by € Q,c5 € Q% a; <b;,0 < j <n}. Here, we identify the set

j=0

Q + :Q with Q2. The set RSF is a countable dense subset of L, for 1 < p < oo. Let
aprsr :C X* — RSF denote some notation of the set RSF with recursive enumerable

n
domain such that the mappings which assign to a step function > ¢; X(a,,b;)» the end
§=0
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points a;, b; respectively, the values ¢; are computable. The space (Ly, ||.||, RSF, arsr)
is a computable metric space for any computable p with 1 < p < oo. See [12] for details.

3. Computability of Operators associated with Gabor Systems

Given f : R — C, we define the translation of f by a € R as T, f(z) = f(x — a). The
following result shows that for a computable real number a, T, is a computable map.

Theorem 3.1. The map R — C(L*(R), L*(R)) defined as o — T, is (0w, [6r2@m) —
dr2(r)]) computable, where Ty, : L*(R) — L*(R) is the translation operator given by
Tof(z) = f(z —a).

Proof. For a g name of a € R and dp2(r) name of f € L?(R), which contains a coded

list of names of elements CjX(a;,b;) € RSF such that for all n € N,
3=0

1F = X llzm <2771,
=0

W e have

|Tef — ZCjX(aj+a,bj+a)”%2(R) = / Taf(z) - ZCJX(aj+a,bj+a) ($)|2 dx

=0 - =0

o n
- / W) =3 exta, ) () du
oo =0
= ||f - chx(aj,bj)H%Q(R)‘
=0

n n

Thus, we get [|[Tof — 3 ¢jX(a;+amb;+a)ll <2777 Let C = Y V2 |¢j| . For given o
j=0 7=0

name of a € R, we can get a,, € Q such that for all n € N, |a — | < 27, Choose

k € N such that 27% < 272:1 and 27% < mﬁgﬂbj —ajl}.
j=

Since ||X(aj+a,bj+a) - X(aj+a2k,bj+a2k)||2 = 2|042k - a" we have

n n n
H chX(aj+a,bj+a) - ZCjX(aj-i-an,bj-i-an)” S Z ‘C]‘ HX(aj'f‘a,bj-i-a) - X(aj-'r()ézk,bj"razk)”
7=0 7=0 7=0
= C/|agr — af
< 2—11—1.

n
Thus, we get [|Tof — > ¢ X(aj4+aonbj+asn)ll < 277", where the agsr name of

Jj=0
n

' Ocj X(a;+aan,bj+as) € RSF can be easily computed. [l
]:

As || T,] = 1, for all @ € R, we obtain the following corollary.
Corollary 3.2. The map R — B(L?(R), L?(R)) defined as o — T, is computable.
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In [12], it was shown that the Fourier transform F : L, — L, is (dr,,0r,) computable
for 1 <p<2and q= L7, where Ff or f is defined by

f(x) = Ff(z) = \/% /R F() 7w de,

where z € R, f € L*(R). Since F is unitary on L?(R), the inversion formula holds
trivially on L2(R),
f=()"= ()" forall f e L*(R),

where f = F~1f is the inverse Fourier transform of f given by f(z) = f(—z). Here,
the equality of functions in L?(R) holds pointwise only in the almost everywhere sense.
It can be easily verified that the inverse Fourier transform F~! : Ly — Lo defined by
f fis (61,,01,) computable.

We now consider the Modulation operator on Ls(R) defined by (Mpf)(x) =
e2™ £ (), b, x € R. Tt is well known that the Fourier transform interchanges translation
with modulation. For all f € L%(R), we have

(Tof)" () = M-bf(&) (3.1)
pointwise almost everywhere. We prove the computability of the modulation operator
in the following:

Theorem 3.3. The map R — C(L*(R),L*(R)) given by b — My is (6r, [0r2) —
dr2(r)]) computable where M, : L*(R) — L*(R) is the modulation operator given by
(Myf)(z) = 27" f(x), z € R.

Proof. The relation F(Tyf) = M_yf, for all f € L?*(R) can be obtained from (3.1)

by replacing f by f and using the fact that f = (f)", for all f € L?(R). The map
(b, f) = T_uf is ([0r, dr2(r)], 012(r)) computable by Theorem 3.1. Since the Fourier
transform F : L2 — L2 is (0r2(r), 02 (r)) computable, we obtain the ([0r,dr2(r)], 0r2(r))
computability of the map (b, f) — M, f. By Type conversion, the result follows. O

As Modulation is a unitary operator, we obtain the following :
Corollary 3.4. The map R — B(L?(R), L?(R)) given by b — M, is computable.

The next result deals with the computability of the Dilation operator D,. : L?(R) —
L?(R) defined by D.f(x) = ﬁf(%) for ¢ # 0.

Theorem 3.5. The map ¢ :C R — C(L*(R), L*(R)) given by ¢ — D., with dom¢ =
{ceR:c> 0} is (0r, [0r2r) — Or2(R)]) computable, where D, : L*(R) — L*(R) is the
Dilation operator given by D.g(x) = ﬁg(%)

Proof. For a given ég name of ¢ and dr2r) name of g, which contains a coded list of
names of elements i djX(a;,b;) € RSF such that

j=0

n
lg = dixa; oz <277,
=0
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for all n € N, we have

<1

" d; T 1 «
||ch - Z iX(Caj,ij)||%2(R) = / |7g(7> - Zde(Caj7ij)<x)‘2 dzx
NG NCASCD

—0o0

— [ lal@) = 3 i o @ da
BLLADD

=llg— Zde(aj,bj)H%%R)-
j=0

n n
Thus, we get ||[Deg — Y %X(caj,cbj)n <2771 Now, let R =Y |dj] C”T'H)j and for

j=0 j=0
given dg name of ¢, given n € N, we can get ¢, > ¢ such that |¢, — ¢| < 27",. Choose

k € N such that 2% < 27"~1/R and (caraj, corb;) N (caj, cb;) # ¢ for all j = 0,1,...,n.
(aj+

. b
Since ||\%X(mj£bj) _ \/%X(maj,czkbj)HQ < fﬂ)k% — ¢/, we have
n n n
d; d; 1 1
I Z %X(Caj,cbj) - Z \/@X(maj,%bj)H < Z |d;] H%X(Cay‘»cby‘) - \/@X(Qka]‘,cm]‘)ll
j=0 j=0 ' Jj=0
< Ry/|ear, —c| <277L

n
Thus, we get |[|[D.g — 2:()\/% X(eanayeanby)|| < 27", where the arsr name of
j=
n
d; .
J;O Joar X(eanaj.carh;) CAN be easily computed. 0

The following result shows the computability of an operator defined in terms of the
modulation and translation operators.

Theorem 3.6. The map ¢ : L*(R) x L*(R) — C(L*(R), L?(R)) defined by (g1,92) —
Ggr,9o Where g, g, L?(R) — L*(R) is defined by

%mm=[_1<ﬁM%mM@@@m

18 ([6L2(R)a 6L2(]R)]7 [6L2(]R) — 5L2(]R)]) Computable.

Proof. For g1,92 € L*(R) and f € L?(R), define the map 74, 4, : L*(R) — R by
fr= 25 J2o s MyTagr ) (MyTags, f1) db da. Since

/_oo /_Oo (f, MpyTog1)(MpTog2, f1) db da = (f, f1){g2, 91)

by Proposition 8.1.2 [7], we get by Type conversion that the map (f, g1, 92) — ¥f,g,,9. IS
([5L2(R)75L2(R)a5L2(R)]7 [5L2(]R) — 5]]{]) computable. AISO, since ||¢f7g1 ,92” = ||f|||<92,gl>|,
the above map is ([0z2(r), 0r2(r), 6L2(R)},522(R)) computable. By computable Theorem
of Frechet-Riesz, Theorem 4.3 [4], we can get d72(z) name of the unique element
I [ By Tug) EvTags db da € L*(R). Now, by Type Conversion, the result
follows. O
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4. Computability of Gabor Frames

A Gabor system is a sequence in L?(R) of the form G(g,a,b) = {e2™*"%g(z —
ak)}knez, where g € L?(R) and a,b > 0 are fixed. In terms of the translation and
modulation operators, the system can be expressed as G(g, a,b) = {Mpy, Torg}enez. A
Gabor system G(g, a, b) is a Gabor frame for L?(R), if there exist two constants A, B > 0
such that

AIFIZ < Y0 K MnTurg)® < B f|?, for all f € L*(R).
k,n€eZ

We now formally define a computable Gabor frame as follows:

Definition 4.1. A Gabor frame G(g,a,b) is said to be a computable Gabor frame if
the sequence G(g, a,b) is computable as a double sequence.

Since the maps (a, f) + To f and (b, f) = My f are ([0r, 0z2(w)]; 612(r)) computable, it
can be easily observed that by Type conversion, the map (a, b, g) = ((n, k) = Mp,Targ)
is ([0r, Or, 0r2(w)], ([0, 0z] — dr2(r))) computable. Thus, given computable real numbers
a,b > 0 and computable g € LQ(R), a Gabor frame {Mp,Turg}knez is a computable
Gabor frame.

Remark 4.2. If G(g,a,b) be a frame for L?(R), where g € L*(R) is computable and
a,b > 0 be computable real numbers, then for every computable real number ¢ >
0, G(D.g,a/c,bc) forms a computable frame in L?(R). Also, since the Fourier transform
is a computable operator on L?(R), the frame G(g, b, a) also forms a computable Gabor
frame.

Example 4.3. The simplest example of a Gabor frame that forms a computable Gabor
frame is G(x[0,1: 1, 1) = {€>™™ X[k k+1)(x) }hnez-

With functions g that is compactly supported in an interval of length 1/b, we can
easily create computable Gabor frames G(g,a,b) for L?(R) as proved in the following
result.

Theorem 4.4. If a,b > 0 are computable real numbers such that 0 < ab < 1, then there
exists a computable element g in L?(R), supported in [0,1/b] such that G(g,a,b) forms
a computable frame for L?(R).

Proof. Let g = X[o0,1/26] * X[0,1/2], the convolution of X[ 1/2;) With itself. Then, g is a
continuous function such that g(x) = 0 outside [0,1/b] and g(z) > 0 on (0,1/b). Then
G(g,a,b) forms a frame for L?(R) by Theorem 11.4 [10]. Since the convolution map
*: Ly x Ly — Ly is ([0L,,0z,],0r,) computable by Theorem 3.4 [12], we get that g is a
computable element of L?(R). Thus, G(g, a,b) forms a computable frame for L?(R). O

We now consider the synthesis operator associated with a Gabor frame G(g, a,b).
T :1%(2%) — L*(R)

T((Cmm)mJLEZ): Z CmtanmTanga
m,neEZ
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where 1?(I) = {(xx)rer CC: Y |zk|> < 0o}, I being a countable index set. The space
kel

I2(I) forms a Hilbert space with respect to the inner product ({zx}, {yx}) = > @k Yy
kel

The sequence {€mn}tmnez forms an orthonormal basis for [?(Z?), where e, =
{0m.m’ Onn }ms nrez. Then, it can be easily verified that (1?(Z?), (-}, {€m,n }m,nez) forms
a computable Hilbert space if the representation induced by the countable orthonormal
basis {€m.n}m.nez is considered.

The following result shows that the synthesis operator associated to a computable
Gabor frame is computable.

Theorem 4.5. If G(g,a,b) = {MpTorg}trnez be a computable Gabor frame for
L%(R), then the synthesis operator T : 1%(Z*) — L2*(R) defined by (¢mn)mnez =

> CmanMpnTurg is a computable operator.
m,nez

Proof. As G(g,a,b) is a frame for L?(R), T is a well defined bounded linear operator
from 12(Z?) onto L*(R). The computability of T" follows from the fact that the sequence
T((emn)mmnez) = (MymTang)mnez forms a computable sequence in L?(R). O

The Zak transform is a fundamental tool for analyzing Gabor frames, especially for
the case ab = 1. The Zak transform Z : L?(R) — L*(Q) is defined as f — Zf, where
Zf:]0,1] x [0,1] — C is given by

Zf(x,6) = flw—j) ™,
jez
Here, the space L?(Q) is a Hilbert space, where Q = [0, 1]?, with norm and inner product
given by

1 1
1P| = / / P2, ) do de

and

1,1
.G = [ [P0 T8 do de.
o Jo

The sequence {E, j}n ez, Where By (z,£) = 2™ =2k forms an orthonormal
basis for L?(Q). If we consider the representation induced by this orthonormal basis,
then it can be easily verified that (L?(Q), (-), {En k }n.kez) forms a computable Hilbert
space. The Zak transform is the unique unitary map Z : L?(R) — L?(Q) that satisfies
Z(MnTkX[O,l]) = En,k for all n, k € Z.

Theorem 4.6. The Zak transform Z : L*(R) — L?(Q) defined as Zf(x,£) =
> fl@ —j) €¥™98 is (812(r), Or2(q)) computable.

JEL

Proof. The computable sequence (¢n,k)n,kez = (MnTrkX[0,1])n,kcz forms an orthonormal
basis of L?(R). Thus, the space (L*(R), (-), (¢n k)nkez) is a computable Hilbert space
computably equivalent to (L*(R), (-), RSF, agsr). Given d2(g) name of f € L*(R) and
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precision k € N, we can effectively find n,p € N such that || f — ¢, ,|| < 27%. Then

|Zf = Enpll = 1Z(f = MyTpxp0,1)l
= ”f - (bn,p”

<27k

Hence, the map Z : L*(R) — L?(Q) is (62(r), 0r2(g)) computable. O

For f,g € L*(R), a,b > 0 and k € Z, the series Y f(x—na)g(x — na — k/b) converges
neL

absolutely for a.e. © € R. This defines a function z — > |f(z — na)g(x — na — k/b)|
nez
in L1(0,a). We prove the computability of such a function. We first prove the following

result in this direction.

Theorem 4.7. The map ¢ : L?*(R) x L2(R) — LY(R) defined as (f,g) — fg is
([6L2(R)7 6L2(]R)]7 O (R)) computable.

Proof. Let 0r2m)(p) = f and 6r2r)(q) = g, where p = i(ug)i(ui)... and g =
i(vg)i(vy) ... such that || f — arsr(u,)| < 27" and ||g — arsr(v,)|| < 277, for all
n € N. Set 7,, = arsr(u,) and o, = arsp(vy,). Then

179 = mnonll < 171 lg = onll + [1f = 7l llowl]
< @+ 1miDllg = onll +11f = 7l (X + llol]).

o—(k+1) o—(k+1) — — —(k+1

2= (k+1) — 2=k where clearly aggr name of 7,6, can be computed. O

Compute n € N such that 27" < min {

Theorem 4.8. The map L*(R) x L?*(R) — L'(0,a) defined as (f,g) — ¢ is
([0z2(R), 0r2(®)]s 011 (0,a)) computable, where k € Z, a,b > 0 are computable real numbers

and ¢ : (0,a) — R is defined as ¢p(x) = > |f(x — na)g(z — na — k/b)]|.
neL

Proof. The given map is well defined by Lemma 8.2.2 [7]. Since ¢(z) = > |fTk/pg(x — na)|,
ner

by Theorem 3.13, the map (f, g) — fT}/59 is ([0r2(r), 0r2(®)], 011 (r)) computable. Thus,

it is sufficient to show that the map f ~ ¢y is (dp1(r),011(0,a)) computable where

¢r : (0,a) — R is given by ¢s(x) = > |f(z — na)|. Now, for a dr1(g) name of f
nez

and precision k € N, we can get 7, € RSF such that ||f — 7] < 27%~!. Define
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Yr(z) = 3. |7k (z — na)|. Then
nez

16 — delli0.a) = / 6(z) — du(2)] da

:/Oa\Df(x—nan_Zw—nan da

nez nez
§/ Z|f(xfna)77k(xfna)|dw
0 nez

— [ 1@ - i)l da
< 9 k-1,
Now, it suffices to consider 7, = X[ q) for some ¢, d € R. Then ¢ (z) = > |X[etna,dtna)(T)]-
ne”Z

Since only finitely many intervals of the type [c+na,d+na] can intersect [0, a], compute
n’ € N in finitely many steps such that [c+ka, d+ka]N[0,a] = ¢, for all k ¢ {—n/,...,n'}.
Then

’
n

a
[Yr — Z X[c+ka,d+ka]|| < Z /o Xletka,d+ka)(T) dz = 0.
"}

k=—n' keZ

’

Since a is a computable real number, 672®) name of Y X[ctka,d+ka] Can be computed.
k=—n’

Hence, the result holds. O

Given a computable g € L?(R) and computable real numbers a, b > 0, for the Gabor
frame G(g,a,b), the following theorem guarantees the existence of a corresponding
computable element in L'(0,a).

Theorem 4.9. If g € L?(R) be computable and a,b > 0 be computable real numbers such
that G(g,a,b) is a frame for L?(R) with bounds A, B > 0, then there exists a computable
element Go € L'(0,a) such that Ab < Gy < Bb almost everywhere.

Proof. By Theorem 11.6 [10], we have that if G(g,a,b) is a frame for L?(R), then

Go(z) = Y |g(z — ak)|? satisfies Ab < Y |g(z — ak)|> < Bb a.e.. Since |g|? is
keZ kEZ

computable in L'(R), by Theorem 3.13, ¢,(z) = > }|g|2(z — ak)| =Y |g(x — ak)|? is
keZ keZ

computable in L'(0,a) by Theorem 3.14. Hence the result holds. O

The following result is a computable version of Proposition 9.3.8 [7]. This result gives
a procedure to find some duals of a frame {M,,3Ta 9 }m, nez having the Gabor structure.
We give conditions to generate a computable dual frame.

Theorem 4.10. Let g € L?(R) be computable, a,b > 0 be computable real numbers. Let
(EmbTrag)m.nez be a frame for L?(R) with computable frame operator. Then, for any
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computable f € L*(R), for which (EnpThnag)mnez 15 a Bessel sequence, the function

h = S_lg + f - Z <S_197 Emanag>Emanaf
m,ne”

generates a computable dual frame (EmpTnah)mmnez 0f (EmpTnag)mnez-

Proof. Since g € L?(R) is computable and S : L?(R) — L?(R) is computable, we get
S~1lg is a computable element in L2(R). Again, as (EmpThag)mnez is a computable
sequence, the map (m,n) — (S71g, EmpThag) is ([0z,0z], r) computable. Also as

D ST g B Trag)® = (SS71g,571g) = (9,5 g).

m,n

We get that ((S7'¢, EmpTnag))mnez is a computable sequence in [?(Z?). Since
corresponding to the computable Bessel sequence (EpTnaf)m.nez, the synthesis
operator is computable, we obtain dr2(r) computability of

Z <S_197Emanag>Emanaf- O

m,n€z

5. Conclusion

Computable analysis is the study of mathematical analysis from the standpoint
of computability theory in mathematics and computer science. Mantry and Sharma
[14] discussed the Computability of Hilbert Schmidt Operator. In this article, the
computability of Gabor systems has been discussed for the first time and computable
versions of some of the known results related to Gabor systems are obtained. Further, the
computability of Zak transform is deliberated. Finally, the existence of the computable
dual frames associated with the Gabor Systems is discussed.
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