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Abstract . In this paper, we explore the existence and forms of transcendental
entire solutions of some second order partial differential-difference equations

f(z)2 + 2 α f(z)
{
L(z, f) + PL(f(z))

}
+

{
L(z, f) + PL(f(z))

}2
= eg(z),

f(z)2 + 2 α f(z)
{
a1f(z + c) + PL(f(z+c))

}
+

{
a1f(z + c) + PL(f(z+c))

}2
= eg(z),

and

P 2
L(f(z)) + 2 α PL(f(z))L(z, f) + L(z, f)2 = eg(z),

where g(z) is a non-constant polynomial in C2, L(z, f) and PL(f(z)) are introduced

in the Definition 2.1 known as first order linear shift operator and second order
partial differential operator respectively. Our results are the extensions of some of

the recent results due to Xu et. al [31], Li-Xu [19]. Moreover, we exhibit a series of

examples in support of our results.

1. Introduction and Preliminaries

The well known classical Fermat-type functional equation is of the following form:

f(z)n + g(z)n = 1 (1.1)

over the field of complex numbers C, where n is a positive integer. Gross [6, 8, 7], Baker
[1] and Montel [22], independently characterized the existence of entire and meromorphic
solutions of (1.1) when n ≥ 2. For detailed study, we insist the readers to go through
[1, 6, 8, 7, 22]. In 2004, when m = 2, Yang and Li [32] studied (1.1) with the replacement
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of g with f ′ and proved that the transcendental entire solution of f(z)2 +f ′(z)2 = 1 has
the form f(z) = Aeαz/2 + e−αz/2A, where A,α are non-zero complex constants.

In recent years, the classical Fermat-type functional equation f(z)2 + g(z)2 = 1
sparked interest among authors, leading to the investigation of various types of trinomial
equations derived from classical Fermat-type functional equation [6]. This indicates the
importance of this research direction. Trinomial equations, which involve three terms,
often arise in different contexts and can exhibit rich and intriguing behavior. These
equations are more complex than simple quadratic equations and naturally require novel
techniques and approaches for their analysis to discover the interesting properties of the
solutions and to extend the related equations.

Before going to the further discussion, we assume that readers are familiar with the
basic notations of Nevalinna theory[10, 12, 33] such as T (r, f), m(r, f), N(r, f), N(r, 1f ),

S(r, f) etc in C as well as in C2. As far as the authors’ knowledge are concerned, Saleeby
[24] first considered quadratic functional equation

f2 + 2αfg + g2 = 1, (1.2)

and investigated the existence and form of transcendental entire and meromorphic
solution in Cn and proved that the transcendental entire solution of (1.2), α2 6= 1, 0
must be of the form

f(z) =
1√
2

(
cos(h(z))√

1 + α
+

sin(h(z))√
1− α

)
and g(z) =

1√
2

(
cos(h(z))√

1 + α
− sin(h(z))√

1− α

)
,

where h is entire Cn. The meromorphic solution of (1.2) must be of the form

f(z) =
α1 − α2β

2(z)

(α1 − α2)β(z)
and g(z) =

1− β2(z)

(α1 − α2)β(z)
, where β(z) is meromorphic in Cn

and α1 = −α +
√
α2 − 1, α2 = −α −

√
α2 − 1. Using this result and by utilizing

difference analogue lemma of the logarithmic derivative lemma (see, [5, 9]), Liu and
Yang [20] proved that if α2 6= 1, 0, then the finite order transcendental entire solution
of the trinomial difference equation

f(z)2 + 2 α f(z) f(z + c) + f(z + c)2 = 1 (1.3)

must be of order equal to one. In 2021, Luo et al. [21] investigated the existence and
exact form of transcendental entire solutions of the trinomial shift equation

f(z)2 + 2 α f(z) f(z + c) + f(z + c)2 = eg(z), (1.4)

where g(z) is a polynomial in C2 and obtained the exact form of transcendental entire
solutions as follows.

Theorem A. [21] Let α 6= 0, 1, c 6= 0 ∈ C and g(z) be a polynomial. If the difference
equation (1.4) admits a finite order transcendental entire solution f(z), then g(z) must
be of the form g(z) = az + b, where a, b ∈ C. Furthermore, f(z) must satisfy the
following cases:

(i)

f(z) =
1√
2

(A1η +A2η
−1)e

1
2 (az+b),

where η( 6= 0), a, c ∈ C satisfying e
1
2ac = (A2η+A1η

−1)
A1η+A2η−1
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(ii) f(z) = 1√
2
(A1e

a1z+b1 +A2e
a2z+b2), where aj , bj ∈ C, (j = 1, 2) satisfy a1 6= a2,

g(z) = (a1 + a2)z + b1 + b2 = az + b, ea1c = A2

A1
, ea2c = A1

A2
and eac = 1.

In the same paper, they have also considered the trinomial differential equation

f(z + c)2 + 2 α f(z + c)f ′(z) + f ′(z)2 = eg(z), (1.5)

and obtained the exact form of transcendental entire solutions with finite order. For
details, we refer the readers to go through [21].

The study of entire and meromorphic solutions for partial differential equations is
a crucial aspect of understanding the behavior of various physical phenomena and
mathematical models. Thats why partial differential equations occur in various areas
of applied mathematics such as the propagation of heat or sound, fluid flow, elasticity,
electrostatics, electrodynamics, thermodynamics, etc. In general, it is very much difficult
task to find entire and meromorphic solutions for a nonlinear partial differential equation.
In 1995, Khavinson [13] proved that any entire solutions of the partial differential

equation
(
∂f
∂z1

)2
+
(
∂f
∂z2

)2
= 1 in C2 must be linear, i.e., f(z1, z2) = c1z1+c2z2+c, where

c1, c2, c ∈ C such that c21 + c22 = 1. Thus the partial differential equation, mentioned in
the work of Khavinson, is a nonlinear PDE but the result they proved about entire
solutions being linear is significant. Later on, Li and his coauthors[18, 16, 17, 15]
extended the investigation to variations of the original partial differential equation and
made additional interesting discoveries.

After the development of the difference version of logarithmic derivative lemma
for meromorphic functions in several complex variables [3, 4, 14], and its subsequent
applications to the study of Fermat type partial differential-difference equations garnered
significant attention from multiple researchers, resulting in various interesting findings
[27, 28, 29, 30, 31, 34]. The investigations carried out by researchers in this area
have focused on establishing existence results for solutions to specific types of Fermat
type partial differential-difference equations, as well as analyzing the properties of these
solutions. Understanding the existence and behaviour of solutions in such equations is
crucial to gaining insights into the underlying mathematical models and the phenomena
they describe.

In 2021, Xu et al. [19], extended Theorem A and the result corresponding to the
equation (1.5) in the field of several complex variables. Before stating their result, let
us make some following notations below.

Throughout the paper, by z and c, we mean z = (z1, z2), c = (c1, c2) ∈ C2. We also
use z + c = (z1 + c1, z2 + c2) and set

A1 =
1

2
√

1 + α
− i

2
√

1− α
, A2 =

1

2
√

1 + α
+

i

2
√

1− α
. (1.6)

Now, we state a result of Xu et al. [19] as follows.

Theorem B. ([19], Theorem 9) Let α2 6= 0, 1, c1 6= c2 and g(z) be a non-constant
polynomial in C2 not in the form of φ(z2 − z1). If f(z) be a finite order transcendental
entire solution of the partial differential-difference equation

f(z + c)2 + 2 α f(z + c)

(
∂f(z)

∂z1
+
∂f(z)

∂z2

)
+

(
∂f(z)

∂z1
+
∂f(z)

∂z2

)2

= eg(z),
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then f(z), g(z) must satisfy one of the following cases:
(i) g(z1, z2) = a1z1 + a2z2 + b and

f(z1, z2) =

√
2

a1 + a2

(
A2ξ +A1ξ

−1) e 1
2 (a1z1+a2z2+b),

where ξ(6= 0) ∈ C and a1, a2, c1, c2, ξ, A1, A2 satisfying

e
1
2 (a1c1+a2c2) =

A1ξ +A2ξ
−1

A2ξ +A1ξ−1
(a1 + a2);

(ii) g(z1, z2) = L1(z1, z2) + L2(z1, z2) + b1 + b2 and

f(z1, z2) =
1√
2

(
A2

a11 + a12
eL1(z1, z2)+b1 +

A1

a21 + a22
eL2(z1, z2)+b2

)
,

where L1(z1, z2) = a11z1+a12z2, L2(z1, z2) = a21z1+a22z2 and aij , bj ∈ C, (i, j = 1, 2)
satisfy a11 + a12 6= 0, a21 + a22 6= 0, L1(z1, z2) 6= L2(z1, z2) and

ea11c1+a12c2 =
A1

A2
(a11 + a12), ea21c1+a22c2 =

A2

A1
(a21 + a22).

2. Motivation

To proceed further we are now going to define first order linear c-shift operator and
second order partial differential operator respectively as follows:

Definition 2.1. Let c be a non-zero constant in C2. We define
(i) L(z, f) = a0f(z) + a1f(z + c), a0, a1 ∈ C \ {0} and

(ii) PL(f(z)) =
∑2
l+k=1 blk

∂(l+k)f(z)

∂zl1∂z
k
2

, where b10, b01, b11, b20, b02 ∈ C.

From the discussion it’s evident that the literature in this area is growing,
and researchers are actively contributing to expanding the understanding of partial
differential-difference equations with several variables. Generalizing results and
exploring analogous results in different contexts can lead to valuable insights and a
deeper understanding of the underlying mathematical structures. Generalizing the
operators of Theorem B in terms of quadratic trinomial equations, we aim to extend the
applicability of the theorem to a broader class of mathematical models so that they can
capture additional complexities in the behaviour of solutions. This is the motivation of
writing this paper. In fact, we will investigate Theorem B’s analogous result in terms
of the following three quadratic trinomial equations the third of which automatically
includes Theorem B:

f(z)2 + 2 α f(z)
{
L(z, f) + PL(f(z))

}
+
{
L(z, f) + PL(f(z))

}2
= eg(z), (2.1)

f(z)2 + 2 α f(z)
{
a1f(z + c) + PL(f(z+c))

}
+
{
a1f(z + c) + PL(f(z+c))

}2
= eg(z), (2.2)

P 2
L(f(z)) + 2 α PL(f(z)) L(z, f) + L(z, f)2 = eg(z), (2.3)

where g(z) is a polynomial in C2, L(z, f) and PL(f(z)) are defined in Definition 2.1.
Such findings can shed light on the connections between different mathematical

objects and provide a unifying perspective. Throughout our research, we strive to
encounter various techniques and methods for analysing these quadratic trinomial
equations, as well as exploring the properties of their solutions. The development
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of analytical tools and approaches to handle these equations will be effective for the
execution of our investigation.

3. Main Theorems and Examples

For convenience, throughout the paper we use the following notations.

M ′ = 1
2b10

∂

∂z1
+

1

2
b01

∂

∂z2
+ b11

(
1

2

∂2

∂z1∂z2
+

1

4

∂

∂z1

∂

∂z2

)
+b20

(
1

2

∂2

∂z21
+

1

4

(
∂

∂z1

)2
)

+ b02

(
1

2

∂2

∂z22
+

1

4

(
∂

∂z2

)2
)
,

B = b20c
2
2 + b02c

2
1 − b11c1c2,

E1 = −b10c2 + b01c1 + 1
2b11 (d1c1 − d2c2)− b20d1c2 + b02d2c1,

E2 = −b10c2 + b01c1 + b11(d11c1 − d12c2)− 2b20d11c2 + 2b02d12c1,

Ẽ2 = −b10c2 + b01c1 + b11(d21c1 − d22c2)− 2b20d21c2 + 2b02d22c1,

(3.1)

where d1, d2, d11, d12, d21, d22 are constants in C.
Now we list our main results as follows.

Theorem 3.1. Let g(z) be a non-constant polynomial in C2, α ∈ C such that α2 6= 0, 1,

(c1, c2) ∈ C2 \ {(0, 0)} and A1, A2, B,E1, E2, Ẽ2 are defined as in (3.1). Let f(z) be
a transcendental entire solution of (2.1), then f(z) and g(z) must satisfy one of the
following forms:

(i) When B 6= 0 or B = 0, E1 6= 0, then g(z) = L(z) + d,

f(z) =
1√
2

(
A2ξ +A1ξ

−1) eL(z)+d
2 ,

where L(z) = d1z1 + d2z2, ξ(6= 0), a1(6= 0), d1, d2, bij ∈ C satisfying[
(A1ξ +A2ξ

−1)

a1(A2ξ +A1ξ−1)
− a0
a1
− 1

2a1

{
b10d1 + b01d2 +

1

2
b11d1d2 +

1

2
b20d

2
1 +

1

2
b02d

2
2

}]
= e

1
2L(c).

(ii) When B 6= 0 or B = 0, E2 6= 0, Ẽ2 6= 0, then g(z) = L1(z) + L2(z) + d1 + d2
and

f(z) =
1√
2

(
A2e

L1(z)+d1 +A1e
L2(z)+d2

)
,

where L1(z) = d11z1 +d12z2, L2(z) = d21z1 +d22z2, a1(6= 0), dij ∈ C, i, j = 1, 2
satisfying

eL1(c) =
A1

a1A2
− a0
a1
− 1

a1

(
b10d11 + b01d12 + b11d11d12 + b20d

2
11 + b02d

2
12

)
,

eL2(c) =
A2

a1A1
− a0
a1
− 1

a1

(
b10d21 + b01d22 + b11d21d22 + b20d

2
21 + b02d

2
22

)
and L1(z) 6= L2(z).

The following examples justify Theorem 3.1.
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Example 3.1. Let α = 1
2 , ξ = 1, c = (πi,−πi), d1 = 1, d2 = 1, d = 0, b10 = b01 =

b11 = b20 = b02 = 1, a1 = 1
4 , a0 = −1. Then f(z) = 1√

3
e
z1+z2

2 is a solution of (2.1) with

g(z) = z1 + z2.

Example 3.2. Let α = 1
2 , b10 = 1, b01 = −1, b11 = 1, b20 = 1, b02 = −1,

c1 = −πi3 , c2 = πi
3 , a1 = 1, a0 = −1, d11 = −3, d12 = 1, d21 = 1, d22 = 1. Then

f(z) = 1√
3

(
e−3z1+z2+

πi
3 + ez1+z2−

πi
3

)
is a solution of (2.1) with g(z) = −2z1 + 2z2.

Corollary 3.1. Let α2 6= 0, 1, c = (c1, c2) 6= (0, 0). If degree of the polynomial g(z) is
more than one, then (2.1) can not have any finite order transcendental entire solution.

Remark 3.1. The next two examples, respectively show that under the condition B = 0,
E1 = 0 and under the condition B = 0, E2 = 0, Ẽ2 = 0, then (2.1) possesses different
solutions than those provided in Theorem 3.1.

Example 3.3. Let α = 1
2 , a0 = −1, a1 = 1, b10 = 1, b01 = 1, b11 = 2, b20 = 1, b02 = 1,

c1 = 1, c2 = 1, d1, d2 be constants satisfying

e
d1+d2

2 = 2− 1

2
(d1 + d2 + d1d2 +

1

2
d21 +

1

2
d22).

Then

f(z) =
1√
3
e
d1z1+d2z2+G(−z1+z2)

2 ,

where G(−z1 + z2) is a polynomial of degree greater than one with g(z) = d1z1 +d2z2 +
G(−z1 + z2), is a solution of equation (2.1) under Theorem 3.1.

Example 3.4. Let c1 = 1, c2 = 1, b10 = 1, b01 = 1, b20 = b02 = 1, b11 = 2, a0 = 1,
a1 = 1. Also let d11, d12, d21, d22 be constants satisfying

ed11+d12 = e
−2πi

3 − 1−
{
d11 + d12 + 2d11d12 + d211 + d212

}
.

ed21+d22 = e
2πi
3 − 1−

{
d21 + d22 + 2d21d22 + d221 + d222

}
.

Then

f(z) =
1√
3

(
ed11z1+d12z2+

πi
3 +F1(−z1+z2) + ed21z1+d22z2−

πi
3 +F1(−z1+z2)

)
,

where F1(−z1 + z2) is a polynomial of degree greater than one, g(z) = (d11 + d21) z1 +
(d21 + d22) z2 + 2F1(−z1 + +z2), is a solution of equation (2.1) under Theorem 3.1.

Theorem 3.2. Let g(z) be a non-constant polynomial in C2, α2 6= 0, 1, (c1, c2) 6=
(0, 0) ∈ C2 and A1, A2, B, E1, E2, Ẽ2 are defined as in (3.1). Let f(z) be a finite
order transcendental entire solution of (2.2), then g(z) and f(z) must satisfy one of the
following forms:

(i) When B 6= 0 or B = 0, E1 6= 0, then g(z) = L(z) + d and

f(z) =
1√
2

(
A2ξ +A1ξ

−1) eL(z)+d
2 ,
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where L(z) = d1z1 + d2z2, ξ( 6= 0) ∈ C and a1, A1, A2, ξ, d1, d2, bij (i, j = 1, 2)
are constants satisfying

e−
L(c)

2 =
a1(A2ξ +A1ξ

−1)

(A1ξ +A2ξ−1)
+

1

2

{
b10d1 + b01d2 +

1

2
b11d1d2 +

1

2
b20d

2
1 +

1

2
b02d

2
2

}
.

(ii) When B 6= 0 or B = 0, E2 6= 0, Ẽ2 6= 0, then g(z) = L1(z) + L2(z) + d1 + d2
with L1(z) 6= L2(z) and

f(z) =
1√
2

(
A2e

L1(z)+d1 +A1e
L2(z)+d2

)
,

where L1(z) = d11z1 + d12z2, L2(z) = d21z1 + d22z2, a1, dij ∈ C, i, j = 1, 2
satisfying

e−L1(c) =
a1A2

A1
+
A2

A1

{
b10d11 + b01d12 + b11d11d12 + b20d

2
11 + b02d

2
12

}
and

e−L2(c) =
a1A1

A2
+
A1

A2

{
b10d21 + b01d22 + b11d21d22 + b20d

2
21 + b02d

2
22

}
.

The following examples justify Theorem 3.2.

Example 3.5. Let α = 1/2, c1 = πi, c2 = 3πi, a1 = 3/4, b10 = b01 = b11 = b20 = b02 = 1,

d1 = 1, d2 = −1, d = 0. Then f(z) = 1√
3
e
z1−z2

2 is a solution of (2.2) with g(z) = z1−z2.

Example 3.6. Let α = 1/2, a1 = 1, c1 = −πi/3, c2 = −πi/3, d11 = 4, d12 = 1, d21 = −1,
d22 = 2, b10, b01, b11, b20, b02 be constants satisfying

4b10 + b01 + 4b11 + 16b20 + b02 = −2, −b10 + 2b01 − 2b11 + b20 + 4b02 = −2,

−b11 + b220 + b202 6= 0.

Then

f(z) =
1√
3

(
e4z1+z2+d1+

πi
3 + e−z1+2z2+d2−πi3

)
,

is a solution of (2.2) with g(z) = 5z1 + 3z2 + d1 + d2.

Corollary 3.2. Let α2 6= 0, 1 and c 6= (0, 0) is a constant in C2. If degree of g(z) in
Theorem 3.2 is more than one, then (2.2) can not have any finite order transcendental
entire solution.

The following example shows that we can get a solution of (2.2) even under the

condition E2 = 0 and Ẽ2 = 0 and the order is not restricted to one.

Example 3.7. Let α = 1/2, b10 = 1, b01 = 1, b11 = 2, b20 = 1, b02 = 1, c1 = c2 = 1,
a1 = 1 and

e−(d11+d12) = e
2πi
3 + e

2πi
3

(
d11 + d12 + 2d11d12 + d211 + d212

)
,

e−(d21+d22) = e−
2πi
3 + e−

2πi
3

(
d21 + d22 + 2d21d22 + d221 + d222

)
.

Then

f(z) =
1√
3

(
ed11z1+d12z2+d1+F1(−z1+z2)+πi

3 + ed21z1+d22z2+d2+F1(−z1+z2)−πi3
)
,

where F1(−z1 + z2) is a polynomial of degree properly greater than one and g(z) =
(d11 + d21) z1 + (d12 + d22) z2 + F1(−z1 + z2).
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The next example shows that under the condition (i) if E1 = 0, we get a different
solution of Theorem 3.2.

Example 3.8. Let α = 1/2, b10 = 1, b01 = 1, b11 = 2, b20 = 1, b01 = 1 and d1, d2, c1 = 1,
c2 = 1 satisfying

e−
d1+d2

2 = 1 +
1

2

(
d1 + d2 + d1d2 +

1

2
d21 +

1

2
d22

)
.

Then

f(z) =
1√
3
e
d1z1+d2z2+F (−z1+z2)

2 ,

where F (−z1 + z2) is a polynomial of degree greater than one, is a solution of equation
(2.2) under Theorem 3.2 with g(z) = d1z1 + d2z2 + F (−z1 + z2).

Theorem 3.3. Let g(z) be a non-constant polynomial in C2 and M ′g 6= 0, α2 6= 0, 1,

(c1, c2) 6= (0, 0) ∈ C2 and A1, A2, B, E1, E2, Ẽ2 are defined as in (3.1). Let f(z) be a
finite order transcendental entire solution of (2.3), then f(z) and g(z) must satisfy one
of the following forms:

(i) When B 6= 0 or B = 0, E1 6= 0, then g(z) = L(z) + d and

f(z) =

√
2
(
A2ξ +A1ξ

−1)(
b10d1 + b01d2 + 1

2b11d1d2 + 1
2b20d

2
1 + 1

2b02d
2
2

)eL(z)+d
2 ,

where L(z) = d1z1 + d2z2, ξ(6= 0), a0, a1, ξ, d1, d2, bij ∈ C, i, j = 1, 2 satisfying(
A1ξ +A2ξ

−1)
2

{
b10d1 + b01d2 +

1

2
b11d1d2 +

1

2
b20d

2
1 +

1

2
b02d

2
2

}
= a0(A2ξ +A1ξ

−1) + a1(A2ξ +A1ξ
−1)e

L(c)
2 .

(ii) When B 6= 0 or B = 0, E2 6= 0, Ẽ2 6= 0, then g(z) = L1(z) + L2(z) + d1 + d2
and

f(z) =
1√
2

(
A2

b10d11 + b01d12 + b11d11d12 + b20d211 + b02d212
eL1(z)+d1

+
A1

b10d21 + b01d22 + b11d21d22 + b20d221 + b02d222
eL2(z)+d2

)
,

where L1(z) = d11z1 + d12z2, L2(z) = d21z1 + d22z2 with L1(z) 6= L2(z) and
a0, a1( 6= 0), dij ∈ C, i, j = 1, 2 satisfying

eL1(c) +
a0
a1

=
A1

a1A2

(
b10d11 + b01d12 + b11d11d12 + b20d

2
11 + b02d

2
12

)
and

eL2(c) +
a0
a1

=
A2

a1A1

(
b10d21 + b01d22 + b11d21d22 + b20d

2
21 + b02d

2
22

)
.

Remark 3.2. If we put a0 = 0, a1 = 1, b10 = b01 = 1, b11 = b20 = b02 = 0 in Theorem
3.3, we get Theorem B. Thus, Theorem 3.3 generalizes Theorem B.

The following examples show that results of Theorem 3.3 hold.
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Example 3.9. Let α = 1/2, a1 = 1, a0 = −2, b10 = 1, b01 = −1, b11 = 4, b20 = −4,

b02 = −4, ξ = 1, c1 = 1, c2 = −1, d1 = 1, d2 = 1, d = 1. Then f(z) = − 1√
3
e
z1+z2+1

2 is a

solution of (2.3) with g(z) = z1 + z2 + 1.

Example 3.10. Let a0 = −1, a1 = 1, α = 1
2 , c1 = πi

3 , c2 = πi
3 , d11 = 3, d12 = 2, d21 = 2,

d22 = −1, b10, b01, b11, b20, b02 are constants such that

3b10 + 2b01 + 6b11 + 9b20 + b02 = 1, 2b10 − b01 − 2b11 + 4b20 + b02 = 1,

−b11 + b20 + b02 6= 0.

Then

f(z) =
1√
3

(
e3z1+2z2+d1+

πi
3 + e2z1−z2+d2−

πi
3

)
,

is a solution of (2.3) with g(z) = 5z1 + z2 + d1 + d2.

Corollary 3.3. Let c = (c1, c2) ∈ C2 \ {(0, 0)} and α ∈ C such that α2 6= 0, 1. If the
degree of g(z) in Theorem 3.3 is greater than one, then the equation (2.3) can not have
any transcendental entire solution of finite order.

We see that under the condition (i) if E1 = 0, equation (2.3) admits a solution in
which degree of g(z) is greater than one.

Example 3.11. Let α = 1/2, c1 = c2 = 1, b10 = 1, b01 = 1, b11 = 2, b20 = 1, b02 = 1,
a1 = 1, a0 = −1, d1, d2 be constants satisfying

e
d1+d2

2 = 1 +
1

2

(
d1 + d2 + d1d2 +

1

2
d21 +

1

2
d22

)
.

Then

f(z) =
2√

3
(
d1 + d2 + d1d2 + 1

2d
2
1 + 1

2d
2
2

)e d1z1+d2z2+H(−z1+z2)
2 ,

H(−z1 + z2) is a polynomial of degree greater than one, is a solution of (2.3) with
g(z) = d1z1 + d2z2 +H(−z1 + z2).

Then next example shows that under the condition (ii), if E2 = 0, Ẽ2 = 0, equation
(2.3) possesses a solution which is different from Theorem 3.3.

Example 3.12. Let α = −1/2, c1 = c2 = 1, b10 = 1, b01 = 1, b11 = 2, b20 = 1, b02 = 1,
a0 = −1, a1 = 1 and

ed11+d12 = 1 + e−
2πi
6

{
d11 + d12 + 2d11d12 + d211 + d212

}
.

ed21+d22 = 1 + e
2πi
6

{
d21 + d22 + 2d21d22 + d221 + d222

}
.

Then,

f(z) =
1√
3

(
1

d11 + d12 + 2d11d12 + d211 + d212
ed11z1+d12z2+d1+

πi
6 +F1(−z1+z2)

+
1

d21 + d22 + 2d21d22 + d221 + d222
ed21z1+d22z2+d2−

πi
6 +F1(−z1+z2)

)
;

where F1(−z1 + z2) is a polynomial of degree greater than one is a solution of (2.3) with
g(z) = (d11 + d21)z1 + (d12 + d22)z2 + d1 + d2 + 2F1(−z1 + z2).
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4. Lemmas

The following lemmas will be useful in proving our results.

Lemma 4.1. [2] Let f be a non-constant meromorphic function in Cn. Then for
any I ∈ (Z+)n, T (r, ∂If) = o (T (r, f)) for all r except possibly a set of finite
Lebesgue measure and where I = (i1,...,in) ∈ (Z+)n denotes a multiple index with

|I| = i1 + i2 + · · ·+ in, Z+ = 0, 1, 2, . . ., and ∂If = ∂If
∂inξn ...∂i1ξ1

.

Lemma 4.2. [25] For any entire function F in Cn, F (0) 6= 0 and put ρ(nF ) = ρ <
∞. Then there exists a canonical function fF and a function gF ∈ Cn such that
F (z) = fF (z)e

gF (z) . For special case n = 1, fF is the canonical product of Weierstrass.
Here ρ(nf ) denotes the order of the counting function of zeros of F .

Lemma 4.3. [11] Let fj(6≡ 0), j = 1, 2, 3 be meromorphic functions in Cn such that f1
is not constant, f1 + f2 + f3 = 1 and

3∑
j=1

{
N2

(
r,

1

fj

)
+ 2N(r, fj)

}
< λT (r, f1) + o(log+T (r, f1)),

for all r outside possibly a set with finite logarithmic measure, where λ < 1 is a positive
number, then either f2 ≡ 1 or f3 ≡ 1.

Lemma 4.4. [11] Suppose that a0(z), a1(z), . . . , an(z) (n ≥ 1) are meromorphic
functions on Cn and g0(z), g1(z), . . . , gn(z) are entire functions in Cn such that
gj(z)− gk(z) are not constants for 0 ≤ j < k ≤ n. If

n∑
j=0

aj(z)e
gj(z) = 0 and T (r, aj) = o(T (r)), j = 0, 1, 2, . . . n,

where T (r) = min0≤j<k≤n T (r, egk−gj ), then aj(z) ≡ 0, j = 0, 1, 2, . . . , n.

5. Proofs of the Theorems

Proof of Theorem 3.1. Let f be a finite order transcendental entire solution of (2.1)
in C2. Let us take

u =
1√
2

{(
PL(f(z)) + L(z, f)

)
+ f(z)

}
,

v =
1√
2

{(
PL(f(z)) + L(z, f)

)
− f(z)

}
.

From the above two equations, we get

L(z, f) + PL(f(z)) =
1√
2

(u+ v) and f(z) =
1√
2

(u− v). (5.1)

Then, (2.1) turns into

(1 + α)u2 + (1− α)v2 = eg(z).

This leads to (√
1 + α u

e
g(z)
2

)2

+

(√
1− α v
e
g(z)
2

)2

= 1,
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which implies(√
1 + α u

e
g(z)
2

+ i

√
1− α v
e
g(z)
2

)(√
1 + α u

e
g(z)
2

− i
√

1− α v
e
g(z)
2

)
= 1.

Since f is a finite order transcendental entire function and g(z) is a polynomial, in
view of Lemma 4.2, there exists a polynomial p(z) in C2 such that

√
1 + α u

e
g(z)
2

+ i

√
1− α v
e
g(z)
2

= ep(z), (5.2)

√
1 + α u

e
g(z)
2

− i
√

1− α v
e
g(z)
2

= e−p(z). (5.3)

Let σ1(z) =
g(z)

2
+ p(z) and σ2(z) =

g(z)

2
− p(z). (5.4)

From (5.2) and (5.3), we get

u =
eσ1(z) + eσ2(z)

2
√

1 + α
and v =

eσ1(z) − eσ2(z)

2i
√

1− α
. (5.5)

So, from (5.1) and (5.5), we have

L(z, f) + PL(f(z)) =
1√
2

(
A1e

σ1(z) +A2e
σ2(z)

)
(5.6)

and f(z) =
1√
2

(
A2e

σ1(z) +A1e
σ2(z)

)
, (5.7)

where A1, A2 are defined as in (3.1).

Now, in view of (5.6) and (5.7), we obtain(
A1 −A2M1(z)− a0A2

a1A2

)
eσ1(z)−σ1(z+c) − A1

A2
eσ2(z+c)−σ1(z+c)

+

(
A2 −A1M2(z)− a0A1

a1A2

)
eσ2(z)−σ1(z+c) = 1, (5.8)

where

Mj(z) = b10
∂σj(z)

∂z1
+ b01

∂σj(z)

∂z2
+ b11

(
∂2σj(z)

∂z1∂z2
+
∂σj(z)

∂z1

∂σj(z)

∂z2

)
+ b20

(
∂2σj(z)

∂z21
+

(
∂σj(z)

∂z1

)2
)

+ b02

(
∂2σj(z)

∂z22
+

(
∂σj(z)

∂z2

)2
)
, j = 1, 2

Now we consider the following two possible cases.

Case 1: Let σ2(z + c)− σ1(z + c) is a constant. This implies p(z) is a constant. Let
ep(z) = ξ. Then, in view of (5.7) and (5.8) we get

f(z) =
1√
2

(
A2ξ +A1ξ

−1) e g(z)2 (5.9)

L(z, f) + PL(f(z)) =
1√
2

(
A1ξ +A2ξ

−1) e g(z)2 . (5.10)
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Equations (5.9) and (5.10) lead to[
(A1ξ +A2ξ

−1)− a0(A2ξ +A1ξ
−1)− (A2ξ +A1ξ

−1)M ′g
]

= a1(A2ξ +A1ξ
−1)e

g(z+c)−g(z)
2 . (5.11)

Suppose g(z + c) − g(z) is not a constant. Since e
g(z+c)−g(z)

2 has no zeros and no
poles, from (5.11), we see that the only possible case is both A1ξ + A2ξ

−1 = 0 and
A2ξ+A1ξ

−1 = 0. Otherwise, one side is polynomial and the other side is transcendental.
But, this lead to A2

1 = A2
2 and which implies α2 = 0, 1, a contradiction. Hence,

g(z + c) − g(z) is a constant. This implies that g(z) = L(z) + H(s) + d, where
L(z) = d1z1 + d2z2, H(s) is a polynomial in s := e2z1 + e1z2 such that

e2c1 + e1c2 = 0. (5.12)

From (5.11), we see that

(A1ξ +A2ξ
−1)− a0(A2ξ +A1ξ

−1)− (A2ξ +A1ξ
−1)N

= a1(A2ξ +A1ξ
−1)e

L(c)
2 , (5.13)

where

N =

{
1

2
b10(d1 +H ′(s)e2) +

1

2
b01(d2 +H ′(s)e1) + b11

(
1

2
H ′′(s)e1e2

+
1

4
(d1 +H ′(s)e2)(d2 +H ′(s)e1) + b20

(
1

2
H ′′(s)e22 +

1

4
(d1 +H ′(s)e2)

2
))

+b02

(
1

2
H ′′(s)e21 +

1

4
(d2 +H ′(s)e1)

2
)}

.

For the sake of convenience, let us denote the coefficients of H ′(s), H ′(s)2, H ′(s)2

and the constant term of (5.13) by A, B′, B′′ and C, respectively. That is to say A =
1
2b10e2+ 1

2b01e1+ 1
4b11(d1e1+d2e2)+ 1

2b20d1e2+ 1
2b02d2e1, B′ = 1

4b11e1e2+ 1
4b20e

2
2+ 1

4b02e
2
1,

B′′ = 2B′, C = 1
2b10d1 + 1

2b01d2 + 1
4b11d1d2 + 1

4b20d
2
1 + 1

4b02d
2
2.

Now, we discuss the four possible cases as follows. (i) A 6= 0, B′ 6= 0. (ii) A = 0,
B′ 6= 0. (iii) A 6= 0, B′ = 0. (iv) A = 0, B′ = 0.

Since one side of (5.13) is constant and other side is polynomial comparing degree of
H(s) in both sides of (5.13) under the cases (i)-(iii), it is easy to see that the degree of
H(s) ≤ 1. Under the case (iv), H(s) is an arbitrary polynomial.

Now, in view of(5.12) and the fact that B 6= 0, we have (i) or (ii). Whereas using
(5.12) and the fact that B = 0 and E1 6= 0, we get (iii). So let H(s) = l(e2z1 +e1z2)+d;
l, d are constants in C. Therefore g(z) = L(z) +H(s) + d.

Since g(z) becomes linear, we may take H(s) ≡ 0. Hence (5.11) we get[
(A1ξ +A2ξ

−1)

a1(A2ξ +A1ξ−1)
− a0
a1
− 1

2a1

{
b10d1 + b01d2 +

1

2
b11d1d2 +

1

2
b20d

2
1 +

1

2
b02d

2
2

}]
= e

L(c)
2 .

Hence, we get from (5.9)

f(z) =
1√
2

(
A2ξ +A1ξ

−1) eL(z)+d
2 .
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Case 2: Let σ2(z + c)− σ1(z + c) is not a constant.

In (5.8), let us denote Q1 =
(
A1−A2M1(z)−a0A2

a1A2

)
and Q2 =

(
A2−A1M2(z)−a0A1

a1A2

)
.

Subcase 2.1: Let Q1 ≡ 0 and Q2 ≡ 0. Then from (5.8) we get

−A1

A2
eσ2(z+c)−σ1(z+c) = 1,

which shows that σ2(z + c)− σ1(z + c) is a constant, contradicts our assumption.
Subcase 2.2: Let Q1 ≡ 0 and Q2 6≡ 0. Then from (5.8) we get

Q2e
σ2(z)−σ1(z+c) − A1

A2
eσ2(z+c)−σ1(z+c) = 1, (5.14)

which shows that σ2(z)− σ1(z + c) is not a constant. Now (5.14) can be rewritten as

Q2e
σ2(z) − A1

A2
eσ2(z+c) − eσ1(z+c) = 0. (5.15)

Now we claim that σ2(z + c) − σ2(z) is non-constant. On the contrary Let
σ2(z + c)− σ2(z) = k, then σ2(z + c) = k + σ2(z), then from (5.14) we see that(

Q2e
−k − A1

A2

)
eσ2(z+c)−σ1(z+c) = 1,

which is a contradiction. Now applying Lemma 4.4 in (5.15) we get Q2 ≡ 0, again a
contradiction.
Subcase 2.3: Let Q1 6≡ 0 and Q2 ≡ 0. Then by similar arguments as used in Subcase
2.2 we get a contradiction.
Subcase 2.4: Let Q1 6≡ 0 and Q2 6≡ 0. Then using Lemma 4.3 in (5.8) we get

Q1e
σ1(z)−σ1(z+c) ≡ 1,

or,

Q2e
σ2(z)−σ1(z+c) ≡ 1.

Subcase 2.4.1: Now if Q1e
σ1(z)−σ1(z+c) ≡ 1, it shows that σ1(z) − σ1(z + c)

is constant otherwise one side is polynomial and one side is transcendental. Let
σ1(z) = L1(z) + H1(s) + d1 where L1(z) = d11z1 + d12z2, H1(s) is a polynomial in
s, s = e12z1 + e11z2 such that

e12c1 + e11c2 = 0. (5.16)

and d1 is a constant in C. Thus we get

A1

a1A2
− a0
a1
− 1

a1
N ′ = eL1(c), (5.17)

where

N ′ = {b10(d11 +H ′1(s)e12) + b01(d12 +H ′1(s)e11)

+b11 (H ′′1 (s)e11e12 + (d11 +H ′1(s)e12)(d12 +H ′1(s)e11))

+b20

(
H ′′1 (s)e212 + (d11 +H ′1(s)e12)

2
)

+ b02

(
H ′′1 (s)e211 + (d12 +H ′1(s)e11)

2
)}

.

Now, we proceed with the similar arguments as done in Case 1. Here using B 6= 0
and (5.16) or using B = 0 and E2 6= 0 with (5.16), we get H1(s) ≡ 0.
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Then, from (5.17), we obtain

eL1(c) =
A1

a1A2
− a0
a1
− 1

a1

(
b10d11 + b01d12 + b11d11d12 + b20d

2
11 + b02d

2
12

)
.

In view of (5.8), we get[
A2

a1A1
− a0
a1
− 1

a1
M2(z)

]
eσ2(z)−σ2(z+c) ≡ 1. (5.18)

In view of (5.18), it follows that σ2(z) − σ2(z + c) is a constant. Otherwise one
side is polynomial and one side is transcendental. Let σ2(z) = L2(z) + H2(s̃) + d2
where L2(z) = d21z1 + d22z2, H2(s̃) is a polynomial in s̃, s̃ = e22z1 + e21z2 such that
e22c1 + e21c2 = 0.

From (5.18), we get

A2

a1A1
− a0
a1
− 1

a1
N ′′ = eL2(c), (5.19)

where

N ′′ = {b10(d21 +H ′2(s̃)e22) + b01(d22 +H ′2(s̃)e21)

+b11 (H ′′2 (s̃)e21e22 + (d21 +H ′2(s̃)e22)(d22 +H ′2(s̃)e21))

+b20

(
H ′′2 (s̃)e222 + (d21 +H ′2(s̃)e22)

2
)

+ b02

(
H ′′2 (s̃)e221 + (d22 +H ′2(s̃)e21)

2
)}

.

Now, we proceed with the similar arguments as done in Case 1, using B 6= 0 and
e22c1 + e21c2 = 0 or using B = 0 and Ẽ2 6= 0 with e22c1 + e21c2 = 0 , we get H2(s̃) ≡ 0.
Hence, σ2(z) = L2(z) + d2 and from (5.19) we get

eL2(c) =
A2

a1A1
− a0
a1
− 1

a1

(
b10d21 + b01d22 + b11d21d22 + b20d

2
21 + b02d

2
12

)
.

From (5.7) we get

f(z) =
1√
2

(
A2e

L1(z)+d1 +A1e
L2(z)+d2

)
.

Since σ2(z + c)− σ1(z + c) is not constant we clearly have L1(z) 6= L2(z).
Subcase 2.4.2: Let

Q2e
σ2(z)−σ1(z+c) ≡ 1.

Then we have σ2(z) − σ1(z + c) is a constant. Now in view of (5.8) we get
σ1(z)− σ2(z + c) is a constant, say µ2. Then

µ2 − µ1 = p(z) + p(z + c),

this shows that p(z) is a constant, which contradicts the fact that p(z) is not a
constant. �

Proof of Theorem 3.2. Let f(z) is a finite order transcendental entire solution of
(2.2). By using similar arguments as done in the proof of Theorem 3.1 we get

a1f(z + c) + PL(f(z+c)) =
1√
2

(
A1e

σ1(z) +A2e
σ2(z)

)
, (5.20)
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f(z) =
1√
2

(
A2e

σ1(z) +A1e
σ2(z)

)
. (5.21)

Now, in view of (5.20) and (5.21), we get

[a1A2 +A2M1(z + c)]

A1
eσ1(z+c)−σ1(z) +

[a1A1 +A1M2(z + c)]

A1
eσ2(z+c)−σ1(z)

−A2

A1
eσ2(z)−σ1(z) = 1, (5.22)

where M1(z + c), M2(z + c) are defined as in Theorem 3.1.

Now we consider the following cases.

Case 1: Let σ2(z)−σ1(z) is a constant, which means p(z) is a constant. Let ep(z) = ξ.
Then (5.20) and (5.21) gives

a1f(z + c) + PL(f(z+c)) =
1√
2

(
A1ξ +A2ξ

−1) e g(z)2 , (5.23)

f(z) =
1√
2

(
A2ξ +A1ξ

−1) e g(z)2 . (5.24)

In view of (5.23) and (5.24), we get

a1
(
A2ξ +A1ξ

−1)+
(
A2ξ +A1ξ

−1)M ′ (g(z + c))

=
(
A1ξ +A2ξ

−1) e g(z)−g(z+c)2 . (5.25)

Let g(z)−g(z+c) be not a constant, we see that from (5.25) both A1ξ+A2ξ
−1 = 0 and

A2ξ +A1ξ
−1 = 0, which yields A2

1 = A2
2 and this contradicts the assumption α2 6= 0, 1.

Hence, g(z)− g(z + c) must be constant, otherwise one side is polynomial and one side
is a constant. Let g(z) = L(z) + H(s) + d, where L(z) = d1z1 + d2z2 and H(s) is a
polynomial in s, s = e2z1 + e1z2 such that

e2c1 + e1c2 = 0.

a1(A2ξ +A1ξ
−1)

(A1ξ +A2ξ−1)
+N = e

−L(c)
2 , (5.26)

where N is defined as in case 1 of Theorem 3.1. Now using similar arguments like the
proof of Theorem 3.1, we get H(s) ≡ 0.

Thus, we have g(z) = L(z) + d and from (5.26), we get

e
−L(c)

2 =
a1(A2ξ +A1ξ

−1)

(A1ξ +A2ξ−1)
+

1

2

{
b10d1 + b01d2 +

1

2
b11d1d2 +

1

2
b20d

2
1 +

1

2
b02d

2
2

}
.

From (5.21), we get f(z) = 1√
2

(
A2ξ +A1ξ

−1) eL(z)+d
2 .

Case 2: Let σ2(z)−σ1(z) is not a constant. Let us denote by Q̃1 = [a1A2+A2M1(z+c)]
A1

and Q̃2 = [a1A1+A1M2(z+c)]
A1

in (5.22).

Subcase 2.1: Let both Q̃1 ≡ 0 and Q̃2 ≡ 0. Then from (5.22) we get σ2(z)− σ1(z)
is a constant, which contradicts our assumption.

Subcase 2.2: Let Q̃1 ≡ 0 and Q̃2 6≡ 0 or Q̃1 6≡ 0 and Q̃2 ≡ 0. Then proceeding in
the similar way as done in Subcase 2.2 of Theorem 3.1 we get a contradiction.
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Subcase 2.3: Let Q̃1 6≡ 0 and Q̃2 6≡ 0. Applying Lemma 4.3 in (5.22), we get

Q̃1e
σ1(z+c)−σ1(z) ≡ 1, or Q̃2e

σ2(z+c)−σ1(z) ≡ 1.

Subcase 2.3.1: If Q̃1e
σ1(z+c)−σ1(z) ≡ 1 we see that σ1(z + c)− σ1(z) is a constant.

Let σ1(z) = L1(z) +H1(s) + d1, where L1(z) = d11z1 + d12z2, H1(s) is a polynomial in
s, s = e12z1 + e11z2 such that

e12c1 + e11c2 = 0.

Then, we get

a1A2

A1
+
A2

A1
N ′ = e−L1(c), (5.27)

where N ′ is defined as in Theorem 3.1. By proceeing in the similar way as used in

Theorem 3.1, we get H1(s) ≡ 0.
Thus, we have σ1(z) = L1(z) + d1. From (5.27) we get

e−L1(c) =
a1A2

A1
+
A2

A1

{
b10d11 + b01d12 + b11d11d12 + b20d

2
11 + b02d

2
12

}
.

In view of (5.22) we get[
a1A1

A2
+
A1M2(z + c)

A2

]
eσ2(z+c)−σ2(z) ≡ 1. (5.28)

From (5.28) we see that σ2(z+c)−σ2(z) is a constant. Let σ2(z) = L2(z)+H2(s̃)+d2,
where L2(z) = d21z1 + d22z2 + d2, H2(s̃) is a polynomial in s̃, s = e22z1 + e21z2 such
that

e22c1 + e21c2 = 0.

Then (5.28) gives

a1A1

A2
+
A1

A2
N ′′ = e−L2(c), (5.29)

where N ′′ is defined as in Theorem 3.1. Using the similar arguments like Theorem 3.1
we have H2(s̃) = 0. Thus we have σ2(z) = L2(z) + d2. From (5.29) we have

a1A1

A2
+
A1

A2

{
b10d21 + b01d22 + b11d21d22 + b20d

2
21 + b02d

2
22

}
= e−L2(c).

From (5.21) we get f(z) = 1√
2

(
A2e

L1(z)+d1 +A1e
L2(z)+d2

)
, and clearly L1(z) 6= L2(z)

because σ1(z)− σ2(z) is not a constant.

Subcase 2.3.2: Let Q̃2e
σ2(z+c)−σ1(z) ≡ 1. Then by the similar arguments as done in

the proof of Theorem 3.1 we can get a contradiction. �

Proof of Theorem 3.3. Let f(z) be a finite order transcendental entire solution of
(2.3). Then by similar arguments as used in the proof Theorem 3.1 we get

PL(f(z)) =
1√
2

(
A2e

σ1(z) +A1e
σ2(z)

)
, (5.30)

L(z, f) =
1√
2

(
A1e

σ1(z) +A2e
σ2(z)

)
. (5.31)



Transcendental entire solutions of complex nonlinear partial differential . . . 31

Using (5.30) and (5.31) we get(
A1M1(z)− a0A2

a1A2

)
eσ1(z)−σ1(z+c) +

(
A2M2(z)− a0A1

a1A2

)
eσ2(z)−σ1(z+c)

−A1

A2
eσ2(z+c)−σ1(z+c) = 1, (5.32)

where M1(z), M2(z) are as defined in Theorem 3.1.
Here we cosider the following cases:

Case 1: Let σ2(z + c)− σ1(z + c) is a constant, i.e., p(z) is a constant. Let ep(z) = ξ.
Then (5.30) and (5.31) becomes

PL(f(z)) =
1√
2

(
A2ξ +A1ξ

−1) e g(z)2 , (5.33)

L(z, f) =
1√
2

(
A1ξ +A2ξ

−1) e g(z)2 . (5.34)

Equations (5.33) and (5.34) gives(
A1ξ +A2ξ

−1)M ′g(z)− a0
(
A2ξ +A1ξ

−1) = a1
(
A2ξ +A1ξ

−1) e g(z+c)−g(z)2 . (5.35)

We claim that g(z+ c)− g(z) is constant. Since e
g(z+c)−g(z)

2 has no zeros and no poles
(5.35) shows that only two cases can arise:
(i) M ′g(z) = 0 and A2ξ +A1ξ

−1 = 0. But M ′g(z) = 0 contradicts our assumption.
(ii) A1ξ + A2ξ

−1 = 0 and A2ξ + A1ξ
−1 = 0. These two identities implies A2

1 = A2
2,

contradicts the assumption α2 6= 0, 1. Let g(z) = L(z) +H(s) + d, L(z) = d1z1 + d2z2,
H(s) is a polynomial in s where s = e2z1 + e1z2 such that

e2c1 + e1c2 = 0.

Then from (5.35) we get(
A1ξ +A2ξ

−1)N = a0(A2ξ +A1ξ
−1) + a1(A2ξ +A1ξ

−1)e
L(c)

2 , (5.36)

where N is defined as in Theorem 3.1. For the same reason as described in Theorem
3.1 we have H(s) = 0. Hence g(z) = L(z) + d and (5.36) gives(

A1ξ +A2ξ
−1)

2

{
b10d1 + b01d2 +

1

2
b11d2d1 +

1

2
b20d

2
1 +

1

2
b02d

2
2

}
= a0(A2ξ +A1ξ

−1) + a1(A2ξ +A1ξ
−1)e

L(c)
2 .

Then the solution is

f(z) =

√
2
(
A2ξ +A1ξ

−1)
(b10d1 + b01d2 + b11d1d2 + b20d21 + b02d22)

e
L(z)+d

2 ;

such that P
L(f(

L(z)
2 ))
6= 0.

Case 2: Let σ2(z + c) − σ1(z + c) is not a constant. Suppose Q′1 = A1M1(z)−a0A2

a1A2
and

Q′2 = A2M2(z)−a0A1

a1A2
in (5.32).

Subcase 2.1: Let Both Q′1 = Q′2 ≡ 0. Then from (5.32) we get a contradiction that
σ2(z + c)− σ1(z + c) is a constant.
Subcase 2.2: Let Q′1 6≡ 0, Q′2 ≡ 0 or Q′1 ≡ 0, Q′2 6≡ 0, then by the same arguments as
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used in the proof of Theorems 3.1 we get contradiction.
Subcase 2.3: Let Q′1 6≡ 0 and Q′2 6≡ 0.

Using Lemma 4.3 in (5.32) we get

Q′1e
σ1(z)−σ1(z+c) ≡ 1,

or

Q′2e
σ2(z)−σ1(z+c) ≡ 1.

Subcase 2.3.1: Now if Q′1e
σ1(z)−σ1(z+c) ≡ 1, it yield that σ1(z) − σ1(z + c) is a

constant. Let σ1(z) = L1(z) + H1(s) + d1, where L1(z) = d11z1 + d12z2, H1(s) is a
polynomial in s, s = e12z1 + e11z2 such that

e12c1 + e11c2 = 0.

Then we get

A1

a1A2
N ′ =

a0
a1

+ eL1(c), (5.37)

where N ′ is defined as in Theorem 3.1. As like Theorem 3.1 we get H1(s) ≡ 0. Then
from (5.37) we get

eL1(c) +
a0
a1

=
A1

a1A2

(
b10d11 + b01d12 + b11d11d12 + b20d

2
11 + b02d

2
12

)
.

Now from (5.32) we get(
A2M2(z)− a0A1

a1A1

)
eσ2(z)−σ2(z+c) ≡ 1. (5.38)

This shows that σ2(z) − σ2(z + c) is a constant. Let σ2(z) = L2(z) + H2(s) + d2,
where L2(z) = d21z1 + d22z2, H2(s̃) is a polynomial in s̃, s̃ = e22z1 + e21z2 such that

e22c1 + e21c2 = 0.

From (5.38) we get

A2

a1A1
N ′′ =

a0
a1

+ eL2(c), (5.39)

where N ′′ is defined as in Theorem 3.1. Similar to the arguments as used in case 1
we have H2(s̃) = 0. From (5.39) we have

eL2(c) +
a0
a1

=
A2

a1A1

(
b10d21 + b01d22 + b11d21d22 + b20d

2
21 + b02d

2
22

)
.

Hence σ2(z) = L2(z) + d2. Clearly L1(z) 6= L2(z). And from (5.30) we have

f(z) =
1√
2

(
A2

b10d11 + b01d12 + b11d11d12 + b20d211 + b02d212
eL1(z)+d1

+
A1

b10d21 + b01d22 + b11d21d22 + b20d221 + b02d222
eL2(z)+d2

)
.

Subcase 2.3.2: Suppose Q′2e
σ2(z)−σ1(z+c) ≡ 1, then by similar arguments as done in

the proof of Theorem 3.1 we get a contradiction. �
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