Vol. 11, No. 1 (2024), 15-34 NCARY=
© Poincare Publishers BLISHARS
DOI: 10.46753/pjaa.2024.v011i01.002

Online Published on 30. 04. 2024

Poincare Journal of Analysis & Applications
.
U

TRANSCENDENTAL ENTIRE SOLUTIONS OF COMPLEX
NONLINEAR PARTIAL DIFFERENTIAL DIFFERENCE
EQUATIONS IN C?

ABHLJIT BANERJEE, JHUMA SARKAR, AND GAUTAM HALDAR!

Date of Receiving : 04. 08. 2023
Date of Revision :30. 11. 2023
Date of Acceptance : 10. 01. 2024

Abstract. In this paper, we explore the existence and forms of transcendental
entire solutions of some second order partial differential-difference equations

FE)2 420 f(2) {L(z f) + Pripen t + {L(2 f) + Pripiap ) = €93,

f(@)2+2a f(z){arf(z+¢) + Pr(f(stey } + {arflz+ )+ PL(f(z+c)>}2 — 9(2)
and

P72y +2 @ Prse) Lz, f) + L(z, )7 = 9,

where g(z) is a non-constant polynomial in C2, L(z, f) and Pr(f(z)) are introduced
in the Definition 2.1 known as first order linear shift operator and second order
partial differential operator respectively. Our results are the extensions of some of
the recent results due to Xu et. al [31], Li-Xu [19]. Moreover, we exhibit a series of
examples in support of our results.

1. Introduction and Preliminaries
The well known classical Fermat-type functional equation is of the following form:
f(2)"+g(2)" =1 (1.1)

over the field of complex numbers C, where n is a positive integer. Gross [6, 8, 7], Baker
[1] and Montel [22], independently characterized the existence of entire and meromorphic
solutions of (1.1) when n > 2. For detailed study, we insist the readers to go through
[1,6,8,7,22]. In 2004, when m = 2, Yang and Li [32] studied (1.1) with the replacement
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16 A. Banerjee, J. Sarkar and G. Haldar

of g with f’ and proved that the transcendental entire solution of f(2)?+ f'(z)? = 1 has
the form f(z) = Ae®*/2 + e~ **/2A, where A, a are non-zero complex constants.

In recent years, the classical Fermat-type functional equation f(2)? + g(2)? = 1
sparked interest among authors, leading to the investigation of various types of trinomial
equations derived from classical Fermat-type functional equation [6]. This indicates the
importance of this research direction. Trinomial equations, which involve three terms,
often arise in different contexts and can exhibit rich and intriguing behavior. These
equations are more complex than simple quadratic equations and naturally require novel
techniques and approaches for their analysis to discover the interesting properties of the
solutions and to extend the related equations.

Before going to the further discussion, we assume that readers are familiar with the
basic notations of Nevalinna theory[10, 12, 33] such as T'(r, f), m(r, f), N(r, f), N(r, %),
S(r, f) etcin C as well as in C2. As far as the authors’ knowledge are concerned, Saleeby
[24] first considered quadratic functional equation

fP+2afg+g* =1, (1.2)
and investigated the existence and form of transcendental entire and meromorphic
solution in C™ and proved that the transcendental entire solution of (1.2), a? # 1,0
must be of the form

f2) = 1 (cos(h(z)) N Sin(h(z))> and g(z) = 1 (cos(h(z)) B sin(h(z))) ’
V2 \ Vi+a V1i—a V2 \ Vi+a V11—«
where h is entire C". The meromorphic solution of (1.2) must be of the form
2 2
f(Z) _ g OZQﬁ (Z) and g(Z) _ 1 B (Z) ,
(1 — a2)B(2) (1 —az)B(z)
and a1 = —a+Va2—1, as = —a — Va2 —1. Using this result and by utilizing
difference analogue lemma of the logarithmic derivative lemma (see, [5, 9]), Liu and
Yang [20] proved that if a? # 1,0, then the finite order transcendental entire solution
of the trinomial difference equation

fEP+2af(z2) fz+o)+ flz+¢)? =1 (1.3)

must be of order equal to one. In 2021, Luo et al. [21] investigated the existence and
exact form of transcendental entire solutions of the trinomial shift equation

FEP+2a f(z) fz+0) + flz+0)* =/, (1.4)

where g(z) is a polynomial in C? and obtained the exact form of transcendental entire
solutions as follows.

where ((z) is meromorphic in C"

Theorem A. [21] Let o« # 0,1, ¢ # 0 € C and g(z) be a polynomial. If the difference
equation (1.4) admits a finite order transcendental entire solution f(z), then g(z) must
be of the form ¢(z) = az + b, where a,b € C. Furthermore, f(z) must satisfy the
following cases:

(i)
_ 1
V2

where 7(#£ 0), a, ¢ € C satisfying e3ac —

f(2) (Aun + Agn~ ez @+,

(Aont+Ain~")
Ain+Axn—!
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(i) f(2)= %(Ale‘“z“‘bl + Age®2*th2) where a;,b; € C, (j = 1,2) satisfy a1 # as,
9(z) = (a1 +a2)z+ by +bs = az + b, ¢ = ﬁ—f, €26 = ﬁ—; and €% = 1.
In the same paper, they have also considered the trinomial differential equation
flz+0?+2a f(z+)f'(2) + f(2)* = 2, (1.5)

and obtained the exact form of transcendental entire solutions with finite order. For
details, we refer the readers to go through [21].

The study of entire and meromorphic solutions for partial differential equations is
a crucial aspect of understanding the behavior of various physical phenomena and
mathematical models. Thats why partial differential equations occur in various areas
of applied mathematics such as the propagation of heat or sound, fluid flow, elasticity,
electrostatics, electrodynamics, thermodynamics, etc. In general, it is very much difficult
task to find entire and meromorphic solutions for a nonlinear partial differential equation.
In 1995, Khavinson [13] proved that any entire solutions of the partial differential

2 2
equation ((%’Z) + (a%fz) = 1in C? must be linear, i.e., f(21,22) = ¢121+c222+c, where

c1,c2,c € C such that ¢? + ¢ = 1. Thus the partial differential equation, mentioned in
the work of Khavinson, is a nonlinear PDE but the result they proved about entire
solutions being linear is significant. Later on, Li and his coauthors[18, 16, 17, 15]
extended the investigation to variations of the original partial differential equation and
made additional interesting discoveries.

After the development of the difference version of logarithmic derivative lemma
for meromorphic functions in several complex variables [3, 4, 14], and its subsequent
applications to the study of Fermat type partial differential-difference equations garnered
significant attention from multiple researchers, resulting in various interesting findings
[27, 28, 29, 30, 31, 34]. The investigations carried out by researchers in this area
have focused on establishing existence results for solutions to specific types of Fermat
type partial differential-difference equations, as well as analyzing the properties of these
solutions. Understanding the existence and behaviour of solutions in such equations is
crucial to gaining insights into the underlying mathematical models and the phenomena
they describe.

In 2021, Xu et al. [19], extended Theorem A and the result corresponding to the
equation (1.5) in the field of several complex variables. Before stating their result, let
us make some following notations below.

Throughout the paper, by z and ¢, we mean z = (21, 22), ¢ = (c1,¢2) € C2. We also
use z + ¢ = (21 + ¢1, 22 + ¢2) and set

1 1 1 1
= - , Ay = + .

2Wl+a 21—« 2W1l+a 21—«

Now, we state a result of Xu et al. [19] as follows.

Theorem B. ([19], Theorem 9) Let a? # 0,1, ¢; # c2 and g(z) be a non-constant
polynomial in C? not in the form of ¢(z — 21). If f(2) be a finite order transcendental
entire solution of the partial differential-difference equation

(=) 8f(Z)) . <3f(z) N 3f(2)>2 _ o),

A (1.6)

242
f(z+c) + Ozf(Z—FC)( (92’1 822 321 822
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then f(z), g(z) must satisfy one of the following cases:
(i) g(z1, 22) = a121 + azze + b and

V2

f(z1, 22) = a1 + ao
where £(#£ 0) € C and ay, as, ¢1, ¢2, &, A1, A satisfying
AE 4 Axe™!
Agé + A€
(ii) g(21,22) = L1(21, 22) + La(21, 22) + b1 + b2 and
1 Ay e Ay e
f(z1,22) = 7 <a11+a126L1( L #2) by P el2(1, 2)+b2> ;

where L1(2’1, 2’2) = a1121+a1222, L2(217 22) = @9121 +a9222 and Qij, bj S (C, (Z,j =1, 2)
satisfy a11 +aio # 0, ag1 + age # 0, L1(21, 22) # La2(21, 22) and

(A28 + A1¢7Y) e(azitaazath)

e%(a161+a262) —

(a1 + az);

. Ay Ay
ea1161+a1202 — 7(&11 _’_a12)’ ea2101+02202 — 7(a21 —‘r(lgg).
Aa Ay

2. Motivation

To proceed further we are now going to define first order linear c-shift operator and
second order partial differential operator respectively as follows:

Definition 2.1. Let ¢ be a non-zero constant in C2. We define

(i) L(z, f) = aof(2) + a1 f(z + ¢), ao, a1 € C\ {0} and

R £(2)
024028 7

From the discussion it’s evident that the literature in this area is growing,
and researchers are actively contributing to expanding the understanding of partial
differential-difference equations with several variables.  Generalizing results and
exploring analogous results in different contexts can lead to valuable insights and a
deeper understanding of the underlying mathematical structures. Generalizing the
operators of Theorem B in terms of quadratic trinomial equations, we aim to extend the
applicability of the theorem to a broader class of mathematical models so that they can
capture additional complexities in the behaviour of solutions. This is the motivation of
writing this paper. In fact, we will investigate Theorem B’s analogous result in terms
of the following three quadratic trinomial equations the third of which automatically
includes Theorem B:

(i) Prs(s)) = Soivret bk where b1g, bo1, D11, bao, bo2 € C.

2 z
F(2)?+2a f(2) {L(z, ) + Py } + {L(2, f) + Priyioy } = €9, (2.1)
FP+2a f(2) {arf(z+0) + Prparen } +{af(z +¢) + Prierey ) = e9¢), (2.2)
PE(p2y) + 2 @ Prsiey Lz, f) + Lz, f)? = €9, (2.3)

where g(z) is a polynomial in C2, L(z, f) and Pr,(f(z)) are defined in Definition 2.1.
Such findings can shed light on the connections between different mathematical
objects and provide a unifying perspective. Throughout our research, we strive to
encounter various techniques and methods for analysing these quadratic trinomial
equations, as well as exploring the properties of their solutions. The development
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of analytical tools and approaches to handle these equations will be effective for the
execution of our investigation.

3. Main Theorems and Examples

For convenience, throughout the paper we use the following notations.

0 1 0 1 02 10 9
M =2bg=—+ ~boy=— + b1y (2o + =
2 10621 * 2 o1 822 + 1 (2 32182’2 + 4821 622)

. (182 il (6)) b, (182 L1 (a)>
202 4\ 0xn 2022 4\ 0z ’
B = byoc3 + boact — bricica,
Ey = —bipca + borcr + %bn (dier — daca) — baodica + bozdacy,

Ey = —bioca + borc1 + bi1(direr — diaca) — 2bagdiica + 2bgadiacy,
Es = —bigca + borcy + b11(d2101 — daaca) — 2bagdayco + 2bgadaacy,

)

)
where d17 dg, dll; dlg, dgl7 d22 are constants in C.
Now we list our main results as follows.

Theorem 3.1. Let g(z) be a non-constant polynomial in C2, o € C such that o2 # 0,1,
(c1,¢2) € C2\ {(0,0)} and Ay, Ay, B, Ey, By, Ey are defined as in (3.1). Let f(z) be
a transcendental entire solution of (2.1), then f(z) and g(z) must satisfy one of the
following forms:

(i) When B #0or B=0,FE; #0, then g(z) = L(z) + d,
1

z2)=—

f(z) 7

where L(z) = diz1 + daz2, £(#0), a1(# 0), d1, do, b;; € C satisfying

(A€ + A a0 1 1 Lo 1 5
(At A ) @ 24 biodyr + bo1da + 2b11d1d2 + 2bzod1 + 21)02d2

_ o),

L(z)+d

(A6 + A ) e 2,

(ii) When B # 0 or B =0, Ey # 0, Ey # 0, then g(z) = Li(2) + La(2) + di + do
and

1
f(z) _ (A26L1(Z)+d1 + A16L2(Z)+d2) 7
V2

where Ll(z) =di121 +d1222, LQ(Z) =do121 +d2222, (1,1(7é 0), dij S (C, i,j =1,2
satisfying
eLl(C) _ Al an 1

a1 2 2
o a @ (brodi1 + bordiz + biidiidia + baodiy + bo2dis)

. A a 1
el2t) = 20 - (broda1 + bordos + bi1daidas + baods; + boadsy)
a1A1 al a1

and Li(z) # La(z).

The following examples justify Theorem 3.1.
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Example 3.1. Let o = E=1,¢c=(mi,—mi),dr =1,dy =1, d =0, byg = bp1 =
21 +2

1
2
= i ag = —1. Then f(z) = %e 7 is a solution of (2.1) with

b1 = bao = bp2 = 1, a1

g9(z) = 21 + 22.

Examp1632 LethZ = %, blO = 1, b01 = —]., b11 = 1, b20 = ]., b02 = —].,
ca=—-%F,c=%,a =1 a = —1,d1 = =3, di2 = 1, d2; = 1, doa = 1. Then
f(z) = % (67321+22+% + 621+Z2*%) is a solution of (2.1) with g(z) = —22z1 + 22s.

Corollary 3.1. Let o # 0,1, ¢ = (c1,¢2) # (0,0). If degree of the polynomial g(z) is
more than one, then (2.1) can not have any finite order transcendental entire solution.

Remark 3.1. The next two examples, respectively show that under the condition B = 0,
E; = 0 and under the condition B = 0, E; = 0, E5 = 0, then (2.1) possesses different
solutions than those provided in Theorem 3.1.

E:I:ample 3.3. Let a = %, apg = 71, a)p = 1, b10 = 1, 601 = 1, b11 = 27 bgo = 1, b02 = 1,
c1 =1, co =1, dy, ds be constants satisfying

dy+do
2

1 1 1
e :2—§(d1 +d2+d1d2+§d%+§d5)

Then
1 dyzi+dozo+G(—21+29)
—e p] ,
V3
where G(—z;1 + 22) is a polynomial of degree greater than one with g(z) = dy21 +doza +
G(—# + #2), is a solution of equation (2.1) under Theorem 3.1.

f(z) =

E:mmple 3.4. Let C1 = 1, Cy = 1, blo = 1, b01 = 1, bgo = bog = 1, b11 = 2, ap = 1,
a1 = 1. Also let dy1, dy2, do1, doo be constants satisfying

ehitdiz = o= 1 Ldyy 4 dyg + 2dyydas + 43 + 2y}

27

elartde _ o550 ] {dgl + dog + 2do1dos + d%l + d%2} .

f(Z)— 1 (6d1121+d1222+%i+F1(*Z1+Z2)_|_ed2121+d22z2*%i+F1(*21+22))

V3
where Fj(—z1 + 2z2) is a polynomial of degree greater than one, g(z) = (d11 + d21) 21 +
(do1 + daz) 22 + 2F 1 (—21 + +22), is a solution of equation (2.1) under Theorem 3.1.

)

Theorem 3.2. Let g(z) be a non-constant polynomial in C2, o? # 0,1, (c1,c2) #
(0,0) € C? and Ay, Ay, B, Ey, Ey, E; are defined as in (3.1). Let f(z) be a finite
order transcendental entire solution of (2.2), then g(z) and f(z) must satisfy one of the
following forms:

(i) When B #0or B=0,E; #0, then g(z) = L(z) + d and

1
f(Z):\ﬁ

L(z)+d
2

(AQS + Algil) € )
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where L(z) = diz1 +da22, §(# 0) € C and a1, A1, A9, &, di, da, bi; (1,57 =1,2)
are constants satisfying
_rear(Axf+ AT
(A€ + A2671)
(ii) When B # 0 or B =0, Ey # 0, Ey # 0, then g(z) = Ly (2) + La(2) + dy + ds
with Lq(2) # La(2) and

1
F(2) = —5 (AP O 4 gy ehaIbee),
V2

1 1 1 1
e + 3 {blod1 + bo1da + §b11d1d2 + §b20d% + 2b02d%} .

where Li(2) = di121 + dizz2, L2(2) = da121 + do222, a1, dij € C, i,j = 1,2
satisfying
e,Ll(c) o a1As

A
= A + ff {blodll + bordiz + biidirdia + baodiy + bozdfz} and

e La(e) — a; Ay
Az
The following examples justify Theorem 3.2.

A
+ /T; {b10d21 + bordaz + bridardas + bood3; + bozdgg} .

Ezample 3.5. Let « = 1/2, ¢1 = mi, co = 3mi, a1 = 3/4, big = bo1 = b11 = bag = bp2 = 1,
dy =1,dy =—1,d=0. Then f(z) = %e
Ezample 3.6. Let a =1/2,a1 =1, ¢1 = —mi/3, ca = —mi/3, d11 =4, d12 = 1, doy = —1,
doo = 2, b1g, bo1, b11, bag, bo2 be constants satisfying
4b1g + bo1 + 4b11 + 16b20 + bo2 = —2, —b1g + 2bo1 — 2011 + b2o + 4bo2 = —2,
—bi1 + b3y + b3, # 0.

=2 is a solution of (2.2) with g(z) = 21 — 2.

Then

1
f(2>=ﬁ

is a solution of (2.2) with ¢g(2) = 521 + 322 + dy + ds.
Corollary 3.2. Let o® # 0,1 and ¢ # (0,0) is a constant in C2. If degree of g(z) in

Theorem 3.2 is more than one, then (2.2) can not have any finite order transcendental
entire solution.

(6421+Z2+d1+%i + 6—21+222+d2—%i)

)

The following example shows that we can get a solution of (2.2) even under the
condition Es = 0 and Es = 0 and the order is not restricted to one.
Example 3.7. Let a = 1/2, b10 = 1, b()1 = 1, b11 = 2, b2() = 1, b()g = 17 Cl1 = Cy = 1,
a; =1 and

e~(dutdia) — o35 | o5 (d11 + dig + 2d11dio + d3) + diy)

6_(d21+d22) =c % + 6_% (d21 + doo + 2d21das + d%l + d§2) .

f(Z) _ % (ed1121+d1222+d1+F1(—21+Z2)+%i + ed21z1+d2222+d2+F1(—21+22)—%i>
3

where Fj(—z1 + 22) is a polynomial of degree properly greater than one and g(z) =

(d11 + do1) z1 + (d12 + da2) 2o + Fi(—21 + 22).

)
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The next example shows that under the condition (i) if E; = 0, we get a different
solution of Theorem 3.2.

Ewample 3.8. Let a = ]./2, b10 = ]., b01 = ]., b11 = 2, bQO = ]., b01 =1 and dl, dQ, Cc1 = ].,
co = 1 satisfying

_ditdy
2

1 1 1
e :1+2<d1+d2+d1d2+2d%+2d5>.

Then

1 dizi+dpzo+F(=21+29)
z)= —e 2 ,
f(z) 7
where F(—z1 + 22) is a polynomial of degree greater than one, is a solution of equation
(2.2) under Theorem 3.2 with g(z) = dy21 + daza + F(—21 + 22).

Theorem 3.3. Let g(z) be a non-constant polynomial in C? and M’g # 0, a® # 0,1,
(c1,¢2) # (0,0) € C? and Ay, Ay, B, Ey, Ey, Ey are defined as in (3.1). Let f(z) be a
finite order transcendental entire solution of (2.3), then f(z) and g(z) must satisfy one
of the following forms:

(i) When B #0or B=0,E; #0, then g(z) = L(2) + d and

V2 (Ag€ + A7) It
biod1 + bo1da + %blldldQ + %bzod% + %bozdg) ’
where L(Z) =dyz1 +dazo, §(7§ O), ag, a1, &, di, ds, bij € C, 1,5 = 1,2 satisfying

(A1€ + A7)

2
= ag(A2& + A1&71) + a1 (A€ + A1£71)6¥.

(ii) When B # 0 or B =0, Fy # 0, Ey # 0, then g(2) = L1(2) + La(2) + dy + da

1 1 1
{b1od1 + bords + §b11d1d2 + §b20d§ + 2b02d§}

and
V2 \ biodi1 + bordiz + biidindia + bQOd%1 + bOQd%Q
+ Ay 6L2(2)+d2>
biod21 + bo1dag + bi1dardas + b20d§1 + 5026@2 ’

where Ll(Z) = d1121 + dlgzg, LQ(Z) = d2121 + dQQZQ with Ll(Z) 7& LQ(Z) and
ap,a1(# 0),d;; € C, i,j = 1,2 satisfying

a A
el 20— (biodi1 + bordiz + biidirdiz + baod?y + bozd?,) and
a aiAs
La(e) | G0 _ A2 2 2
e +—= (brodar + bordas + biidaidas + baodsy + boad3,) -
aq a1A1

Remark 3.2. If we put ag =0, a1 = 1, byg = bg1 = 1, b1 = bag = bg2 = 0 in Theorem
3.3, we get Theorem B. Thus, Theorem 3.3 generalizes Theorem B.

The following examples show that results of Theorem 3.3 hold.
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Ezample 3.9. Let o = 1/2, a1 = 1, ag = =2, byp = 1, bo1 = —1, b1 = 4, by = —4,
21 +29+1

bpo =4, (=1, c1=1,c0=-1,di=1,do=1,d=1. Thenf(z):—%e 7 isa
solution of (2.3) with g(z) = 21 + 22 + 1.

E:z:ample 3.10. Let ag = 71, a]; = 1, o = %, Cc1 = %i, Cy = %i, d11 = 3, d12 = 2, d21 = 2,

dao = —1, b1, bo1, b11, bag, bo2 are constants such that
3b1o + 2bg1 + 6b11 + Ybao + bo2 = 1, 2b10 — bo1 — 2b11 + 4bag + b2 = 1,
—b11 4 bag + bo2 # 0.

Then

f(Z) — 1 (63Z1+222+d1+% +6221—22+d2—%’)7

3
is a solution of (2.3) with g(z) = 521 + 22 + d1 + da.

Corollary 3.3. Let ¢ = (c1,¢9) € C2\ {(0,0)} and o € C such that o? # 0,1. If the
degree of g(z) in Theorem 3.3 is greater than one, then the equation (2.3) can not have
any transcendental entire solution of finite order.

We see that under the condition (i) if Fy = 0, equation (2.3) admits a solution in
which degree of g(z) is greater than one.
E:I:ample 3.11. Let a = 1/2, C1 = Cg = 17 bl() = 1, b01 = 1, b11 = 2, bQO = 1, b02 = 1,
a1 =1, ag = —1, dy, do be constants satisfying
d1+do

1 1 1
e 2 :1+2<d1+d2+d1d2+2d%+2d§>.

Then

2 d121+d2222H(*21+22>
V3 (dy + dy + didy + 5d3 + 5d3) ‘
H(—2z1 + z2) is a polynomial of degree greater than one, is a solution of (2.3) with
g(Z) = d1z1 + dQZQ + H(—Zl + 22).

f(z) =

)

Then next example shows that under the condition (ii), if E; = 0, F, = 0, equation
(2.3) possesses a solution which is different from Theorem 3.3.

Efmmple 3.12. Let a = —1/2, Cl = C2 = ]., blO = ]., b01 = ]., bll = 2, bQO = ]., b02 = ].,
ag = —1, a; =1 and

eutdiz — 1 4 o~ % {di1 + dia + 2d11di2 + d}; + diy ) -

2mi

elatdez — 14 0% {do1 + doo + 2do1dao + d3; + d3,} -

Then,
f(z) = i 1 ed1121+d12z2+d1+%+F1(—z1+z2)
V3 \di1 + diz + 2d11dio + dF) + d3,
+ 1 ed2121+d2232+d27%+F1(721+22) A
da1 + dag + 2da1da + d3, + d3, ’

where Fy(—2z1 + 22) is a polynomial of degree greater than one is a solution of (2.3) with
9(z) = (d11 + da1)z1 + (di2 + do2)ze + di + da + 2F1(—21 + 22).
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4. Lemmas
The following lemmas will be useful in proving our results.

Lemma 4.1. [2] Let f be a non-constant meromorphic function in C". Then for
any I € (ZT)", T(r,d'f) = o(T(r,f)) for all r except possibly a set of finite
Lebesgue measure and where I = (i1, ;) € (Z1)" denotes a multiple index with

|I|:Zl+22+"'+ln,Z :0,1,2, andaIf m

Lemma 4.2. [25] For any entire function F' in C", F(0) # 0 and put p(np) = p <
0o. Then there exists a canonical function fr and a function gp € C™ such that
F(z) = fr()e?F®. For special case n = 1, fr is the canonical product of Weierstrass.
Here p(ny) denotes the order of the counting function of zeros of F'.

Lemma 4.3. [11] Let f;(#0), j = 1,2,3 be meromorphic functions in C™ such that f;
is not constant, f1 + fo + f3 =1 and

3
Z {Ng ( ¥ > +2N(r ,fj)} < AT(r, f1) + o(log™T(r, f1)),
j=1 J
for all r outside possibly a set with finite logarithmic measure, where A < 1 is a positive
number, then either fo =1 or f3=1.

Lemma 4.4. [11] Suppose that ag(z), a1(z), ..., an(z) (n > 1) are meromorphic
functions on C™ and go(z), g1(2), ..., gn(z) are entire functions in C™ such that
gj(z) — gx(2) are not constants for 0 < j < k <n. If

n
Zaj(z)egj(z) =0 and T(r,a;) =0o(T(r)), j=0,1,2,...n,
§=0

where T'(r) = ming<j<r<n T(r,e9*79), then a¢;(2) =0, =0,1,2,...,n

5. Proofs of the Theorems

Proof of Theorem 3.1. Let f be a finite order transcendental entire solution of (2.1)
in C2. Let us take

f{<

v =

\[ {(Prisey + L(2, 1) — f(2)}

From the above two equations, we get

L(z, f) + Pojoy = —=(u+v) and f(z) =

% (u—w). (5.1)

Then, (2.1) turns into
1+ a)u?+ (1 —a)v? = eI,
This leads to
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which implies

(MUH\/@@) <mu _Z,Mv> _

9(2)
pl

1.

9(z) 9(z) 9(z)
e 2 e 2 2

e e

Since f is a finite order transcendental entire function and g(z) is a polynomial, in
view of Lemma 4.2, there exists a polynomial p(z) in C? such that

Vitau VJ1-—awv

FIe) T T e, (5.2)
e 2 e 2
V1 V1-—
e (5.3
e 2 e 2
z z
Let  o1(2) = % +p(z) and o9(z) = % —p(2). (5.4)
From (5.2) and (5.3), we get
o1(z) o2(z) o1(z) _ ,02(2)
w=C X o= T (5.5)

2V1l+a 2iV1 —«
So, from (5.1) and (5.5), we have

1
Lz f) + Prsen = 5 (Aleﬂ@ + A2e02<2>) (5.6)
1
and f(z) = 7 (Aze”l(z) + Ale‘”(z)) ) (5.7)

where Ap, Ay are defined as in (3.1).
Now, in view of (5.6) and (5.7), we obtain

(Al — AQMl(Z) — (],0A2> eal(z)fo'l(z+c) o éeo'z(ZJrC)*Ul(Zﬁ'C)

alAQ A2
i <A2 - AlMZ(Z) - (IOA1> 602(z)7a'1(z+c) _ 17 (58)
a1A2
where
‘ _ 9o;(z) 9o;(2) ?0j(z) | 00 (2) do;(2)
M7 (Z) o blO 82’1 + b01 822 + bll 82’1822 + 82’1 82’2

R0i(z)  (90i(2)\° Poi(z)  (00;(2)\7\ .
* b20< 023 +( 0z > + boz 023 +( 0z ) g =12

Now we consider the following two possible cases.

Case 1: Let 03(z + ¢) — 01(2 + ¢) is a constant. This implies p(z) is a constant. Let
eP(?) = ¢. Then, in view of (5.7) and (5.8) we get

1
f(z):%

L(z, f) + Pr(s(2)

9(2)

(Agf + Alf_l) e 2 (5.9)

9(z)

(A1§+A2£71) e 2 . (510)

!
V2
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Equations (5.9) and (5.10) lead to
[(A1€ + Ast™") —ao(A2é + A1&T1) — (A2l + A&7 M'g]
= ay(Asf + A6 TT

Suppose g(z + ¢) — g(z) is not a constant. Since e has no zeros and no
poles, from (5.11), we see that the only possible case is both A& + Ax¢~t = 0 and
Agé+ A6~ = 0. Otherwise, one side is polynomial and the other side is transcendental.
But, this lead to A? = A3 and which implies o® = 0,1, a contradiction. Hence,
g(z + ¢) — g(z) is a constant. This implies that g(z) = L(z) + H(s) + d, where
L(z) = dyz1 + daze, H(s) is a polynomial in s := esz1 + €125 such that

esc1 +ejco =0. (5.12)

(5.11)

g9(z+c)—g(2)
2

From (5.11), we see that
(Ar€ + As€™") —ao(Agf + 41671 — (A€ + AN

L(c)

=ay (Al + A1 e 7, (5.13)

where

1 1 1
N = {leo(dl + HI(8)62) + §b01(d2 + H'(s)el) + b11 <2H//(8)6162

+%(d1 + H/(S)BQ)(dQ + H'(s)el) -+ b20 (;H”(S)@% + i (dl + H/(S)62)2>)

2

For the sake of convenience, let us denote the coefficients of H'(s), H'(s)?, H'(s)?
and the constant term of (5.13) by A, B’, B” and C, respectively. That is to say A =
Lbioeatiborer+1bi1(dier+does)+2baodiea+boadaer, B = Thiierea+3baged+1booed,
B" = QB/, C= %blodl + %boldg + %b11d1d2 + ibgod% + ibogd%

Now, we discuss the four possible cases as follows. (i) A # 0, B’ # 0. (ii) A =0,
B'#0. (iii) A#0,B =0. (iv) A=0, B =0.

Since one side of (5.13) is constant and other side is polynomial comparing degree of
H(s) in both sides of (5.13) under the cases (i)-(iii), it is easy to see that the degree of
H(s) < 1. Under the case (iv), H(s) is an arbitrary polynomial.

Now, in view of(5.12) and the fact that B # 0, we have (i) or (ii). Whereas using
(5.12) and the fact that B = 0 and Ey # 0, we get (iii). So let H(s) = l(e221 +e122) +d;
[, d are constants in C. Therefore g(z) = L(z) + H(s) +d.

Since g(z) becomes linear, we may take H(s) = 0. Hence (5.11) we get

(A€ + A1) ao 1 1 1 9, 1 2
— — — —— {bypdy + borda + =br1dide + =bypds + =bgad
A+ e @ 240 10d1 + 0o1 2+21112+220 1+2022

L(c)
=€ 2 .

+bos <1H”(s)e§ + % (ds + H'(s)el)2> } .

Hence, we get from (5.9)

() = —

V2

L(z)+d
2

(A + A& M) e
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Case 2: Let 02(z + ¢) — 01(z + ¢) is not a constant.

In (5.8), let us denote Q1 = (A17A2M1(Z)7aoA2> and Qo = (A27A1M2(z)faoA1).

a1Az a1 Az

Subcase 2.1: Let @1 =0 and Q2 = 0. Then from (5.8) we get

A ou(eto—aieto) _ g
Ay ’
which shows that o2(z 4+ ¢) — 01(2z + ¢) is a constant, contradicts our assumption.
Subcase 2.2: Let @1 =0 and Q2 # 0. Then from (5.8) we get

A
Querireierd) Al gmeroaiero (514
which shows that o2(2) — 01(z + ¢) is not a constant. Now (5.14) can be rewritten as

Qqe72®) — %602(Z+C) —e1(zre) — (5.15)
2

Now we claim that o9(z + ¢) — 02(2) is non-constant. On the contrary Let
o2(z 4 ¢) — 03(2) = k, then o2(z + ¢) = k + 02(2), then from (5.14) we see that

(Q2€_k _ jjll) eag(z+c)—01(z+c) =1,
2

which is a contradiction. Now applying Lemma 4.4 in (5.15) we get Q2 = 0, again a
contradiction.

Subcase 2.3: Let @1 #Z 0 and Q2 = 0. Then by similar arguments as used in Subcase
2.2 we get a contradiction.

Subcase 2.4: Let Q1 # 0 and Q2 #Z 0. Then using Lemma 4.3 in (5.8) we get

Qleal(z)fal(erc) = 1’
or,
Qzeag(z)—al(z+c) =1.
Subcase 2.4.1: Now if Qe (*)=71(>+¢) = 1 it shows that o,(z) — o1(z + ¢)
is constant otherwise one side is polynomial and one side is transcendental. Let

01(2) = Li(2) + Hi(s) + di where Ly(z) = di121 + di222, Hi(s) is a polynomial in
s, S = e1221 + e1122 such that

e12C1 + e11¢2 = 0. (516)

and d; is a constant in C. Thus we get

_i_iN/:eLl(c), (517)

where
N = A{bio(di1 + Hi(s)e12) + bor(di2 + Hi(s)e1r)
+b11 (HY (s)er1e12 + (di1 + Hi(s)e12)(d12 + Hi(s)er))
+baog (HY(S)@%Q + (d11 + H{(S)€12)2) + bp2 (HY(S)@% + (d12 + H{(S)€11)2)} .

Now, we proceed with the similar arguments as done in Case 1. Here using B # 0
and (5.16) or using B = 0 and E» # 0 with (5.16), we get Hyi(s) = 0.
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Then, from (5.17), we obtain

A a 1
el = 2 D - (blodn + bordiz + bridiidia + baodiy + bozdfg) .
aiAy a1 a

In view of (5.8), we get

A2 ap 1 —
v 02(2)=0a(ate) = 1, 5.18
a1A1 ay ay 2(2) € ( )

In view of (5.18), it follows that o2(z) — 02(z + ¢) is a constant. Otherwise one
side is polynomial and one side is transcendental. Let o2(z) = La(z) + H2(8) + da
where Ly(2) = da121 + dosza, H2(8) is a polynomial in §, § = es021 + e2122 such that
€22C1 + €21C2 = 0.

From (5.18), we get

_t0 L ) (5.19)

where

N" = {bio(d21 + Hy(8)ez2) + bo1(doz + Hj(8)ear)
+bi1 (Hy (8)earezn + (da1 + Hj(3)eaz)(d2z + Hi(5)ea1))
+b20 (Hél(g)egz + (da1 + Hé(§)€22)2) + boz (H§'(§)€§1 + (da2 + Hé(g)ezl)Z)} :
Now, we proceed with the similar arguments as done in Case 1, using B # 0 and

ea2¢1 + ea100 = 0 or using B = 0 and Fy = 0 with esscy +e2100 =0, we get Ho(5) = 0.
Hence, 03(2) = La(z) + dz and from (5.19) we get

A a 1
el2t) = 20 - (broda1 + bordos + biidaidas + baods + boadds) -
a; Ay a a

From (5.7) we get

f(Z) = % (A2€L1(z)+d1 + A16L2(2)+d2) )

Since 02(z 4 ¢) — 01(2z + ¢) is not constant we clearly have Lq(z) # La(2).
Subcase 2.4.2: Let

Q2602(z)_01 (z+4c) =1.

Then we have o2(2) — 01(2 + ¢) is a constant. Now in view of (5.8) we get
01(z) — o2(z + ¢) is a constant, say pus. Then

po — p1 = p(z) +p(z +c),

this shows that p(z) is a constant, which contradicts the fact that p(z) is not a
constant. g

Proof of Theorem 3.2. Let f(z) is a finite order transcendental entire solution of

(2.2). By using similar arguments as done in the proof of Theorem 3.1 we get

1
a1 f(z+¢) + Pp(f(z4c) = 7 (Ale‘”(z) + Age"z(z)) , (5.20)
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f(z) = % (Age‘”(z) + Ale"z(z)> : (5.21)

Now, in view of (5.20) and (5.21), we get
[a1A2 + A2M1 (Z + C)] o1(z+c)—o1(z) [a’lAl + A1M2 (Z + C)]
4 ‘ i 4

A
_ﬁeoz(z)—a1(z) =1, (5.22)
where Mj(z 4 ¢), Ma(z + ¢) are defined as in Theorem 3.1.

Now we consider the following cases.

e02 (z4c)—0o1(z)

Case 1: Let 03(2)—01(2) is a constant, which means p(z) is a constant. Let eP(*) = ¢.
Then (5.20) and (5.21) gives

arf(z+¢)+ Ppifaqe) = % (A€ + Ax¢71) eg(;), (5.23)
f(z) = - (A28 + A7) "7 (5.24)

V2
In view of (5.23) and (5.24), we get
a1 (A2€ + A1&7) + (A2l + A7) M/ (g(2 + ¢))
= (A€ + At 1) " (5.25)
Let g(2)—g(2+c) be not a constant, we see that from (5.25) both A1&+A426~1 = 0 and
A€ + A1 = 0, which yields A? = A3 and this contradicts the assumption o? # 0, 1.
Hence, g(z) — g(z + ¢) must be constant, otherwise one side is polynomial and one side
is a constant. Let g(z) = L(z) + H(s) + d, where L(z) = dyz1 + daze and H(s) is a
polynomial in s, s = e3z7 + €122 such that

eaC1 +e1c2 = 0.
al(Agf + Alg_l) —L(c)
+ N =e 2 N 5.26
(A1§+ A1) (5.26)

where N is defined as in case 1 of Theorem 3.1. Now using similar arguments like the
proof of Theorem 3.1, we get H(s) = 0.

Thus, we have g(z) = L(z) + d and from (5.26), we get
7112(4 _ al(Azf + Alf_l)

1 1 1 1
+ 3 {b10d1 + bo1d2 + §b11d1d2 + §b20d% + Zbozdg} .

e
(A€ + A2671)
From (5.21), we get f(z) = % (A26 + A1€7Y) 25
Case 2: Let 09(z) — 01 (z) is not a constant. Let us denote by Q; = M

and @y = [AAMLEEI] 4y (5.99),
Subcase 2.1: Let both Q; = 0 and Q3 = 0. Then from (5.22) we get 09(z) — 01 (2)
is a constant, which contradicts our assumption.

Subcase 2.2: Let Q1 = 0 and Q5 # 0 or Q; % 0 and Q2 = 0. Then proceeding in
the similar way as done in Subcase 2.2 of Theorem 3.1 we get a contradiction.
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Subcase 2.3: Let Q; # 0 and Q5 # 0. Applying Lemma 4.3 in (5.22), we get
Qleal(z+c)—01(z) =1, or Q~2eaz(z+c)—al(z) =1.

Subcase 2.3.1: If Q.71 (*T9)=71(2) = 1 we see that o1(z + ¢) — 01(2) is a constant.
Let 01(2) = L1(z) + H1(s) + dy, where L1(z) = dy121 + d1222, H1(s) is a polynomial in
s, S = e1221 + e1122 such that

eioc1 +ey1c0 = 0.
Then, we get
a1 A Ao ’ —Li(c)
—=N'= e 5.27
A TN = (5.27)
where N’ is defined as in Theorem 3.1. By proceeing in the similar way as used in

Theorem 3.1, we get Hy(s) = 0.
Thus, we have 01(z) = L1(z) 4+ dy. From (5.27) we get

e Li(e) — a;As
Ay
In view of (5.22) we get
a1 Ay i AlMQ(Z + C)
As As
From (5.28) we see that o9(z+c¢)—02(2) is a constant. Let o9(z) = La(z)+ H2(§) +da,

where Lo(z) = da121 + dagza + do, Ha(3) is a polynomial in 5, s = eg221 + €2129 such
that

A
+ ﬁ {brodi1 + bordiz + biidiidiz + baodiy + boadi, |

60-2(z+c)—t72(2) =1. (528)

esoc1 + ea1co = 0.

Then (5.28) gives

A A
aipAi + A1
As Ao
where N” is defined as in Theorem 3.1. Using the similar arguments like Theorem 3.1
we have Hy(§) = 0. Thus we have 02(z) = La(2) + da. From (5.29) we have
arA;
Az
From (5.21) we get f(z) = % (Agelr()Fdi 4 4 el2(2)+d2) and clearly Ly(z) # La(2)
because o1(z) — 02(z) is not a constant.

Subcase 2.3.2: Let Qe72(*+9)=01(3) = 1. Then by the similar arguments as done in
the proof of Theorem 3.1 we can get a contradiction. O

N = e L1209 (5.29)

A
+ /T; {b10d21 + bordaz + bridaidan + baods, + b02d§2} = e 1209,

Proof of Theorem 3.3. Let f(z) be a finite order transcendental entire solution of
(2.3). Then by similar arguments as used in the proof Theorem 3.1 we get
1
Py = — (A () 1A ef’2<2>), 5.30
L) = 5 (A2 1 (5.30)

_ L

(Aleal(z) + A2602(Z)> . (5.31)
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Using (5.30) and (5.31) we get

AL My (2) — apAz e01(z)—o1(z+0) + AxMa(2) — aoAs eo2(z)—o1(z+c)
a1 Ao a1 Ay

AL s () -a1(a+0)
__* 02(zTC g1(z+cC — 1 5,32
e , (5.32)
where M (z), M2(z) are as defined in Theorem 3.1.
Here we cosider the following cases:
Case 1: Let 05(z 4+ ¢) — 01(2 + ¢) is a constant, i.e., p(z) is a constant. Let eP(*) = ¢,
Then (5.30) and (5.31) becomes

Prs(ay = % (o€ + Are 1) "5, (5.33)
Lz f) = % (As + Ape 1) % (5.34)
Equations (5.33) and (5.34) gives
(A1E + Ag€ ™) M'g(2) — ap (A€ + Ar€7Y) = ay (Ao + Ay€7Y) "5 (5.35)

We claim that g(z+ ¢) — g(2) is constant. Since e““5* has no zeros and no poles

(5. 35) shows that only two cases can arise:
(i) M'g(z) =0 and Ax€ + A;£71 = 0. But M’g(2) = 0 contradicts our assumption.
(i) A1€ + Ax¢™t = 0 and A2£ + A1671 = 0. These two identities implies A? = A2,
contradicts the assumption o2 # 0,1. Let g(2) = L(2) + H(s) +d, L(2) = dy21 + daza,
H(s) is a polynomial in s where s = ez + €129 such that

€2C1 +€e1c2 = 0.

Then from (5.35) we get

(Ar€ + Ao ) N = ag(Asf + A16™1) + ay (Al + A& V)e s, (5.36)

where N is defined as in Theorem 3.1. For the same reason as described in Theorem
3.1 we have H(s) = 0. Hence g(z) = L(z) + d and (5.36) gives

AL+ At 1 1 !
(A€ + 42671 {b10d1 + borda + sbudads + 5baod? + Qbozdi}

2
= ag(A2& + A1&1) + a1 (A€ + Alfil)eu;)-

Then the solution is
7(e) = V2 (At + A ety
(biody + bo1da + bi1dids + baodi + boad3) ’
such that PL(f L) 75 0.

Case 2: Let (72(2’ + ¢) — o1(z + ¢) is not a constant. Suppose Q] =
Qy = A2l 4y (5.39),

ay
Subcase 2.1: Let Both Q) = Q5 = 0. Then from (5.32) we get a contradiction that
o2(z 4 ¢) — o1(2z + ¢) is a constant.

Subcase 2.2: Let Q) Z0, Q5 =0 or Q) =0, Q) # 0, then by the same arguments as

A1M1 (Z)faoAz

e and
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used in the proof of Theorems 3.1 we get contradiction.
Subcase 2.3: Let Q] £ 0 and Q5 # 0.
Using Lemma 4.3 in (5.32) we get

Q/leal(z)fo'l(erc) =1

)
or

Q/Qeaz(Z)*Ul(ZJrc)

1.

Subcase 2.3.1: Now if Qe (*)=71(:+¢) = 1 it yield that o1(2) — o1(z 4+ ¢) is a
constant. Let 0'1(2) = Ll(Z) + Hl(s) + dy, where Ll(Z) = dy121 + dyi229, Hl(S) is a
polynomial in s, s = ej221 + €11 22 such that

erzc1 +er1ce = 0.

Then we get

A1 N,_@

a1Asz Cm
where N’ is defined as in Theorem 3.1. As like Theorem 3.1 we get Hi(s) = 0. Then
from (5.37) we get

+ elr(@) (5.37)

a A
el 4 20 = (blodn + bordiz + bridiidia + baodty + b02d%2) .
ay a1A2

Now from (5.32) we get
(AQMZ(Z) - aOAl) 602(z)7o’2(z+c) =1. (538)
a1A1

This shows that o9(z) — 02(z + ¢) is a constant. Let o9(2) = La(2) + Ha(s) + da,
where Lo(2z) = da121 + do2z2, Ha(5) is a polynomial in 3, § = eg221 + e2122 such that

€92C1 + €91C2 = 0.

From (5.38) we get

A2 ao
N" = = 4 el2(0 5.39
ol PR (5.39)

where N’ is defined as in Theorem 3.1. Similar to the arguments as used in case 1
we have Hy(§) = 0. From (5.39) we have

a A
ele@) 0 = 2 (b1od21 + bordaz + bridaidan + baod3, + bo2d§2) .
aq a1A1

Hence 03(2) = La(2) 4+ do. Clearly Li(z) # La(z). And from (5.30) we have
=75 o A
V2 \ biodi1 + bordia + biidiidiz + baod3y + boad3s

+ A1 eLQ(ZHdZ) .
bioda1r + boidaz + bi1dai1das + bzodgl + bozdgg

Subcase 2.3.2: Suppose Q,e?2(*)=71(3+¢) = 1  then by similar arguments as done in
the proof of Theorem 3.1 we get a contradiction. O
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