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Abstract. In this work, we study the notions of rough Iz-Cauchy and rough I-
Cauchy for double sequences in the setting of random 2-normed space. The notions
of rough I3-convergence, rough I5-convergence, rough I2-limit points, and rough
I>-cluster points of probabilistic normed double sequences are also developed and
investigated. By proving that rough I2x-convergence implies rough I2-convergence
in probabilistic normed space, we discuss the connection between rough Is- and
rough I3-convergence. Additionally, we have demonstrated by an example that
rough I2-convergence in probabilistic normed space does not imply rough I3-
convergence. The significance of condition (AP2) in summability analysis utilizing
ideals is supported by our findings.

1. Introduction

Menger [16] connected each pair of points in a set to a distribution function in
order to generalize the metric axioms. This idea, which was originally described
as a statistical metric space and is now known as a probabilistic metric space, has
been significantly improved by Schweizer and Sklar [22]. To replace nonnegative real
values with distribution functions was one idea. One of the most important families of
probabilistic metric spaces is the family of probabilistic normed spaces. Probabilistic
normed spaces are real linear spaces where the norm of each vector is a probability
distribution function rather than a number. The first reference of these places was made
by Serstnev in 1963, according to [21]. A new definition of PN spaces was offered by
Alsina et al. in [2] that incorporates Serstnev’s and inexorably leads to the identification
of the Menger spaces as the primary class of PN spaces.
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Phu [24] was the first to propose the concept of rough convergence in finite-
dimensional normed spaces. In [24] demonstrated the boundedness, closedness, and
convexity of the set LIM, and developed the idea of a rough Cauchy sequence.
Additionally, he looked into how rough convergence related to other types of convergence
as well as how LIM] was affected by the degree of roughness r. In a similar study [25],
he established the rough continuity of linear operators and demonstrated that, with
the premise that dimY > 0 and » > 0 and that X and Y are normed spaces, every
linear operator f : X — Y is r-continuous at every point x € X. He expanded the
findings from [24] to infinite-dimensional normed spaces in [26]. Aytar [3] researched
rough statistical convergence, developed a set of rough statistical limit points for a
sequence, and obtained two statistical convergence criteria linked to this set in order to
demonstrate that this set is closed and convex. The r-limit set of the sequence is equal
to the intersection of these sets, and the r-core of the sequence is equal to the union
of these sets, according to Aytar’s [4] research. The concepts of rough I-convergence
and the set of rough I-limit points of a sequence were recently presented by Diindar
and Cakan [7, 8], who also looked into the concepts of rough convergence and the set of
rough limit points of a double sequence. In [20], The author broadens the concept
of rough convergence by incorporating the notion of ideals, thereby automatically
enlarging the initial concepts of rough statistical convergence and rough convergence. In
different situation, both statistical convergence and generalized statistical convergence
can be employed to explore, extend, and apply rough convergence further; refer to
[1, 5,9, 12, 17, 18] for more details.

We propose the idea of rough Is-and I;-convergence in probabilistic normed spaces in
this study utilizing the concepts of rough convergence and probabilistic normed spaces.
We define the set of approximate limit points of a sequence and provide two convergence
criteria for the set. We then demonstrate that this set is convex and closed. The
relationships between the set of cluster points and the set of approximate limit points
of a sequence are next examined.

2. Preliminaries

We will go over some basic terminologies and notations that form the basis of the
current work in this section.

Definition 2.1. [22] A triangular norm (¢-norm) is a continuous mapping * : [0, 1]% —
[0,1] such that ([0,1],x) is an abelian monoid with unit one and z xy < ux*v if x < u
and y < for all z,y,u,v € [0,1].

Definition 2.2. [10] A function ¢ : R — R* is called a distribution function if it is
non-decreasing and left-continuous with inf,cr ¢(u) = 0 and sup,cp ¢(u) = 1.

By D, we denote the set of all distribution functions.

Definition 2.3. [10] Let X be a real linear space and p : X — D. A probabilistic norm
or p-norm is a t-norm satisfying the following conditions:

(i) p2(0) =0,
(ii) pg(t) =1 for all ¢ > 0 if and only if z =0,

(iil) frex(t) = pio (ﬁ) for all ce R\ {0} and all ¢ > 0,
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(V) paty(s+1) > pg(t) * py(s) for all z,y € X and s,t € RT

where p, means p(z) and g, (t) is the value of u, at ¢ € R. The (X, p,*) is called a
probabilistic normed space (for short, PNS).

Definition 2.4. [13] Let (X, p, x) be an PNS. A sequence {z,,} is said to be convergent
to £ € X with respect to the norm p, that is, x,, £y ¢ if for every € > 0 and \ € (0,1),
there exists a positive integer mg such that p,, —¢(€) > 1 — X whenever m > mq. In this
case, we write u-limzx,, = €.

Definition 2.5. [11] Let E be a subset of N, the set of natural number. The asymptotic
density of E denoted by §(F), is defined as
1
J(E)= lim —[{s<m:se€ E}.

m—o0 M
Definition 2.6. [13] Let (X, u,*) be an PNS. A sequence z = {z,,} is said to be
statistically convergent to £ € X with respect to the norm u provided that, for every
e>0and A €(0,1), (E(N) =0, where
B\ = {m < n: pra,—e(€) <1-A}.
or, equivalently,

1
lim —[{m <n:pg, —¢(e) <1-A}H=0.

n—oo M
In this case we write st,-limz = &.

Definition 2.7. [23] A non-void class I C 2V is called an ideal if I is additive (i.e.,
A,B €I = AUB € I) and hereditary (i.e., A€ I &B C A= B € I). Anideal T
is said to be non-trivial if I # 2N. A non-trivial ideal I is said to be admissible if I
contains every finite subset of N. For any ideal there is a filter F'(I) corresponding with
I, given by

FI)={KCN:N\K eI}

Definition 2.8. [14] An admissible ideal I C 2" is said to possesses (AP) if for every
sequence {Q, }men of pairwise disjoint sets from I there are sets G,,, C N,m € N, such
that the symmetric difference Q.,,, AG,, is a finite set for every m and |J G €1

Definition 2.9. [19] Let I be a non trivial ideal of Nx N and (X, u, *) be a probabilistic
normed space. A double sequence x = {z,} of elements of X is said to be I-convergent
to ¢ € X with respect to norm p (or I§-convergent to €) if for each € > 0 and X € (0, 1),

{(,k) ENXN:piz,,—¢(e) <1—A} € L. (2.1)

In this case we write I{-limz = €.

meN

Definition 2.10. [6] A non trivial ideal I of N x N is said to be strongly admissible if
{i} x N,N x {i} belong to I for each i € N. It is clear that a strongly admissible ideal
is an admissible ideal.

Let
In={ACNxN: (@3m(A) eN)(i,j >m(A) = (i,5) ¢ A)}.
Then Iy is a nontrivial strongly admissible ideal and clearly an ideal I is strongly
admissible if and only if Iy C I.
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Definition 2.11. [6] We say that an admissible ideal I C 2Y*N possesses (AP2) if for
every countable family of mutually disjoint sets { Ey, Es, - - - } belonging to I, there exists
a countable family of sets {Q1,Qq,- -} such that E;AQ; € Iy i.e. E;AQ); is included
in the finite union of rows and columns in N x N for each j € Nand Q =2, Q; € I
(so Q; €I for each j € N).

3. Rough I-and I*-convergence in PNS

We explore the idea of optimal double sequence convergence in PNS in this section.
The idea of I;-convergence of double sequences in PNS is also introduced, and it is
demonstrated that I5-convergence entails Is-convergence but not the other way around.

Definition 3.1. Let (X, i, *) be an PNS and r be a non-negative real number. A double
sequence x = {x,} is said to be rough convergent (r-convergent) to £ € X with respect
to the norm g, that is, x ;i I ¢ if for every € > 0 and A € (0,1), there exists a positive
integer mg such that ji,;, _¢(r +¢€) > 1 — X whenever j,k > mg. In this case, we write
ru-limxj, = &,

Definition 3.2. Let (X, pu,*) be an PNS and r be a non-negative real number. A
double sequence z = {z;} is said to be rough I-convergent (rly-convergent) to { € X

rIb
with respect to the norm u, that is, z;i —25 ¢, provided that, if for every € > 0 and
A€ (0,1),
{(j,k) ENXN:py, —¢(e+r)<1—A} € L. (3.1)
Here r is called the roughness degree. If we take r = 0, we obtain the notion of I}'-
convergence.

Theorem 3.3. Let (X, pu,*) be an PNS and r be a non-negative real number. Then,
the following assertions are equivalent for a double sequence x = {xji} in X.
(i) rIf-limz = ¢.
(i) {(j,k) ENXN:py, ¢le+7) <1 =} €Iy for every e >0 and X € (0,1).
(iti) {(j,k) E NXN:py, —e(e+r)>1=A} € F(I2) for every e >0 and A € (0,1).

Proof. The proof is straightforward, so we omit it. O

The motivation behind introducing this notion is same as in [24] and [3]. For
instance assume that the sequence y = {y,} is I5-convergent and can not be measured
or calculated exactly and one has to do with an approximated (or I§-approximated)
sequence x = {z;} satisfying piz—,(r) > 1 — A for all j and k (or for almost all j, k,
that is, {(j, k) € Nx N: py_,(r) > 1— A} € I. Then Ir-convergence of the sequence x
is not assured, but as the inclusion

{0 k) € NXN: ppe(r+€) < 1A} C{(jk) € Nx N: prpg(e) <1 A}

holds so the sequence x = {x,;} is rI5-convergent.
In general the rough Io-limit of a sequence may not be unique for the roughness
degree r > 0. We define

w
rlj

Ig‘—LIM;’:{feX:x—>§}.
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The double sequence z is said to be rI§-convergent provided that I4-LIM? # (. In [24]
(see also [3]) it was observed that for a sequence of real numbers, LIM} = [limsup z —
r,liminf z + 7]. Similarly here we can have I — LIM! = [limsup z — r,liminf = + r].
Theorem 3.4. Let (X, i, %) be an PNS and r be a non-negative real number.
(i) If rp-limaj, = &, then r15-limaxj, = &.
(ii) If rI§-limxj, = & and rIY-limy;, = &, then rI¥-lim(zj; + yjx) = &1 + &o.
(iii) If rI§limxjp, = &, then rIf-limcxj, = c€ for any c € R.

Proof. (i) Suppose that ru-limz,;, = €. Then for each € > 0 and A € (0, 1) there exists
a positive integer mg such that ji,;, —¢(e +7) > 1 — A for each j,k > mq. Since the set
Q) ={(j.k) eNXN:py, _ele+r)<1—A}
is contained in the set {1,2,---,mg — 1} and the ideal I is admissible so Q(X) € Is.

Hence rI§-limxj;, = &.
(ii) Suppose that rI5-lim z;, = & and rI5-limy;; = &. For a given A € (0,1) and € > 0
choose n > 0 such that (1 —n) * (1 —n) > 1 — A. Define the following sets:
Qi1(n,e) = {(j,k) ENXN: g, ¢ (e+7)<1 —77}
Q2(77a€) = {(j?k)ENXN:NUM*&(E—FT)S;L_”}
since rI§-limxzj, = &, we have Qq(n,¢) € I. Similarly, Q2(n,€) € I because rIk-
limy,; = &2. Now let Q(n,€) = Q1(n,€) U Q2(n,€). This implies that Q(n,¢) € I and
hence Q¢(n,¢) = N x N\ Q(n,¢) is nonempty set in F(Iz). Now, we want to show
Q°(n,€) CHUF) € NXN = fajyy0)—(e1+6) (2 +2r) > 1= A} IE (4, k) € Q°(n, ),
then we have p,,, —¢, (e +7) > 1—mnand py, ¢, (e +7) > 1—n. Consequently,
:u’(mjk+yjk)—(£1+§2)(2€ + 27’) > Pz i — €1 (6 + r) * oy —€o (6 + ’l”)
> 1-m*x1-n)>1-A\
This shows that

Qc(n,é) C {(], k) eNxN: H(Ijk+yjk)—(§1+52)(2€ + 27") >1-— )\}

Since Q°(n, €) € F(Iz) we have rI§-lim(z; + yjr) = & + &o.
(iii) It is trivial for ¢ = 0. Now let ¢ # 0. Then for a given ¢ > 0 and A € (0,1),

E\) ={(j,k) e NxN: g, —¢(e+r)>1-A} € F(I5) (3.2)
It is sufficient to prove that for each ¢ > 0 and A € (0,1)
E\) C{(j,k) e NXN: peg,—ce(e+1) >1=A}.
Let (j,k) € E()). Then we have p,,, —¢(e +7) >1— X Now
€E+r
chjkfti(e'i'r) = Mz <>

]

vV

+7r
”%‘k*é(e + 1) * 1o (€|c| G "‘T))
Mﬂ?jkff(e—*—r) * 1
= 1=-XN*x1>1-\

Hence
E()) C {(]7 k) e Nx N: Ncmjk—65(6+r) >1- )‘}
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and it follows from (3.2) that rI}-lim cz;, = £ for any ¢ € R. O

Definition 3.5. Let (X, u, %) be an PNS and r be a non-negative real number. We say
that a sequence x = {z,} of elements in X is rIj-convergent to & € X with respect to
the norm p if there exists a subset H = {(Js, ks) 1 j1 < jo < -+ ;k1 < ko, -} of Nx N
such that H € F(I3) (ie., Nx N\ H € ) and rp-limg x;,,, = £. In this case, we write
rI;*limz = € and ¢ is called the rI;¥-limit of the double sequence z = {z;s}.

Theorem 3.6. Let (X, p, *) be an PNS and r be a non-negative real number and Iy be an
admissible ideal. If v = {xjx} is a double sequence of elements in X and rIy*-limz = ¢,
then rI§-limz = €.

Proof. Suppose that rI;*-limz = ¢. Then
H={(js ks) 1 g1 <ja<--- k1 <hkg,--}

of N x N such that H € F(I) (i.e., Nx N\ H € I) and rp-limgz;,, = &
But then for any € > 0, A € (0,1) there exists a positive integer N such that
tjko—e(e+7) >1—Xforall s > N. Since {(js, ks) € H : by, , _(r+€) <1—A}is
contained in {j1 < jo < -+ < jn-—1;k1 < k2,--- < jn—1} and the ideal I is admissible,
we have

{(js,ks) €H:tpy,, (e+r)<1— )\} el

Therefore
{(j,k) ENXN:tpy, ¢(r+e}C
HU{j1 <ja < <jn-1;k1 < kg, <jn-1} €2
for any € > 0, A € (0,1) and so rI¥-limz = . O

The following example shows that the converse of Theorem 3.6 need not be true.

Example 3.7. Take X = R being equipped with the Euclidean norm ||z| = |z| and
axb=ab for a,b € [0,1]. For all x € X, ¢ > 0 and nonzero z € X, consider

Lt ift>0;
—J e ! ’
(1) { 0, ift <0.

Then (X, p, %) is a PNS.
Let N x N = J, ; Aij be a decomposition of N x N such that for any (m,n) € N x N
each A\;; contains infinitely many (4, j)’s, where i > m,j > n and A, N A;; = 0 for
(i,7) # (m,n). Let Iy be the class of all subsets of N x N which intersect at most a
finite number of A;;. Then I5 is an admissible ideal. Now, we define a double sequence
T = % if (m,n) € A;;. Then

t

=— 1
t+ | Zmn |

Py, (t)

as m,n — oo. Hence r14-lim,, , Tpmn = 0.
Now, suppose that rlg’w—limm,n Zmn = 0. Then there exists a subset M = {(m;,n;) :
my <mgp < - 5np <ng <---}of NxNsuch that M € F(l2) and ru-lim; 2,5, = 0.
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Since M € F(I3), there is a set G € Iy such that M = N x N\ G. Now, from the
definition of I, there exist, say p,q € N such that

o< (0 [0on)) o (G 00))

But then Apy1 441 C M, and therefore
v
(p+1)(g+1)

for infinitely many (m;,n;)’s from M which contradicts ru-lim; 2,,,,, = 0. Therefore,
the assumption rI;’”—limmﬁn Zmn = 0 leads to the contradiction.

€T . —
myng

The following theorem shows that the converse holds if the ideal I possesses property
(AP).

Theorem 3.8. Let (X, u,*) be an PNS and r be a non-negative real number and the
admissible ideal Iy satisfy the condition (AP). If {xmn} is a double sequence in X such

rI# rI;H
that Typn — &, then Ty, —— .
Proof. Suppose I possesses property (AP) and rI5-limz = & Then for each € > 0,
A€ (0,1),
{(m,n) e NXN:p,  _clet+r)<1—A}el.
We define the set E, for ¢ € N and € > 0 as
1 1
E, = NxN:1—=< g _ 1——0.
p={nm et <o <1- ]

Obviously, {E1, Es,---} is countable and belongs to I, and E; N E; = 0 for i # j.
By property (AP), there is a countable family of sets {Q1,Q2, -} € Iz such that the
symmetric difference E;AQ); is a finite set for each ¢ € N and Q = J;2, Q; € I>. From
the definition of associate filter F'(I3) there is a set M € F'(I3) such that M = Nx N\ Q.
To prove the theorem it is sufficient to show that the subsequence {xmn}(mm)e MoiS
r-convergent to & with respect to the probabilistic norm y. Let > 0 and € > 0. Choose
s € N such that % < n. Then

{(m,n) e NXN:pg,  —e(r+e <1-mn}

1 s+1
oy <1-—- FE;.
C{(m,n)ENxN Hog—e (T +€) < S}CH i

Since F;AQ;,i =1,---,s+ 1 are finite, there exists (mg,np) € N x N such that

s+1 s+1
U QiN{(m,n) :m>mo,n>np} = U E,n{(m,n):m >mgy,n>ng,}.
i=1 i=1

If m > mg,n > ng and (m,n) € M then (m,n) ¢ J2] Q; and so (m,n) ¢ U] Ei.
Hence for every m > mg,n > ng and (m,n) € M we have

M$7nn_£(6 +’r) > 1 - "7'

Since 7 > 0 was arbitrary, we have rI;*-limx = £. O
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Theorem 3.9. Let (X, p,*) be an PNS and r be a non-negative real number. Then the
following conditions are equivalent:
(a) rI3"limz = €.
(b) There exist two sequences y = {Ymn} and z = {zmn} in X such that x =
y+z,rp-limy = € and the set {(m,n) : zmn # 0} € Iy, where 6 denotes the zero
element of X.

Proof. . Suppose that the condition (a) holds. Then there exists a subset K =
{(mj,n;) :m1 <mg <---;ny <ng <---,---} of N x N such that
K € F(I) and rpu — li]mxmjnj =¢. (3.3)

We define the sequences y = {ymn} and z = {zmn} as
| zpmp, if (m,n) € K;
Ymn =9 ¢ if (myn) ¢ K.

and Zymn = Tymn — Ymn for all (m,n) € NxN. For given € > 0, A € (0,1) and (m,n) € K,
we have

Hypn—e(T+€) >1— A
Using (3.3) we have ru- limy = £. Since

{(m,n) : zmn # 0} C K¢,

we have {(m,n) : zmn # 0} € Io.
Let the condition (ii) hold. Then K = {(m,n) : 2z, = 0} € F(l2) is an infinite set.

Obviously, K € F(I,) is an infinite set. Let K = {(mj,n;) : mi < mg < --- ;01 <
ng < ---}. Since Timn; = Ymyn, and ru-lim; Y, n, = &, rp-lim; z,,,, = . Hence
71" -limyy, , Timn = €. So, the proof is complete. O

Theorem 3.10. Let (X, pu,*) be an PNS and r be a non-negative real number. Then
the following assertions hold.
(a) If X has no accumulation point, then rIy and rI;-convergence coincide for each
strongly admissible ideal I5.
(b) If X has an accumulation point &, then there exists a strongly admissible ideal
I and a double sequence y = {Ymn} for which rI§-limy = & but rI;"-limy
does not exist.

Proof. (a) Let © = {x;sn} be a double sequence in X. Suppose that rI;*-limz = &. So
there exists a set M € F(I3) (i.e., Nx N\ M = H € I,) such that

rp—  lim x=¢ (3.4)
(m’,n)E]V[
Let € > 0, A € (0,1). Then it follows by (3.4) that there exists Ny € N such that
Hapn—e(r+€) >1—Xfor all m,n > Ny. Then
AN) = {(m,n) e NxN:pg, _e(r+e <1-2A}
c HU(MnN M),

where M; = ({1,2,---Nog — 1} x N)U (N x {1,2,---79 — 1}).
Now since H U (M N M) € I, consequently, we have A(\) € I and so rI§-limz = &.



Rough ideal convergence of double sequences in probabilistic normed space 43

Next, we show that if rIf-limz = ¢, then rI;*-limxz = £. To do this, since X has no
accumulation point, then there exists § € (0,1) such that for all e > 0

Q6,0) = {0 € X : ppelr+6) > 1 6} = {£).
Since rI{-limz =&, so {(m,n) e NXN: py,  _e(r+e) <1—48} € L. This gives
{m,n) : pg,,, —e(r+e€) >1—=05} ={(m,n) : Tpnr =&} € F(L2).
Consequently, rI;*-limx = £.
(b) Since £ is an accumulation point of X, so there exists a sequence {z;};  of distinct
points all different from ¢ in X which is convergent to § such that, the sequence ., ¢
is increasing to 1. Let {E;};cn be a decomposition of N onto infinite sets and put
Aj = {(m,n) : max{m,n} € E;}. Then {A;},_ is a decomposition of N x N and
the ideal I = {A C N x N : Ais included in a finite union of A’s} is a strongly
admissible ideal. Put x,,, = z; if and only if (m,n) € A;. Put €, = p,, ¢ for
n € N. Let n € (0,1) , € > 0. Choose v € N such that e, > 1 — 7. Then
A(n) = {(m,n): pa,,,—c(r+e <1—-n} C U;’Zl Aj. Hence A(n) € I, and rlk-
limz = €.
Now suppose that 713 "-limz = . Then there exists H € I5 such that for M = NxN\ H

we have r,u-lim(m,n)—mo Tmn = €. By definition of the ideal I, there exists [ € N such
m,n)eM

that H C Ué:l A;. But then Ary; € N\ H = M. Then from the construction of
Apy1 it follows that for any Ng € N, g, —e(r+€) =1 — €41 < 1 for e > 0 hold
for infinitely many (m,n)’s with (m,n) € M and m,n,> Ny. This contradicts that

T‘/L-lil’ﬂ(m,n;)oo Tmn = £ Also the assumption r15"-limy, ;o0 Tmn = p for p # £ leads
m,n)eM
to the contradiction. O

Theorem 3.11. Let (X,p,*) be an PNS and r be a non-negative real number. If
(X, u, %) has at least one accumulation point and for any arbitrary double sequence
2 = {Zymn} of elements of X and for each & € X, rI¥-limx = & implies rI;" limz = L,
then I has the property (AP2).

Proof. Suppose { € X is an accumulation point of X. There exists a sequence {zx}, <y
of distinct elements of X such that z, # £ for any k, £ = limg_, o 2 = & and the
sequence {fi.,_¢}ren is an increasing sequence converging to 1. Put €, = v, _¢ for
k € N. Let {4, }jeN be a disjoint family of nonempty sets from I5. Define a sequence
x = {Zmn} in the following way:

- { zj, if (m,n) € Aj;

mn &, if (m,n) ¢ Aj.

for any j. Let ¢ > 0,7 € (0,1). Choose £k € N such that ¢ < n. Then
A() = {(m,n) ¢ pig,,—er +¢) < 1—n} ¢ Ui, A;. Hence A(n) € I, and so
rI4-limx = . By virtue of our assumption, we then have I;*-limz = £. So there exists
a set B € Iy such that M = N x N\ B € F(I3) and

r,u-lim m,n—00 Tmnp = f (35)
(m,n)e

Put B; = A;jN B for j € N. Then B; € I, for each j € N. Moreover U;il B; =
BNU;2,Aj € Bandso 2, B € Ir. Fix j € N. If Aj N M is not included in the
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finite union of rows and columns in N x N, then M must contain an infinite sequence
of elements {(my,n,)} where both my,ni — 0o and Tp,p, = 2z; # € for all k € N
which contradicts (3.5). Hence A; N M must be contained in the finite union of rows
and columns in N x N. Hence A;AB; = A;\ B; = A; \ B =A; N M is also included
in the finite union of rows and columns. This proves that the ideal I has the property
(AP2). O

4. Rough Ir-and I;-Cauchy of Double sequences

In this section we study the concepts of rI5-Cauchy and I, *-Cauchy double sequences
in (X, u, *). Moreover, we will study the relations between them.

Definition 4.1. Let (X, u,*) be a PNS and r be a non-negative real number and
I, C 2N be a strongly admissible ideal. A double sequence x = {Zmnk} of elements
in X is said to be

(a) a rough I4-Cauchy sequence in X if for every A € (0,1), € > 0, there exist
s = s(\),t = t(X\) such that
{(m,n) e NxXN:py _o,(r+e <1—-XA} el
(b) a rough I;*-Cauchy sequence in X if for every A € (0,1), € > 0 there exists
K ={(mj,nj) :mi <mgy <---;n1 <ng<---} CNxN
such that K € F'(I2) and {2y, } is ru-Cauchy sequence in X.
The next theorem gives a relation between rI4'- and rI;*-double Cauchy sequences

Theorem 4.2. Let (X,u,*) be an PNS and r be a non-negative real number and
I, € 2N be a strongly admissible ideal. If {x,n} is an rI; " -double Cauchy sequence,
then {Tmn} is an rI-double Cauchy sequence.

Proof. Suppose that {Z,,,} is an rI*-double Cauchy sequence, for any € > 0, A € (0, 1),
there exist

K ={(mj,n;):mi <mg<---3;n1 <mng <---}€F(I)
and a number Ny € N such that

B in s —Tmsns (r+e>1-2A
for every j,s > Ny. Now, fix p = mn,+1,9 = nny+1- Lhen for every A € (0,1), € > 0,
we have
Hp s =g (7€) > 1= A

for every j > Ny. Let H =N x N\ K. It is obvious that H € F(I3) and

AN = {(m,n) ENXN: g, —a,,(r+e <1- )\}

C HU{m<mog<---in<ng<---} €l

Therefore, for every A € (0,1), € > 0, we can find (p,q) € N x N such that A(\) € Iy,

i.e., {zmn} is an rIk-double Cauchy sequence. O

Lemma 4.3. [15] Let {P,;};cn be a countable collection of subsets of N x N such that
{P;}ien € F(I3) for each i, where F(I2) is a filter associate with a strongly admissible
ideal Iy with the property (AP2). Then there exists a set P C Nx N such that P € F(I)
and the set P\ P; is finite for all i.
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Theorem 4.4. Let (X, u,*) be an PNS and r be a non-negative real number and
I, € 2N be q strongly admissible ideal with property (AP2). Then the concepts rI-
double Cauchy sequence and Iy " -double Cauchy sequence coincide.

Proof. If {Zyy} is I *-double Cauchy sequence, then it is rI4'-double Cauchy sequence
by Theorem 4.2 (even if I does not have the (AP2) property).
So, we have to prove the converse. Let {2, } be an rI}-double Cauchy sequence. Then
by definition, there exists an my = mg(A), ng = np(A) such that

AN) ={(m,n) e NxN:py, . (r+e) <1-A}el

“Tmgng

for every A € (0,1) and € > 0.
Let Pi = {(m,n) eENXN:py, o, (r+e>1-1} i = 1,2,---, where s; =
mo (%) i = ng (%) It is clear that P; € F(I3) for i = 1,2,---. Since Iy has the
property (AP2), then by Lemma 4.3 there exists a set P C N x N such that P € F(Is),
and P\ P; is finite for all i. Now we prove that

ﬁhb’nqur’rtlﬁ\OO M —ao (T €) > 1 — A

(m,n),(s,t)eP
To prove this, let € > 0, A € (0,1) and w € N such that (1— 1) % (1-1) >1-X\
If (m,n),(s,t) € P, then P\ P, is finite set, so there exists ¢ = g(w) such that
(m,n),(s,t) € P for all m,n,s,t > q(w). Therefore, g, -0, , (r+¢€/2) >1— =L

and fiy,, s, , (€/2) > 1 — < for all m,n,s,t > q(w). Hence it follows that

1 1
T S (ST N 7 (- M (R B
wtw St Tty w w
for all m,n,s,t > q(w).
Thus, for any € > 0, A € (0,1) there exists ¢ = g(w) such that m,n,s,t > g(w) and
m,n, s, t € P e F(Iy),

Koy —x 5t (r+e)>1-2A

. This shows that z,, is an 71;*-double Cauchy sequence in X. (]

5. Rough limit points and Rough cluster points in PNS

The notions of a rough ideal cluster point and a rough ideal limit point of a sequence in
PNS are studied in this section, and some of these concepts’ characteristics are examined.
We also get a typical ideal convergence criterion linked to a rough ideal cluster point of
a sequence in PNS.

Definition 5.1. Let (X, pu,*) be PNS and r be a non-negative real number. A point
¢ € X is called an I5-limit point of a double sequence & = {z,,} if there exists a set
K = {(mj,n;) : j € N} € F(I3) such that limj o Zy,;n, = & The set of all rough
I5-limit points of the sequence = will be denoted by IY-LIME.

Theorem 5.2. Let (X, p, %) be an PNS and r be a non-negative real number. For a
double sequence x = {xyn} we have diam(Iy — LIMY) < 2r. In general diam(I5 —
LIMY) has no smaller bound.
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Proof. Let € > 0,A € (0,1). Choose n € (0,1) so that (1 —n)*(1—n) > 1— A\
Assume that diam(I{ — LIM?) > 2r. Then there exists y,w € I§ — LIM! such that
Huw—y(2r) <1 —A. Put

A = {(m,n) eNxN:pg _,(r+e <1-n} and

Ay = {(mn) €NXN: g, w(r+6) <17}
Then Ay, As € I and hence M = N x N\ (4; U Ay) € F(I3) and so M # (. Let
(m,n) € M. Now

Py—w(2r +2€) > pig—y(r+€) % pg,  —w(r+e)
> (1—-m)*x(1—-n)>1-2X

which is a contradiction. Thus diam(I5 — LIMY) < 2r.
To prove the converse part, consider a sequence = {Zy,,} such that ri§-limz = .
Let € > 0, € (0,1) be given. Choose i € (0,1) so that (1 —7n)* (1 —n) >1—X. Then
,A={(m,n) e NxN:p, () <1—n}el Nowforeachéc B ({)={¢eX:
pe—c,z(r) <1 —mn} we have

Py —c(r+€) 2, —c(€) * pe—e(r)
> 1-mx*x(1—-n)>1-2x
whenever (m,n) ¢ A. Which shows that £ € I} — LIM! and consequently we can write
IV —LIM! = EQ(Q. This shows that in general upper bound 2r of the diameter of the
set It — LIM? = B, (¢) can not be decreased anymore. O

Definition 5.3. Let (X, y, %) be an PNS and r be a non-negative real number. A double

sequence = {&y, } is said to be I3 -bounded if there exists a real number M > 0 such
that

A={(m,n) eNxN:p, (M)<1-A}el
for every A € (0,1).
In [24] it was established that there exists a non-negative real number r such that
LIM; for a bounded sequence x. As LIM, implies I — LIM,, this result is also true

for I;b — LIM for any admissible ideal Is. The converse implication is not generally
true. For this we have the following result.

Theorem 5.4. Let (X, u,*) be an PNS. A double sequence x = {Zyn} is IY -bounded if
and only if there is a non-negative real number r such that I§-LIM # ().

Proof. Let © = {Zyun } be an IY¥-bounded sequence. Then, for every € > 0, A € (0,1) and
some r > 0, there exists a real number M > 0 such that

A={(m,n) e NxN:p, (M)<1-2A}e€lD.
For (m,n) € A® we have p,, (M) >1— A Also

Py, (T M) > po(r) * pi,,, (M)
> 1x(1-X)=1-A

Hence, 0 € I} — LIM? and so I}-LIM? # 0.
For the converse, Let I)-LIM! # () for some r > 0. Then there exists ¢ € X such
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that ¢ € I} — LIM!. For every € > 0,\ € (0,1) we have
{(m,n) e NXN:p, _c(r+e <1-A}el.
Therefore, almost all elements x are contained in some ball with center ¢ which implies

that sequence © = {2y, } is I}-bounded sequence in X. O

The rI4-limit set of a sequence is then given various topological and geometrical
features.

Theorem 5.5. Let (X, u,*) be an PNS and r be a non-negative real number. The
T—Ig’—limit set IY¥-LIM? of a double sequence © = {Tyy} s a closed set.

Proof. If I§-LIM! = (), then nothing to prove. Assume that IY-LIM! # () for
some 7 > 0 and consider y = {ymn} be a convergent sequence in IY-LIM! with
respect to the norm p to yo € X. For A € (0,1) choose n € (0,1) such that
(I—=n)*x(1—-mn) >1—A Then for every ¢ > 0 and € (0,1) and each z € X
there exist mi,n1 € N such that g, () > 1 —n for all m > my and n > n;.
Let (mo,n9) € N x N such that ¥mgn, € {Ymn} € I§-LIM?. Therefore, the set
K={(mn) e NxN:pg,  _y . (r+e) <1-n} €l Clearly, E =NxN\K € F(Iz)
and hence E # (. Let (p,q,1) € E and choose mqg > m1,ng > ny. Consequently,
Harpg—yo (T +2€) > K g —Ymgng (r+e)x* Ky ng —vo (€)
> 1-m*x1-n)>1-A\
Hence
E = {(m7n) € N X N : /’(‘w'mn_ym,ono (T + 6) > 1- 77}
C{(m,n) e NXN:py  —y(r+2e)>1-n}.
where {(m,n) e NxN: iy (r+€) >1—-n} € F(I). Hence
{(mm) € NX N fy,, g +26) > 1=} € F(I)
and so {(m,n) € NxN: p, . (r+2) <1—n} € Io. Therefore, the proof is
complete. [l

Theorem 5.6. Let (X, u,*) be an PNS and r be a non-negative real number. The
rI4-limit set IY-LIM? of a double sequence x = {xy,,} is conver.

Proof. Let ¢ > 0 and A € (0,1) be given. Choose choose n € (0,1) such that
(1—n)*(1—n)>1—X\ Let yo,y1 € I}-LIM?. So, we put

Q1 = {(mn)eNxN:p, . (r+e <1-n} and

Q2 = {(m,n) eENXN:pg,, —y (r+e) <1-nj.
Then Q1 U Q2 € I3 which implies that F = N x N\ (Q1 U Q) € F(I,) and so E # 0.
Now for all (m,n) € E and each « € [0, 1] we have
H i — (ayot+(1—a)y) (T + €)= Hap—(ago+(1—a)yn) ((r + €) + (L — a)(r + €)

2 fammn—oyo (a(r+ ‘5)) * M(lfa)xmnf(lfa)yo((l - a)(T + 6))

r+e r+4e€
= Hapn—yo | & a * Py —yo | (1 — ) 1—a
> (1—-nm)*x(1—-n)>1-X\
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Hence,

{(m,n) eNxN: uwmnf(ayo+(1fc¥)y1)(r + 6) <1- )\} el
which implies that ayo + (1 — a)y; € IY-LIM!. Consequently, I¥-LIM of a double
sequence & = {Z,,} is convex. O

Theorem 5.7. Let (X, u,*) be an PNS and r be a non-negative real number. Then a
double sequence x = {xpn} is rI -convergent to ¢ if and only if there exists a sequence
Y = {Ymn} such that I§limy = & and py,,, —y,.. (r) >1 =X for all (m,n) € N x N and
every A € (0,1).

Proof. Let ¢ > 0,A € (0,1) and each z € X. Suppose that y,, — r#{ and
Hamn—ymn () > 1 — X for all m,n € N. For given A € (0,1) choose n € (0,1) such
that (1 —n) % (1 —n) > 1 — A. Define

A = {(mn)eNxN:py, (6 <1-n} and
B = {(mn)eNxN:p, _, (r)<1l-—n}.
Then AU B € I and hence M =N x N\ (AU B) € F(I). For (m,n) € M, we have
Hap—¢(T+€) 2 iy, —c(€) * ey —y,, (T)
> 1-m*x1-n)>1-A\
Then piy,,, —c(r+¢€) >1— X for all (m,n) € M. This implies that
{(m,n) e NXN:p, _c(r+e<1-A}CAUB
and so

{(m,n) e NXN:p, _c(r+e <1-Atel

rIt
and this implies that z,,, — (.
Conversely, suppose that the given condition holds. For any ¢ > 0 and A € (0,1).
Choose 1 € (0,1) such that (1 —n)* (1 —n) > 1— \. Then the set

A={(m,n) e NxN:p, () <1—n}el,.
Observe that
i —¢ (T +€) 2 =y (T) * Ly, —¢ (€)
> 1-m*x1-n)>1-2x
for all (m,n) € M =N x N\ A. This shows that
{(m,n) e NXN:p, _c(r+e <1-A}CA€l.

i
Consequently, Zpn —= C. O

Definition 5.8. Let (X, 4, *) be a PNS and r be a non-negative real number. £ € X
is called a rough I;ﬁ -cluster point of a double sequence & = {Z,,, } if for any € > 0 and
A € (0,1), the set {(m,n) : s, _e(r+€) >1—A} ¢ Io. The set of all IJ'-cluster points
of z will be denoted by I§ — C7.

Theorem 5.9. Let (X, u,*) be an PNS and r be a non-negative real number. For
an arbitrary v € I — Cr, where * = {Tyn} is a double sequence in X, we have

x?

po—g(r) >1 =X\ for all § € If-LIM} and every X € (0,1).
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Proof. For A € (0,1) choose n € (0,1) such that (1—n)*(1—n) > 1—X. Let v € I} —CL.
Then, for every € > 0,n € (0,1) we have
{(mm) €N XN iy, () > 1 -1} ¢ I (5.1)
Now we will show that if for £ € X we have pg_,(r) > 1 — 7 then & € If — C7. Let
(,7) € {(m,n) e NXN: g, —v(€) >1—n} then py,, () >1—n. Now
Ha;;—¢ (’I" + 6) 2 /J’Iij*V(e) * Hy—¢ (71)
> (1—-mx(1—-n)>1-X\
We have iz, —¢(r +¢) > 1— A Thus
(i,7) € {(m,n) e NXN: g, _¢(r+e) >1-A\}.
Now the next inclusion holds.
{mn) ENXN: f, () > 1 -1}
C{(m,n) e NXN:p, _c(r+e >1-A}.
Using equation (5.1) we get
{(m,n) e NxXN:pg, _e(r+e€ >1-A}¢1,
and hence £ € I — CT. O
Theorem 5.10. Let (X, pu,*) be an PNS and r be a non-negative real number and
A € (0,1). A double sequence x = {xyn} is rI¥-convergent to & if and only if Ik -
LIM: = B\(¢).
Proof. In Theorem 5.2 we have already proved the necessity part. For the sufficiency,

let I4-LIM! = By (£) # 0. Thus the sequence = {2, } is I5-bounded. Suppose that
x has another I5-cluster point ¢ different from ¢. The point € = £+ Hfiidl(f —() satisfies

pe_g(r) <1 =X for every X € (0,1). Since ¢ € I§' — C7, it follows by Theorem 5.9 that
¢ ¢ Iy-LIM:. But this is impossible as pg_¢(r) > 1 — X and I5~-LIM] = B} (). Since
¢ is the unique I5-cluster point of z, it follows that x is rI5-convergent. O
Theorem 5.11. Let (X, pu,*) be an PNS and r be a non-negative real number. Let
x = {Zmn} be a double sequence in X. Then for every A € (0,1), we have
(i) If c € I} — C,, then I} — LIM? C B, (c).
fii) I — LIME = Moers—o, Ba(e) = {C € X+ If — Cu C Br(0)}.
Proof. (i) Let € > 0. For given A € (0, 1) choose n € (0, 1) such that (1—n)x(1—n) > 1-X\.
Consider ¢ € I — C¥ and ¢ € I — C,. For every ¢ > 0,n € (0,1), define the sets
A={(m,n) €N:pg,, (r+e)>1-n} ¢l
and
B={(mn)eN:p,,  —.(6)>1—n}¢l.
Now if (m,n) € AN B we have
pe—c(r+2€6) = pay,—c(r +€) * fig,,,,—¢(€)
> (1—-nm)x(1—-n)>1-=-X\
Consequently, ¢ € By(c) and so I} — LIM: C B, (c).
(ii) By previous part we have I — LIM! C Neerr—c, Bi\(c).
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Assume that m € ﬂcecﬂﬁg(c). Then pi—c(r) > 1 — X for each z € X and for all
¢ € I — C,. This implies that I — C, C B)(c), i.e.,

N Biec {gexzzg_cgcgﬁ’;(c)}.
celt—Cy

Further, let m ¢ I} — LIM then for € > 0 we have

{(m,n) e NXN:pu, _nrd+e) <1—2A}¢ I,
which implies that the existence of a I§-cluster point ¢ of the sequence z = {x,, } with
fha —y(r+€) < 1=\ Hence I — C, € By(c) and m ¢ {¢ € X : I — C, C By(c)}.
This implies that {¢ € X : I¥ — C, C By(¢)} C I¥ — LIM! and we obtain
Neers—c, B\(c) C I¥ — LIM?. Consequently,

LMy = ) Eg(c):{celeg‘—cxgég(c)}.
cell—Cy
O

Theorem 5.12. Let (X, p,*) be an PNS and r be a non-negative real number. Let
x = {xmn} be an IS-bounded sequence. If r = diam(I§ — C%), then we have
Y —crciry —LIM!.

Proof. Let ¢ ¢ I} — LIM?. Then there exists an € > 0 such that the set
K={(mn) e NxN:p, . (r+e)<1-\}¢ L.

Since the sequence is I4-bounded, there exists an I[§-cluster point ¢ such that
pe—e (r+€/2) <1 — X Consequently ¢ ¢ I} — C” and the result follows. O

6. Conclusion and Future Work

In conclusion, our study delved into the concepts of rough Z; -Cauchy and rough
Z5-Cauchy for double sequences within the framework of random 2-normed spaces.
We extended our exploration to include the development and examination of rough
Ty -convergence, rough Z5-convergence, rough Zp-limit points, and rough Z,-cluster
points for probabilistic normed double sequences. A key result of our investigation
was the establishment of the relationship between rough Zj-convergence and rough
Ts-convergence in probabilistic normed spaces. Specifically, we demonstrated that
rough Zj-convergence implies rough Zs-convergence. This insight contributes to a
deeper understanding of the connections between these two convergence concepts.
Furthermore, we presented an illustrative example showcasing that rough Z;-convergence
in probabilistic normed space does not necessarily imply rough Z5-convergence. This
exemplifies the nuanced nature of these convergence notions and highlights the
importance of distinguishing between them in certain scenarios. Our findings underscore
the significance of condition (AP2) in summability analysis when employing ideals.
The role of this condition in shaping the convergence behavior within the context of
probabilistic normed spaces has been elucidated through our study.

As for future work, potential directions include investigating the interplay between
rough Z,-and Z3-convergence in more specialized settings, exploring applications of these
concepts in specific mathematical or statistical contexts, and extending our analysis to
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encompass other types of normed spaces or mathematical structures. Additionally,
further exploration of the implications of condition (AP2) in various mathematical
analyses and the development of new conditions for enhanced convergence understanding
could be valuable avenues for future research.
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