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Abstract. In this article, we introduce and study Riesz bases in a separable
quaternionic Hilbert space. It is proved that a Riesz basis is a frame in the
quaternionic Hilbert space. Riesz sequences are defined and equivalence of a Riesz
basis and a complete Riesz sequence in a separable quaternionic Hilbert space is
proved.

1. Introduction

Frames for Hilbert spaces, which plays an important role in many applications, were
introduced way back in 1952 by Duffin and Schaeffer [9] as a tool to study of non-
harmonic Fourier series. Duffin and Schaeffer introduced frames for particular Hilbert
spaces of the form L?[a,b]. They defined a frame as

“A sequence {x,}nen in a Hilbert space H is said to be a frame for H if there exist
constants A and B with 0 < A < B < oo such that

oo
Aljz||* < Z |(x,2,))* < B||z||?, for all z € H.” (1.1)
n=1
Moreover, the positive constants A and B, respectively, are called lower frame bound
andupper frame bound, respectively, for the frame {z,},en. Collectively, these are
referred as frame bounds for the frame {x,}nen. The inequality (1.1) is called the
frame inequality for the frame {z,}nen. A sequence {z,}nen C H is called a Bessel
sequence if it satisfies upper frame inequality in (1.1) i.e. it has upper bound which
satisfies the inequality. A frame {x, }nen in H is said to be

e tight if it is possible to choose A, B with A = B satisfying inequality (1.1).
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e Parseval if it is possible to choose A, B with A = B = 1 satisfying inequality
(1.1).
o exact if removal of any x,, leaves the collection {x;};», no longer a frame for

H.

After more than thirty years, in 1986, Daubechies, Grossmann and Meyer [8], while
studying frames, observed that frames can be used to approximate functions in L?(R).
In abstract setting, they observed that a function in L?(R) can be represented as a series
in terms of elements of frames, which is similar to bases. Then one can also consider
frames as one of the generalizations of orthonormal bases in Hilbert spaces as redundant
frames expansions are more useful and advantageous over basis expansions in a variety
of practical applications. Now a days, frames are regarded as an important and integral
tool to study various areas of applications like representation of signals, characterization
of function spaces and other fields of applications such as signal and image processing
[4], filter bank theory [3], wireless communications [11] and sigma-delta quantization [2].
For more literature on frame theory, one may refer to [5, 7, 13].

In recent years, Khokulan, Thirulogasanthar and Srisatkunarajah [12] introduced and
studied frames for finite dimensional quaternionic Hilbert spaces. Sharma and Virender
[15] study some different types of dual frames of a given frame in a finite dimensional
quaternionic Hilbert space and gave various types of reconstructions with the help of
dual frame. Currently, a lot of work is being carried out in quaternionic Hilbert spaces
related to the theory of frames. It is noted that the quaternionic Hilbert spaces are
frequently used in applied physical sciences, especially in physics.

1.1. Motivation and Recent Work. Frames are used in the study which deals with
the construction of a vector from the elements of the frames. Frames produce the
construction of a vector just like the bases produce, but with the relaxation of the
uniqueness of the coefficients. Thus frames are used as generalizations of bases. Very
recently, Sharma and Goel [14] introduced and studied frames for separable quaternionic
Hilbert spaces and Chen, Dang and Qian [6] had studied frames for Hardy spaces in
the contexts of the quaternionic space and the Euclidean space in the Clifford algebra.
Sharma and Virender [15] studied some different types of dual frames of a given frame
in a finite dimensional quaternionic Hilbert space covering the dual part of frames in
quaternionic Hilbert spaces. One of the classes of frames is a bit stronger and nicer for
the purpose of the computations. Frames of this class are referred as Riesz frames which
are somewhat like Riesz bases. These frames are nicer for computations in applications
and are related closely with the theory of bases. In the present paper, we explore this
aspects of Riesz bases in quaternionic Hilbert spaces and try to list the concepts related
to Riesz bases in the setup of quaternionic Hilbert spaces. It is arranged in simple
and systematic manner which may be referred or may be used whenever there is a
requirement.

1.2. Outline. The paper is organized as follows: In section 2, we give notations and
terminology used in the context of quaternionic Hilbert spaces together with some
basic theory related to quaternionic Hilbert spaces. In section 2.1, the notations and
terminology is given. In section 2.2, some basic definitions and basic introduction
of quaternionic Hilbert spaces are provided. Some fundamental results of functional
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analysis are listed in the context of quaternionic Hilbert spaces. Section 2.3, frames in
quaternionic Hilbert spaces, comprises the definition of frames and some results related
to frames in quaternionic Hilbert spaces. Finally, Section 3 is devoted to the concept
of the Riesz bases in separable quaternionic Hilbert spaces. The basic results related
to Riesz bases are listed and proved in this section. This section covers the important
aspects of Riesz bases in quaternionic Hilbert spaces. Proper references are provided at
the end of the paper.

2. Preliminaries

2.1. Notation and Terminology. Since the quaternions are non-commutative in
nature, we have two different types of quaternionic Hilbert spaces, the left quaternionic
Hilbert space and the right quaternionic Hilbert space depending on positions of
quaternions.

Throughout this paper, we will denote £Q to be a non-commutative field of
quaternions, I be a non-empty countable set of indices, Vg(Q) be a separable right
quaternionic Hilbert space, by the term “right linear operator”, we mean a “right Q-
linear operator” and B(Vx(Q)) denotes the set of all bounded (right Q-linear) operators
of VR(D):

B(Vr(Q)) :={T:Vr(Q) = Vr(Q) : [|T|| < oo}.

2.2. Quaternionic Hilbert space. The non-commutative field of quaternions £ is a
four dimensional real algebra with unity. In 9, 0 denotes the null element and 1 denotes
the identity with respect to multiplication. It also includes three so-called imaginary
units, denoted by i, j, k. i.e.,

Q ={xo+x10+ 22 + x3k : x0, T1, T2, x3 € R}

where 2 = j2 = k2 = —1; ij = —ji = k; jk = —kj =4 and ki = —ik = j. For each
quaternion ¢ = xo + x17 + x2j + x3k € 9, the conjugate of ¢ is denoted by § and is
defined as

q=2x0— 21l —x9f —x3k € Q.

If ¢ = x9 4+ x17 + x2j + x3k is a quaternion, then zg is called the real part of ¢
and x1i + x2j + x3k is called the imaginary part of q. The modulus of a quaternion
q = xo+ 211 + x2j + w3k is defined as

lal = (@a)"* = (q@)'* = \/933 +af + a3 + a3,
For every non-zero quaternion ¢ = xg + x1¢ + x2j + x3k € Q, there exists a unique
inverse ¢~ ! in 9 as
q—l _ i _ xO—l‘l’i—xgj—l‘gk
WF " el el ve3iad

Definition 2.1. A right quaternionic vector space V() is a vector space under right
scalar multiplication over the field of quaternions £, i.e.,

VR(Q)XQ — VR(Q)
(u,q) — ug (2.1)
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and for each u,v € Vi(Q) and p,q € Q, the right scalar multiplication (2.1) satisfying
the following properties:

(u+v)q = uq +vq

u(p+q) = up + ug

v(pg) = (vp)g.
Definition 2.2. A right quaternionic pre-Hilbert space or right quaternionic inner
product space V() is a right quaternionic vector space together with the binary

mapping (.|.) : Vg(Q) x Vg(Q) — Q (called the Hermitian quaternionic inner product)
which satisfies following properties:

(a) (v1]v2) = (va|vy) for all v1,ve € VR(Q).

( ) (v[vy >0 for all 0#ve Vg(Q).

(¢) (v|vr + v2) = (v]v1) + (v]va) for all v,v1,vy € VR(Q).

(d) (v|ug) = (v|u)q for all v,u € Vi(9Q) and q € Q.
Let Vg(Q) be a right quaternionic inner product space with the Hermitian inner
product (.|.). Define the quaternionic norm ||.|| : Vg(Q) — RT U {0} on Vg(Q) by

[ull = V{ulu), ue Vr(Q). (2.2)

Definition 2.3. The right quaternionic pre-Hilbert space is called a right quaternionic
Hilbert space, if it is complete with respect to the norm (2.2) and is denoted by Vg (Q).

Theorem 2.4 ([10]) (The Cauchy-Schwarz Inequality). If V() is a right quaternionic
Hilbert space then

[{u|v)[* < (ulu)(v|v), for all u,v € Vr(Q).
Moreover, the norm defined in (2.2) satisfies the following properties:
(a) ||lugll = ||ulllg|, for all w € VR(Q) and q € Q.
(0) llu ol < lull + [[vll, for all u,v € Vr(Q).
(c) ||ul| =0 for some u € Vg(9Q), then u = 0.

For the non-commutative field of quaternions £, define the quaternionic Hilbert space

25(9Q) by
@) = {{ahen 21 Y laf < +oc

€N
under right multiplication by quaternionic scalars together with the quaternionic inner
product on ¢5(Q) defined as

plq szq“ {pz ieny and g = {QZ}%EN € EQ(Q) (2'3)
1€N

It is easy to observe that () is a right quaternionic Hilbert space with respect to
quaternionic inner product (2.3).

Definition 2.5 ([10]). Let Vr(9Q) be a right quaternionic Hilbert Space and S be a
subset of Vz(Q). Then, define the sets:
e St={veVr(Q): (v|Ju)y=0YueS}
e (S) be the right 9-linear subspace of Vz(Q) consisting of all finite right Q-linear
combinations of elements of S.
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Theorem 2.6 ([10]). Let V() be a quaternionic Hilbert space and let N be a subset
of Vr(Q) such that, for z,z' € N, (z|2') =0 if z # 2’ and (z|z) = 1. Then the following
conditions are equivalent:

(a) For every u,v € Vr(Q), the series ) n{ulz)(z|v) converges absolutely and

(uvo) = D (ul2){z]v).

zeN
(b) For every u € Vr(Q), ||ul> = > [{z|u)|?.

ze€N
(c) N+ ={0}.
(d) (N) is dense in Vr(9Q).

Definition 2.7 ([10]). Every quaternionic Hilbert space Vi(Q) admits a subset N,
called Hilbert basis or orthonormal basis of Vr(Q), such that, for 2,2’ € N, (z|z') =0
if z # 2" and (z|z) = 1 and satisfies all the conditions of Theorem 2.6.

Further, if there are two such sets, then they have the same cardinality. Furthermore,
if N is a Hilbert basis of Vz(R), then every u € V() can be uniquely expressed as

u= Z z{z|uy,

zeN

where the series Y z(z|u) converges absolutely in Vz(Q).
zEN

Definition 2.8 ([1]). Let Vz(Q) be a right quaternionic Hilbert space and T be an
operator on Vr(). Then T is said to be
o right Q-linear if T(via+vyf) = T(v)a+T(v2)B, for all v1,ve € V5(Q) and «, 5 €
Q.
e bounded if there exists K > 0 such that | T'(v)|| < K||v||, for all v € Vr(Q).

Definition 2.9 ([1]). Let Vz(Q) be a right quaternionic Hilbert space and T be an
operator on Vi(9Q). Then the adjoint operator T* of T is defined by

(v|Tu) = (T*v|u), for all u,v € Vg(9Q).
Further, T is said to be self-adjoint if T = T*.

Theorem 2.10 ([1]). Let Vr(Q) be a right quaternionic Hilbert space and S and T be
two bounded right Q-linear operators on Vr(Q). Then

(a) T+ S and TS € B(Vr(Q)). Moreover:
1T+ S| < TN+ 151 and TS| < (| T|[|S]]-

() (Tolu) = o|T*).
(c) (T+S) =T*+ 5"

(d) (T'S)* = S*T*.

(e) (T} =T.

(f) I* =1, where I is the identity operator on Vg(Q).
(g9) If T is an invertible operator then (T—1)* = (T*)~1.
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2.3. Frames in quaternionic Hilbert spaces. We begin this section with the
following definition of frames in a separable right quaternionic Hilbert space Vi (Q)
as defined in [14]:

Definition 2.11. Let Vi(Q) be a right quaternionic Hilbert space and {u;};en be a
sequence in Vg(Q). Then {u;}ien is said to be a frame for Vi(Q), if there exist two
finite real quaternions r; and ro with 0 < r; < ro such that

ri|ul]? < Z [(uiu)|? < rollul)?, for all u € VR(Q). (2.4)
€N

The finite positive real quaternions r; and ry, respectively, are called lower and upper
frame bounds for the frame {u;}ien. The inequality (2.4) is called frame inequality
for the frame {u;};cr. A sequence {u;};en is called a Bessel sequence for a right
quaternionic Hilbert space Vi() with bound ro, if {u;}ien satisfies the right hand
side of the inequality (2.4). A frame {u;};en for a right quaternionic Hilbert space
Vr(Q) is said to be

e tight, if it is possible to choose 1 and 79 satisfying inequality (2.4) with r1 = ra.

e Parseval frame, if it is tight with r; =7, = 1.

e cxact, if it ceases to be a frame whenever anyone of its element is removed.

If {u;}ien is a Bessel sequence for a right quaternionic Hilbert space Vi(9). Then,
the (right) synthesis operator for {u;}icn is a right linear operator T : £2(Q) — Vr(Q)
defined by

T({gi}ien) = Y uiti, {ai}ien € (2(Q).
€N
The adjoint operator T of right synthesis operator T is called the (right) analysis
operator. Further, the analysis operator T* : Vg(Q) — £2(Q) is given by
T (u) = {(uilu) yien, u € Vr(Q).
Infact, for u € V() and {¢;}ien € £2(Q), we have

(T (w)l{gitien) = (WIT{gi}ien))
<u Zui%’>

€N

Z<U|Ui>fh

€N

(ttustu b fabien )

Thus, we get
T (u) = {(uilu) yien, u € Vr(Q).
Let Vr(R2) be a right quaternionic Hilbert space and {u; };en be a frame for Vz(Q).

Then, the (right) frame operator S : Vg(Q) — Vg(Q) for the frame {u;}ien is a right
linear operator given by

S(u) = TT"(u)
— Zui<ui|u>, u € Vg(Q).

i€EN
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3. Riesz Basis in Quaternionic Hilbert Spaces

One may recall that, if N, N’ C Vz(Q) are Hilbert bases, then there exists a bounded
unitary right linear operator U such that U(N) = N’. Moreover, if V is bounded
unitary right linear operator, then {V(z) € Vg(Q) : z € N} is a Hilbert basis of Vz(Q).
We have the following modification of the definition of Riesz basis in a separable right
quaternionic Hilbert space.

Definition 3.1. Let Vi(9) be a right quaternionic Hilbert space. Then, a Riesz basis
for Vz(9) is a family of the form U(N) = {U(e,)}nen, where N = {e,}nen is an
orthonormal basis or Hilbert basis for Vz(Q) and U : Vg(Q) — Vg(Q) is a bounded
right linear bijective operator.

In the next result, we prove that a Riesz basis produces another unique Riesz basis
which is used in the reconstruction of vectors of the space.

Theorem 3.2. Let Vr(Q) be a right quaternionic Hilbert space and X = {xp}nen be
a Riesz basis for Vi(Q). Then X is a Bessel sequence. Further, there exists a unique
sequence Y = {yn tnen C Vr(Q) such that

u= Z Tn{ynlu), for all u € Vg(Q). (3.1)
neN
The sequence Y is also a Riesz basis, and the series (3.1) converges unconditionally for

every u € Vi(9Q).

Proof. As X is a Riesz basis, X = {xn}nen = {U(en)nen}, where {e,}nen is an
orthonormal basis for Vz(Q) and U : Vg(Q) — Vr(Q) is a bounded right linear bijective
operator. So, for every u € Vx(), we have

U™ u) = en(enlU™ (u))
neN
Define Y = {y, tnen = {(U™1)*en }nen. Then, we compute
v = UU'u
= Z Ulen) <(U71)*en|u>

neN

S (gl

neN

Since the operator (U ~1)* is a bounded right linear bijective operator, Y is also a Riesz
basis. Further, for each u € Vi(9), we have

> lzalw)? Y [Uen)lw)?

neN neN
1U* (w)]?
U112l (32)

IN

So, X is a Bessel sequence. Thus, the series (3.1) converges unconditionally.
Further, as U~! is a right linear bounded operator and {e, }nen is an orthonormal
basis, every Riesz basis in Vg(Q) is also a basis for V(). Therefore, if {y, }nen and
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{zn }nen are sequences in VR(Q) such that for every u € Vz(Q)
u = Z T (Ynu) = Z Tn(2n|u),
neN neN
then {yn}nGN = {Zn}n€N~ ]

The unique sequence Y (= {yn}nen = {(U7) entnen) C Vr(Q) satisfying (3.1) is
called the dual Riesz basis of X (= {@n}nen = {U(€n)fnen). Similarly, the dual of YV is

{(UUU?ﬁ*%}MN = {Ulen)}nen
= X.

Therefore, X and Y are duals of each other. So, we call them a pair of dual Riesz bases
in VR(Q)

Related to pair of dual Riesz bases, we give the following result.

Theorem 3.3. Let X = {z,}neny and Y = {yn}nen be a pair of dual Riesz basis for a
quaternionic Hilbert space Vr(Q). Then

(a) X and Y forms a biorthogonal system.
(b) For every u € Vr(Q),

u= wn(yalu) =Y yalwnlu).
neN neN

Proof. (a). As X and Y are Riesz bases, X = {U(en)}neny and Y = {(UY*e, }nen,
where U : VR(Q) — Vr(Q) is a bounded right linear bijective operator. Then, we have

(@ilyy) = (Ue)l(U™")"e;)

= (eile;) = 0;;, foreach i, j€N.
(b). Straight forward. O

In the next result, we show that every Riesz basis in a quaternionic Hilbert space
Vr(Q) is a frame for Vz(Q).

Theorem 3.4. If Vr(Q) is a right quaternionic Hilbert space and X = {xp}nen be a
Riesz basis for Vr(Q), then X is a frame for Vg(Q).

Proof. In view of (3.2) it is clear that, X = {U(e,)}nen is a Bessel sequence with bound

|U|I?, where U : Vg(Q) — Vr(Q) is a bounded right linear bijective operator. Also
lull = @)U (W)

@) MU (w)]

[U=HE T (w)]]-

Thus, X is the frame with the largest possible lower frame bound and the smallest

IN

possible upper frame bound and ||U]|?, respectively. Thus, Riesz bases produce

1
R (e
frames for quaternionic Hilbert spaces. O

Next result is related to Bessel sequences in quaternionic Hilbert spaces.
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Theorem 3.5. Let Vr(Q), Wr(Q) be right quaternionic Hilbert spaces and let
X ={2n}tneny CVR(Q), Y = {yn}neny C Wgr(Q). Assume that Y is a Bessel sequence
in Wgr(Q) with bound B, X is complete in Vr(Q), and there exists a positive constant

A such that
2

A lanl <

neN

neN

for all eventually zero sequences of quaternions {qu}nen. Then U : span X — span Y
defined by

U (Z ann> = Z YnGn, for all eventually zero sequences of quaternions {qn }nen,
neN neN

is a bounded right linear operator with a unique extension to a bounded operator from

B
Vr(Q) into Wgr(Q), the norm of U as well as its extension is at most ”Z'

Proof. For every x € span X, there exist a unique sequence of eventually zero
quaternions {g, }nen such that = 3 x,q,. Therefore, U : span X — span Y defined

neN
by

U (Z znqn> = Z Ynqn, for all eventually zero sequences of quaternions {¢, }nen,
neN neN

is well-defined and right linear. Further, for an eventually zero quaternions {gy, }nen, we

have
U <Z ann)
neN

2 2

Z Tndn

neN

BZMn‘Q

neN

Z Yndn

neN

IN

2

B
A

Thus, U is bounded. Furthermore, as X is complete, U has an unique extension to a
bounded operator on Vg(9) into Wx(Q). O

Next, we define a Riesz sequence as follows:

Definition 3.6. Let Vz(Q) be a right quaternionic Hilbert space and X = {zy, }nen
be a sequence in Vr(Q). Then X is said to be a Riesz sequence in Vg(Q) if there exist
positive real quaternions A and B such that

A anl? <D 2nan

neN neN

2
<BY gl (3.3)

neN

for all eventually zero sequences of quaternions {gy, }nen-
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The next theorem gives an equivalent condition for a Riesz basis in terms of a complete
Riesz sequence.

Theorem 3.7. Let Vr(Q) be a right quaternionic Hilbert space. Then X = {xy fnen 15
a Riesz basis for VR(Q) if and only if X is complete Riesz sequence in Vg(Q).

Proof. As X is a Riesz basis, X = {xn}nen = {U(en)nen}, where {e,}nen is an
orthonormal basis for Vz(Q) and U : Vg(Q) — Vr(Q) is a bounded right linear bijective
operator. So, in view of Theorem 3.5, X is complete in Vz(9Q). Further, for any
eventually zero sequences {gy }neny C Q, we have

2
> ngn U (Z ann>
neN

2

neN
2
< NUIP 1Y @ngn]| =B lanl” (3.4)
neN neN
Further, we compute
2
D lanl* = 2 entn
neN neN
2 2
= U_1U<Zenqn> <UD 2ngn (3.5)
neN neN

Thus, in view of (3.4) and (3.5), we get

||U 1”2 Z|Qn|2 Zann

neN neN

<UI* Y lanl.

neN

Conversely, for each i € N, define U; : £2(Q) — Vg(Q) as
{q’rL}TLEN Z Tndn

n<i

and U : £5(Q) — Vr(Q) as
{Qn}nEN Z Tndn-

neN
Then by (3.3), each U, and U are bounded right linear operators and {U,} — U.
Then by uniform boundedness principle, (3.3) is true for all {g,}nen € ¢2(Q). This
implies that X is a Bessel sequence with bound B. Next, choosing an orthonormal basis
{en}nen for Vi(9Q), then by Theorem 3.5, there exist unique extensions of the mappings
U(en) = zpn, n € N and V(x,) = e,, n € N to bounded operators on Vz(Q). Then,
VU =UV =1. So U is invertible. Thus, X is a Riesz basis for V(). O

The following corollaries are straight consequences of the result obtained.

Corollary 3.8. Let Vi(9Q) be a right quaternionic Hilbert space and X be a Riesz
sequence in Vp(Q). Then X is a Riesz basis for span X.
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Corollary 3.9. Let Vi(Q) be a right quaternionic Hilbert space. Then every subfamily
of a Riesz sequence is a Riesz sequence.
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