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Abstract. Wilson wavelets have been discussed in this paper. An analysis has
been conducted on the orthonormality property of Wilson wavelets. A verification
has been done on the Wilson wavelet series of functions. The Wilson wavelet
approximation of a function f whose M!" derivative f(M) belonging to Hélder’s
class of order 0 < a < 1 has been determined. The moduli of continuity has been
estimated for solution function f of Fredholm integral equation. A method to solve
integral equations by Wilson wavelet technique has been proposed. It is observed
that the solutions of Fredholm integral equation obtained by the proposed method
are almost same to their exact solutions. This illustrates the effectiveness of the
proposed method.

1. Introduction

In recent years, wavelets have found their ways into different fields of science
and engineering such as signal analysis for waveform representation, segmentation,
image manipulation and numerical analysis[[L1]. In wavelet analysis, wavelet functions
approximate a function with less nonzero wavelet coefficients in comparison to Fourier
analysis. It studies the functions which are decomposed into basic functions and these
are achieved by dilation and translation of mother wavelet.

In modern analysis, orthogonal functions and wavelets have been used to approximate
a function by partial sums of its wavelet series. The main reason behind using orthogonal
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basis is that it reduces these problems to solving a system of linear algebraic equations
by truncated approximation series

2k—_1  —or
(Sora(NB =D D Comnm(t)=CT(t) (1.1)
n=0 m=—2r—1
of Wilson wavelet series
—2r

FO=>""Y cnmnm(t) (1.2)

n=0m=—-2r—1

of f € L?[0,1) , where C and 1(t) are m = 2*+1 column vectors, i = (—2r —1) +(=2r).

There are several problems of science and technology in the form of integral
equations. There are various methods to find numerical solution of integral equations
[U[2]. Sometimes it is difficult to find solution of integral equation analytically. Hence,
there is a need of approximate solution of such problems by Wilson wavelet method .

In this paper, a method to solve Fredholm integral equations has been introduced
and an approximate solution of this integral equation using Wilson wavelets have been
computed [12]. In order to find that, the convergence of Wilson wavelet series has been
analyzed. A new operational matrix of integration for the basis functions has been
obtained to eliminate the integral operation and to reduce the problem into solving a
system of algebraic equations |4, 9, 10, [7].

The paper is organised as follows : The Wilson wavelets, their orthonormality, and
other basic definitions required for subsequent developments are covered in Section P. In
Section B, the convergence analysis of Wilson wavelet series has been studied. In Section

, Estimators for Wilson wavelet approximations of functions belonging to H*[0,1)
class, having M*" derivative bounded along with their moduli of continuity has been
investigated. In Section [, a method to solve Fredholm integral equations by Wilson
wavelets has been developed and the effectiveness of this method has been observed by
examples. In Section fj, the conclusion of the research work has been mentioned.

2. Preliminaries

To begin, we will recall some well-known definitions of wavelets and function spaces
that will be employed subsequently:

Definition 2.1. Function of H*[0,1) class
A continuous function g € H*[0,1), if it satisfies the inequality:

l9(x) —g(y)| =O(lz —y|*) Va,ye0,])and 0 <a <1
For details, one can see [[13].

Definition 2.2. Modulus of Continuity
The Modulus of continuity of a function g € L?[0,1) is defined as:

W(g,0) = S llg(++h) —g()]l2

— sup ( / gt + h) — g(t) de) .

0<h<é
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It is notable that W (f,0) is a non-decreasing function of § and W(f,d) — 0 as § — 0.
For more details, one can refer to [4].

2.1. The Wilson Wavelets. Wilson introduced a system of basis function as
follows:

encos(2nmt)w(t — 2), m is even,

Unm(t) = { V2sin(2(n + 1)7715)3(75 — 2 m s odd. 21)

where

1 ,n=0
“T1 V2 ,neN

with a smooth well-localized window function w [§, [I]. The positive and
negative frequencies are the focal points of this system’s components. From this,
an orthonormal system was built using a series of basis functions, which eventually
came to be known as the "Wilson basis”[5]. Now we consider w = X[r,r+1), T € Z in Eq.

1), ie.

_ | encos(2nmt)X[rry1)(t — F), m is even
Vm(t) = { V2sin(2(n + 1)) X r11) (E — L), mis odd. (2:2)

where
1 ,n=0
71 V2 ,neEN
The set {Ynm(s)|m € Z,n € NU{0}} is a tight frame for L2% with bound 1 [§].

The set {tnm ()|m € {—2r—1,—2r}},n € NU{0}, for r € Z in Eq.(2.2) is an orthonormal
basis for L2[0,1). This is called the Wilson wavelets.

2.2. Wilson Wavelet Series Approximation. Any square integrable function
f(¢t) defined on [0,1) can be expanded in terms of the Wilson wavelets as:

f(t) = Z Cn,—2rn,—2r(t) + Z Cn,—2r—1Vn,—2r—1(t) (2.3)
n=0

n=0

where ¢pm =< f(t),Ynm(t) >, m € {-2r —1.=2r} and < ... > denotes the inner
product on L2[0,1). If the infinite series in Eq. (@) is truncated, then it can be written
as:

2k—1 —or

Soaam (DB =D D comtnm(t) 2 CT(t) (2.4)

n=0 m=—2r—1

where C' and v (t) are 7 = 2+ column vectors given by:

A T
C= [Co,—2r—17 C€o,—2r;C1,—2r—1,C1,—2r - - -, Cok_1 _92p_1, C2k71,72r] (2~5)

and w(t) £ [¢07—2T—1(t)7 wo,—QT(t)a wl,—QT—l(t)7 s aw2’“—1,—27‘—1(t)7 ¢2’“—17—2r(t)%T )
2.6
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The Wilson wavelet approximation Eyx z,(f), where m = (=2r — 1) + (=2r) of a
function f € L?[0,1) by (2%, (—2r — 1) + (—2r))™ partial sums Sor (_o,_1)1(—2r)(f) of
its Wilson wavelet series is given by:

Egk 5 (f) = Sinh%f) [f — Sor s ll2,
2R m

1= ([ 1spar)’.

If Eor 5 (f) — 0 as k,1m — oo , then Eox 3, (f) is called the most accurate estimation of

7 [14)

2.3. Orthonormality of Wilson wavelets. Here, the property of orthonormality
of the set {¢y, m(:)|m € Z,n € NU{0}} of Wilson wavelets has been investigated in the
following proposition.

where

Proposition 2.3. The set {¢m(.)m € Z,n € NU {0}} of Wilson wavelet series is
orthonormal, i.e ;

1
< ¢n,m7 ¢n’,m’ > = / "/}n,m (t)¢n’,m’(t)dt = 6n,n’§m,m’ (27)
0
where
s, L= n’ 5 1 m=w
n,n’ — 0 ,n;«én' ) m,m’ — 0 ,m;ém’

Proof. Case 1: Let n =n', < Yy.m, Ynm >= fol U (8) Ve (£)dE
For m = m/,

1
< Yn,ms Ynm >= / eicosz(2n7rt)dt =1.
0
Form#m/, lesm=—-2r—1, m' = —2r
1
< 1pn,mv ¢n,m’ >= / \/5 5%8@”(2(” + 1)7Tt)C082(2’n7Tt)dt =0.
0

Hence,
< wmmv ’(/}n,m’ >= 5m,m’-

Case 2: Let m = m’', < Yy Unrm >= foy G () m (£)dt
For n = n/,

1
< Yy Unym >= / €2cos*(2nmt)dt = 1, when m is even,
0

1
< VUpomy Ynm >= / 25in2(2(n + 1)7t)dt =1, when m is odd.
0
For n # n/,

1
< Yy Untm >= / €2 cos(2nmt)cos(2n'wt)dt = 0, when m is even,
0

1
< VUnmy o m >= / 2 sin(2(n + 1)mt)sin(2(n’ + 1)7t)dt = 0, when m is odd.
0
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Hence,
< ¢n,m7 wn’,m >= 5n,n/-
Case 3: Let n#n’ and m #m/, so let m = —2r — 1 and m' = —2r
1
< Vnmy Ut oy >= / V2sin(2(n + 1)mt)e,cos(2n'nt)dt = 0.
0
Hence,
< wn,mv ’(/}n’,m’ >= 6n,n’6m,m’ .
Therefore, the set {t m(s)|m € Z,n € NU{0}} is orthonormal. O

2.4. Verification of Wilson Wavelet series. The verification of Wilson wavelet
series is presented as follows:

Example 2.4. For f(t)=1forallt € [0,1), ||f||3=1.
1
1/)0,—27’ = ]-7 Co,—2r =< fa 11[}0,—27“ >= / f(t)dt =1 )
0
1
o,—2r—1 = \@sin(%rt), co,—2r—1 =< f,%0,—2r—1 >=/ \/if(t)sianfdt =0
0

1 1
Cn,—2r = / V2cos(2nm(t)) =0 and ¢, o, 1 = / V2sin2(n 4 1)xtdt =0 ,¥ n > 1.
0 0

Thena f(t) = Z(Cn.—%‘wn,—%"(t) + Cn,—2r—1wn,—2r—l(t))a
n=0
H.f”g = Z(|Cn,—2r|2 + ‘Cn,—2r—1|2)
n=0

= (leo—2r|* + Ico.—2r—11*) + > _(len 20l + [en,—201]?) = 1.
n=1
Example 2.5. For f(t) =t+ 1 for all t € [0,1).

1
7
171 =< £ >= [ e+ 2yt = .
0
! 3
co,—2r =< f,%0,—2r >= / (t+1)dt = oL
0
= | V2sin@rt)(t + Dt = ——,
€o,—2r—1 /0 sin(27t)( ) Tan
1
Cn,_gr:/ V2(t 4 1)cos(2nnt)dt = 0,
0
-1

Cn,—2r—1 = /0 V2(t + 1)sin(2(n + 1)7wt)dt = m Vn>1.

o0
1£113 = Ico,—2r|* + |co,—2r—1 > + Y (|0n7—2r|2 + |Cn7—2r—1|2>

n=1
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9 1 1 /7 7
- V=24 = ———1)27.
22+Z< n—|—1 ) 4+27r2+271'2(6 3

Hence, the series is verified for f(¢) =1, t 4+ 1 for all t € [0,1). This is carried out
to demonstrate the existence of the wavelet series.

2.5. Operational Matrix of Integration. In this section, the operational
matrix of integration for Wilson wavelets has been constructed. For r = 0 and
n=20,1,2,3

Y =1[Yo—1 oo Yi—1 Yo Y21 Yoo P31 P30

The eight Wilson wavelet basis functions on the interval [0, 1) are given as:

ho,—1 = \/isin(%rt); oo = 1; P11 = \/isin(llmf);
P10 = V2cos(27t); P9, 1 = V2sin(6mt); o0 = V2cos(4rt);
P31 = \@sin(&rt); P30 = \@cos(ﬁwt).

We obtain the operational matrix P satisfying fot Y(y)dy = Pi(t) has been
obtained as follows :

1—cos(27rt) 1 -1 _
/wo_l L0 5 0 3 00 0 0w

-1 1 -1 -1 -1
/%0 ay = \fﬂ' 2 227 0 3V2r 0 4N/ 2 O (2);

[onsta =120 g 0 0 0 0 o
/wlo S“jg:t) [% 00000 0 0
/ by =+ 2T 0 0 0 0 0 0 SHu,
T s
szn(47rt) 1 .
/%0 eV =0 0 = 0000 ]2 (t);
17005(87#) 1 ‘
/wg_l e =10 g5 0000 0 0) ;

and /01/1370(y)dy:w:[0 00 0 6% 0 0 0t
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Hence, the Wilson wavelet operational matrix of 1ntegratlon Ps«s is given as:

1 =1
0 &% 0 F 0 0 0 0
= 3 54 0 = 0 0
Vor % 2\/§7r 3\/§7r 1 427
0 55 0 0 0 F 0 0
Pavs = = 0 o 0 0 0 0 0
X8 — 1 —1
0 55 0 0 0 0 0 &
o 0 £ 0 0 0 0 O
1
0 45 0 0 0 0 0 0
(0 0 0 0 & 0 0  0]g,

3. Convergence Analysis

In this section, the convergence analysis of the Wilson wavelet expansion of a
solution function f of Fredholm integral equation is to be discussed.

Theorem 3.1. If f is a solution of Fredholm integral equation such that
each of f, W, f@ . fM s bounded in [0,1) ie. |f D) < C; > 0,
forq=0,1,2,.., M, then the Wilson wavelet series (R.3) of f converges absolutely
in norm || «||2.

Proof. Let r € Z, by considering Wilson wavelet series (@) we get
1 1
el =1 [ 0 < [ 1re)at] <,
0 0
1 1
Co,—2r—1 = / f(t) 1/)07_2r_1(t)dt = / \/5 f(t) sin(27rt)dt.
0 0
1
co—2r—1| = \/ V2£(t) sin(2mt)dt|
0
1
<V2 / |f(8)]| sin(27t)|dt
0
1 1 1 1
<V2| / fA(t)dt|? | / sin?(2nt)dt|2, by Cauchy schwarz inequality
0 0

<3 |!f!|2(/01 (Locostint) )

~ V2 Hng.\lf

Cn—2r = V2 / f(t) cos(2nmt)dt, integrating by parts

Znﬂ'/ f'(t) sin(2nmt)dt

= [[fl]2 < o0
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1
/ f"(t) cos(2nmt).
0

Now repeating the above process of integrating by parts M (> 2) times,

- (2nm)?

V2 o , .
Cn—or = 2n7rM/ FOM) (4) sin(2nat)dt, when M is odd integer.

1
umar| < G [ 110 sinnm)
f 20/ V20
nm) / | sin(2n7t)|dt < B 7r)M'
Similarly, if M is even integer then
V20

[en—2r| < (2nm)M

Hence,
Cy

[en—2r] < V2. 2M=1 pM M

VneN. (3.1)

1
Cn,—2r—1 _A f(t)wn,—%"—l(t)dt
— \/5/1 F(@®)sin(2(n + 1)7wt).w(t + r)dt
0
= \/5/1 f(t)sin(2(n + 1)wt)dt, integrating by parts
0

V2 1 ,
= — t 2 1)t)dt.
2(n+1)7r/0 F'(t)cos(2(n + 1)rt)
Now repeating the above process of integrating by parts M (> 1) times we get,

Cn,—2r—1 = (2(7»—1—\[11‘/1/ FM) (#)cos(2(n + 1)7t)dt, when M is odd integer

/5

Cn,—2r—1] < (2(+1M/ £ @)]] cos(2(n + 1)wt)|dt

S(2(n\£?fM/ | cos(2(n + 1)mt)|dt

V20
~ 2(n+1)mM
Similarly, if M is even positive integer then
V2C
|Cn,72r71| < 7?:/[
(2nm)
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Hence,
V2C; Cy
|Cn,727"71‘ < i MM — . (32)
2M(n + 1)M7 V22M=1(p 4 1)M M

By applying Cauchy integral test we get,

o) —2r —2r 0o —2r
I Z Z CnmPnmll2 = || Z co,m¥Po,m + Z Z CnmW¥n,ml|2

n=0m=—2r—1 m=—2r—1 n=1m=—2r—1

o0 00
< Z ‘Cn,72r71| + Z |Cn,f2r|
n=1 n=1
Cy =1 1
<« ____ 25 il -
~ /22M-1gM <; it nz::l (n+ 1)M)

<Cf<1+/°°dn+1+/°°dn>
_\/§2M—17TM 1 nM 2 1 (n+1)M

< Cy (3 n 1 n 1 ) <

= 00.
= /2oM 1M \2 T M1 (M —1)2M1
This implies that this series is absolutely convergent in || - ||2 and hence it is
convergent for M > 2. O

Theorem 3.2. If f is the solution of Fredholm integral equation such that each
of £, fW, @ . fM) belongs to H*[0,1) then its Wilson wavelet series (@)
of f converges absolutely.

Proof. Let r € Z, by considering the Wilson wavelets series we get,
1 1
eoarl = | [ 000t < [ 17001t < .
0 0
1 1
cor2r1] = | / F (o2 (B)dt] = | / V2F(t) sin(2ntdt)] < oc.
0 0
Following the proof of Theorem (@),

5 1
Cn,—2r = \[M/ FOM) (4) sin(2nat)dt, when M is odd integer
(2nm)M J,

1
= (27;{?)M (/0 (fO(t) = FM (ko)) sin(2nmt)dt

+ 10 (g) / 1 sin(2nrt)di

0
1
= (QT\L{?)M/O (f(M)(t) — f(M)(t0)>sin(2n7rt)dt
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s

- (mf)M > A,n_l) (f M0(¢) - f(M)(to))Sin(ant)dt
p=1"""n

V2 00— 00| 6
|cen,—2r| < W Zﬂpl) ) = f (to)) Sln(QTZT('t))dt
\/>Cf 1 1
— € H*[0,1
(2n7r)M nen e 0, )
V2C;
= oM MpMtatl
Hence,
V20
[en,—2r| < oMMy Mtatl ° (3.3)
Similarly,
V2C
|cn,72r71| < 2M(TL+ 1)M7I'M7’La+1 : (34)
Applying Cauchy integral test, we get
—2r —2r —2r
|| Z Z Cnmﬂ)nm ”2 = H Z CO,m¢0,m + Z Z Cnm@bnm H2
n=0m=—2r—1 m=—2r—1 n=1m=-2r—1
oo oo
< Z |en,—or—1| + Z |Cn,—2r|
n=1
2[ 20r = 1
S S Z nM+at1’ (n+1)>
Q\fo *®  dn
= 2M M <1+ ) nM+a+1)
2V/2C; 1
< 1 )
- 2M7TM< +M—|—o< <
Hence, the series Y 7 Z_:_Qr 1 CnmW¥nm(t) is absolutely convergent . O

Theorem 3.3. If f is the exact solution of the Fredholm integral equation then
the Wilson wavelet series (R.3) of f converges uniformly to f.

Proof. Let f(t) =32, 2_2:121“71 Cn,mPn,m ()

<f. f>
—2r —2r

(XY Y S )

n=0m=—2r—1 n'=0m/=—2r—1
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2k—1  —2r —2r

= Z Z ‘Cnm| ‘an,b"‘ Z Z ’Cn,m’2"wn,m"§
n=0 m=—2r—1 n=2k m=—2r—1
2k—1  —2r

=2 2 el

n=0 m=—2r—1
2k 1 —2r

Ths, 3 S Jenml? =< £, f >= /]f\th<oo,feL2[0 1.

n=0 m=—2r—1

k_] e~
Therefore, the series ZZ 01 m2_7~_2r 1

By Bessel’s Inequality, 22 -1 Zm——2r—1 ]cmm\Z < HfH% < 00 .

Let (Syef ) () = X S eomtn(®) 0 = (20— 1)+ (~20).
For k' > k,

Cn.mWn,m(t) is convergent.

(S )~ (S|

IS 55 o]

—92k m=—-2r—1

—1 —2r

Z Y lenmlPllgnmll3

n=2k m=—2r—1

IN

K —2r
:Z Z lcnm|? — 0 as k— oo & K — oo.

n=2k m=—2r—1

Hence, (Sgk 5, f) is a Cauchy sequence in L?[0,1).
Since L?[0,1) is a Banach space, therefore the Cauchy sequence (Syrz,f)
converges to a function g € L%[0, 1) such that

ok

g(t) = klirgo(s2k’Mf) = klingorg()cn,mwn,m(t)'

Now, it is needed to show that f(t)=g(t).

< g(t) - f(t)a¢n,m(t) > =< g(ﬂvﬁ’n,m(ﬂ > =< f(t)adjn,m(t) >
= limp_oo < (SZkf)a¢n,m(t) > —Cnym
= Cnym — Cnym = 0.
Therefore, g = f.
—2r

k
Hence, the series Zi:_ol e 91 CnmW®n,m(t) converges uniformly to f(t) as
k — oo. O
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4. Main Results

In this section, the approximations of solutions f of Fredholm integral
equations by (2%,/)" partial sums Sy ;(f) have been determined in the
following form:

Theorem 4.1. If each of f,fM,f@ . O s bounded in [0,1) i.e.
|fM(t)] < Cf , and its Wilson wavelet series (2.3) having (28, )™ partial sums
(@) then, approrimation Eéizn(f) satisfies:

1 ) 1
Eék),m(f) = mings,, |f = (Sormf)ll = O(m)7 M >1.

Proof. It each of _f,fW, f@ . ) s bounded then following the
proof of Theorem (B.1]), we get

Cy Cy
M—1 M M’ len,—2r—1] < M—1 MM
V2.2M-1 M 7 V22M=1(n + 1)M7

f(t)*(ngH ()

|Cn,—2r’ S

—2r 261 —2r
n=1m=-—2r—1 n=1 m=-—2r—1
2k 1 —2r 2k—1 —2r
n=2k m=-—2r—1 n=1 m=-—2r—1
261 —2r —2r
n=1 m=—2r—1 n=2k m=—2r—1
2k—1  —2r

- Z Z Cn,m¢n,m (t)

n=1 m=—2r—1

—2r
Z Z Cn, mwn m )
—ok m=—2r—1

On applying the Minkowski’s inequality and Cauchy integral test we get,
[ =(Sar ]2

—2r

Z Z |Cnml[Vn,m] |2

n=2k m=—2r—1

Cy S| 1
< - 4 P - -
~ V2oM-1M Z (nM + (n+1)M)

n=2k
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< Cy [1 +/°°cl71+ 1 +/°° dn }
- \/§2M_1’/TM <2k)M 2k nM (2k+1)M 2k (n+1)M

<G [1+ 1 H 2 5 ]
B \/§2M_17TM M-—-1 (Qk)M—l (2k + 1)M—1
= >

T V22M 1M (1 T 1) (2B M1 (2 +1) = (2%)
< V2rM (1 + = 1) YO EEOR for M >1

= Algrrem) A= (5 (1 arep)

ﬂ(W)-

Hence, By (f) =ming,, [If = (ot f)ll

1
= 0(qurmaen ) M > 1
O
Theorem 4.2. If each of f,fN,f@ . fM) belongs to H®[0,1) class,
E;i)m satisfies

2 . 1
B (1) = ming,, IIf - (Sl = O svsy )
Proof. Following the proof of Theorem @ we get,
V205 V20

|cn7_2r‘ < W ) |Cn,—2r—1’ < 2M(n+ 1)M7TMna+1‘

Applying the Minkowski’s inequality and Cauchy integral test we get,
—2r

1f = (Soean N2 < D D lenmlldnmllz

n=2k m=—2r—1
)
= Z (|Cn,—27"—1’) + ‘Cn,—2r|)
n=2k
2120 & 1
- QMW(M) g n(M+a+1) ’ (

n=2

n+1)>n

_ V2
- oM g(M)

1 N © dn
(Qk)(MJraH) ok n(M+atl)
442C; ) 1 1

(2%)

oM (M) M+ « (M+a)
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S Ar X SRorrey f:(iggf(l (Mia)))'

@) () _ 1
Hence, EQka(f) = mmSQk’me — (Sor m f)ll2 = O(m>

O

Theorem 4.3. If M derivative of solution f of Fredholm Integral equation
is bounded i.e. _|fP(t)] < Cy > 0, p = 0,1,2,..,M and _its Wilson
Wavelet series (@) having (2%, m)™" partial sums (Sar 5 f)(t) (@) then the
moduli of continuity of f — So 4, (f) satisfies:

1
WO = Spea(F) 55) = sup (I = Sae (N + 1) = (f = S ()2
0<h§2ik
1
- O(z(M—l)(aH)
Proof. Following the proof of Theorem (@),

1
1 = Soe(Dl2 = O (Grrrygersy )» M > 1-

),M>1.

Then,

WO~ Sy n(f): gp) = 5w 11 = Soe () +B) = (F = Sor (O]

0<h<
<1f = Soe ()l + [1f = Sor ()l
=2||f = Sor gl = 2.5 ()

=20(grmaeem) = O (g M > 1
U

Theorem 4.4. If the solution function f of Fredholm Integral equation
is such that its M*™" derivative, i.e, f(M) € H*[0,1) then

) 1 1
WO = Sy (1: 32) = O (727 )
Proof. Following the proof of Theorem (@) and Theorem (@),
1

1 1
and W(Q)(f — Sk 3, (), 27) = O(m) :
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5. A method to solve Fredholm integral equations

Consider the Fredholm Integral Equations of second kind as:

1
f(x):g(as)—i—a—l—/ Kz, t)f(t)dt , 0<z,t<1. (5.1)
0
Approximating f(z), g(x), a, K(x,t) using Wilson wavelet as:

fl@)=CTy(x) , g(x) =d" (), a=b"y(x) , K(z,t) =" (2)Kp(t) (5.2)
where C and () are defined similarly to Eq. @ and Eq. @
Also K is a 2F+1 x 2F+1 matrix, where the elements of K are as follows :

1 1
/ / i) (O K (),
0 0

n=0,1,...,2-1, i=-1,0, 1 =0,1,...,2" -1, j = —1,0.
Moreover, each of d and b is 2¥*!1 x 1 matrix that is defined similarly to Eq.
(@) and the elements of d can be obtained by:

1
/ g(@)nm(x)de , n=0,...,2" =1, m = —1,0.
0

Then by replacing the values of Eq.(6.2) in Eq.(6.1) ,

1
CTo(a) = @) + ¥ w(a) + [ vl KulwTCat
0
Orthonormality of Wilson Wavelets implies that :
P(2)'C =) d+ (@) b+ (@) KC . (5.3)
Multiplying above Eq. (@) by ¥ (x) and integrating on [0,1) , C is obtained as:
C = (I—-K) Yd+b), where I is identity matrix.

Putting the value of C in f(x) = CT4(x), the solution of Fredholm integral Eq.
is obtained by this process. For details, one can refer to [6].

Example 5.1. Consider the Fredholm integral equation :

f(z) = cos(4mzx) + 1+ /01 tf(t)dt 0<uzt<l (5.4)

Its exact solution is f(x) = cos(4mwz) 4+ 2 and belongs to H*[0,1). Following the
algorithm discussed above, g(z) = cos(4nzx),a = 1, K(z,t) = t.
Let f(z)=CTy(z), g(z)=d"v(z), a=b"y()
and K(z,t) = ¥(z)T Ku(t).

A7 = sin(2mx) % sin(4rz) cos(2mx) sin(6mx)
V(=) V2 cos(4mx) sin(827mc) cos(6mx)



226 S. Lal and U. Vats

dT:[OOOOO%

(d+a)"=1[0 1 0 0 0 0.70710678 0 0].

00 , a"=[0 100000 0

Now,
CT=[I-K)Yd+a))"=1[0 2 0 0 0 0.70710678 0 0],
f(x) = CTyp(x) = 2 + cos(4m).

The solution of Eq. (p.4) obtained by Wilson wavelet coincides with its exact
solution as depicted in Figure E

28 © ; Q
§ 4 &
26 g

exact solution T
< wilson wavelet|

24

22}

oo

o

0]

'|£.

f
e
O

oy

- - ad

b=

0.1

FicGure 1. The graph

represents the exact and the
approximated solution of Eq. (@j

).

Example 5.2.

1
f@) =2+ / LF@) +2dt 0<zt<l. (5.5)
0
This is the Fredholm Integral Equation and its exact solution is f(z) = = + 13—4.
14 14
flx+1t) = f(z) = (x+t+§)—(x+§)
=t
<Y, 0<a<1
= O(|¢]*)

Hence, f(t) € H¥[0, 1) and the outcomes flow from the aforementioned theorems.
Following the procedure adopted in Example p.1|, the obtained solution is almost
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similiar to its exact solution. Table E] presents the comparison between the exact
and numerical solution and is plotted in Figure P.

TABLE 1. The comparison of exact solution and wilson wavelet solution

x | Exact solution | Wilson wavelet solution | Absolute error
0 4.66666666 5.144241945 0.47757528
0.1 4.76666666 4.65809410 0.108572553
0.2 4.86666666 4.75803512 0.10863154
0.3 4.96666666 4.92174347 0.04492319
0.4 5.06666666 5.05437366 0.012293
0.5 5.16666666 5.14424194 0.02245806
0.6 5.26666666 5.23411022 0.03255644
0.7 5.36666666 5.36674041 0.00007375
0.8 5.46666666 5.40247294 0.06419372
0.9 5.56666666 5.63038979 0.06372313
1 5.66666666 5.14424194 0.52242472

Exactsolution |
| = — — wilson wavelet|

x-axis

FI1GURE 2. The graph represents the exact and the approximated
solution of Eq. (@I))

6. Conclusions

Following conclusions are derived from this research paper.
(1) In Theorem (B.1)) and Theorem B.2, the convergence analysis of the solutions
of Fredholm integral equation have been studied by Wilson wavelet method.
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(2) The approximations of solutions of these equations by their partial sums of
Wilson wavelet series have been estimated when solution f € H*[0,1) as well as
|fM @) < Cp > 0¥ te(0,1).

(3) In Theorems (@) and (@),

(1) () _ i
EQka(f) = O(W) — 0 as ]’C — 0

and

2 1
(4) In Theorems (@) and (@), the moduli of continuity has been estimated as
following

1 1
wOr — . —Of ——
(f S2k,m(f)7 Qk) O<2(M—1)(k;+1)) — 0as k— .

1 1
W(z)(f - S2k,m(f)7 2?) = O(m) — 0 as k — oo.

(5) From Theorems (@),(@),(@)7(@), it is notable that
WO ((f = Sy () ) < 2550(F)

and

W ((f = S (), o)) < 2B ().

Hence, Moduli of continuity W) ((f - Sijm(f)> and W) <(f - S2k’m(f)> are

superior and finer than E;)m( f) and Eéi)m( f) respectively .

(6) The operational matrix of integration has been derived .

(7) A Wilson wavelet-based approach for solving Fredholm integral equations
has been presented. The approach is predicated on reducing the system into a
collection of algebraic equations.

(8) The exact solutions and the solution obtained by proposed method based
on Wilson wavelet method of Fredholm integral equations are almost identical.
This illustrates the applicability and accuracy of proposed technique to solve
Fredholm integral equations.

Acknowledgements

Shyam Lal, one of the authors, is thankful to DST - CIMS for encouragement
to this work. Upasana Vats, one of the authors, is grateful to U.G.C (India) for
providing financial assistance for her research work. The authors express their
gratitude to the anonymous reviewer for dedicating his time to provide insightful
feedback and recommendations that enhance the way this study is presented.



Moduli of continuity and Wilson wavelet approzimation of solution functions .. 229

References

[1] E. Babolian and F. Fattahzadeh, Numerical computation method in solving integral
equations by using Chebyshev wavelet operational matrix of integration, Appl. Math.
Comput., 188 (2007), no. 1, 1016-1022.

[2] E. Babolian and A. Shahsavaran, Numerical solution of nonlinear Fredholm integral
equations of the second kind using Haar wavelets, J. Comput. Appl. Math., 225 (2009),
no. 1, 87-95.

[3] J. H. Chen and F. Liu, Analysis of stability and convergence of numerical approximation
for the Riesz fractional reaction-dispersion equation, Xiamen Daxue Xuebao Ziran Kexue
Ban, 45 (2006), no. 4, 466—469.

[4] C. K. Chui, Wavelet analysis and its applications, Academic Press, San Diego, 1992.

[5] I. C. Daubechies, S. Jaffard and J.-L. Journé, A simple Wilson orthonormal basis with
exponential decay, STAM J. Math. Anal., 22 (1991), no. 2, 554-573.

[6] Y. Guan, T. Fang, D. Zhang, and C. Jin, Solving Fredholm integral equations using deep
learning, Int. J. Appl. Comput. Math., 8 (2022), no. 2, Paper No. 87, 10 pp.

[7] S. Idrees and U. Saeed. Vieta-lucas wavelets method for fractional linear and nonlinear
delay differential equations. Eng. Comput., 39 (2022), no. 9, 3211-3231.

[8] S. K. Kaushik and S. Panwar, An interplay between Gabor and Wilson frames, J. Funct.
Spaces Appl., 2013, Art. ID 610917, 6 pp.

[9] A. Kiligman and Z. A. A. Al Zhour, Kronecker operational matrices for fractional calculus
and some applications, Appl. Math. Comput., 187 (2007), no. 1, 250-265.

[10] A. Saadatmandi and M. Dehghan, A new operational matrix for solving fractional-order
differential equations, Comput. Math. Appl., 59 (2010), no. 3, 1326-1336.

[11] A.-M. Wazwaz, Linear and nonlinear integral equations, Higher Ed. Press, Beijing, 2011
Springer, Heidelberg, 2011.

[12] S. A. Yousefi and E. Banifatemi, Numerical solution of Fredholm integral equations by
using CAS wavelets, Appl. Math. Comput., 183 (2006), no. 1, 458-463.

[13] X. Zheng and Z. Wei, Estimates of approximation error by Legendre wavelet, Appl. Math.,
7 (2016), 694-700.

[14] A. S. Zygmund, Trigonometric series. Vol. I, II, reprinting of the 1968 version of the second
edition with Volumes I and II bound together, Cambridge Univ. Press, Cambridge-New
York-Melbourne, 1977.

(Shyam Lal) DEPARTMENT OF MATHEMATICS, INSTITUTE OF SCIENCE, BANARAS HINDU
UNIVERSITY, VARANASI-221005, INDIA.
E-mail address: shyam_lal@rediffmail.com

(Upasana Vats) DEPARTMENT OF MATHEMATICS, INSTITUTE OF SCIENCE, BANARAS HINDU
UNIVERSITY, VARANASI-221005, INDIA.
E-mail address: vatsupasana97@gmail.com



	1. Introduction
	2. Preliminaries
	2.1. The Wilson Wavelets
	2.2. Wilson Wavelet Series Approximation
	2.3.  Orthonormality of Wilson wavelets
	2.4.  Verification of Wilson Wavelet series 
	2.5. Operational Matrix of Integration

	3. Convergence Analysis
	4. Main Results
	5. A method to solve Fredholm integral equations
	6. Conclusions
	Acknowledgements
	References

