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Abstract. We extend an interpolation formula for entire functions of order at most
2, minimal type, of J. M. Whittaker from the square lattice Z + Zi in C to more
general lattices Zm + Z7m where Sm T > 0. With it, we prove that an entire function
of order at most 2, minimal type, which is bounded on a lattice in C is necessarily
constant, thus generalizing a result of Pélya. We also derive identities about double
series.

1. Introduction

Well-known for its relevance in signal processing, Shannon-Kotel’nikov interpolation
theorem states that if a function f in one real variable is band-limited to [—; 7], that is,
if f is the Fourier transform of a function with support in [—; 7], then it is completely
determined by its values at the integers — in formula:

+o0o
f(t) =sinnt Z f(ni)

1
P — 1.1
t—n) (L -
(see [2] for the history of this result).
In [11, Lso1 p.72] J. M. Whittaker obtained the following two dimensional

generalization of (1.1):

f(z) = a(z) Y

(m,n)€z?

f(m+in) 1
(z—=m —in)o’(m+in)

(1.2)

for all entire functions f such that lim,_,o log(max, -, [f(2)|)/r* < 7/2, where o is
the Weierstrass sigma function associated to the lattice Z + Zi (a definition of o is given
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below (2.1)). Surprisingly, it seems that a similar result for more general lattices has
not yet been established.

This comes perhaps from the fact that a totally analogous formula for such a lattice
is in general not true, since, for the Weierstrass sigma function associated to the lattice
', the limit limgep |y|—o0 |0’ (w)| needs not be +oo (for example if I' = Z + Z2i, see
remark 7 below) and so the analogue of the series in (1.2) needs not converge.

By finding an adequate function with which we can replace o, we have been able to
extend Whittaker’s result from the square lattice Z + Zi in C to more general lattices.
The exact statement and its proof are in section 3, where we also derive from it that an
entire function of order at most 2, minimal type, which is bounded on a lattice in C is
necessarily constant. In section 4, we obtain as another consequence some double series
identities. In section 5 at last, we make further remarks and, in particular, establish the
above mentioned result on the behaviour of |¢/(w)|. But first we introduce in section 2
useful notations and auxiliary results.

2. Notations

We write H = {r € C : QSm7 > 0}. A lattice in C is a discrete subgroup of C
isomorphic to Z x Z; any lattice I" in C can be written Zw; + Zws with 7 = wq/wy € H
[5, pp. 58 and 272]. The Weierstrass sigma function associated to such a lattice I is

2

o(z)==z H (1 - 5) exp(é + ;ﬁ) (2.1)

wel', w#0
[1, (2.5) p.52] or [5, p.93]. We also need the Weiertrass zeta function associated to I'":
1 1 1 z
D=2+ X oot
wel, w#0

[1, (1.1) p.48] or [5, p.94]. With it we define two constants

m=q (%) o m=C (%) (2.2)

(here we follow [1, Theorem 1 p.49]); they satisfy Legendre’s relation:
MWz — oWy = i (2.3)

[1, Theorem 2, p.50].
Closely related to 7; is the conditionally convergent Eisenstein series

1 1
Ga(r)= >, —+ D (Z) (24)
neZ, n#0 n meZ, m#0 *ne’ (n + TTLT)
defined for all 7 € H [6, IT1.6.1.(1) p.162] . It satisfies the relation
Go(—1/7) = T2Gy (1) — 2miT (2.5)

[6, Satz II1.6.1 p.163].
To replace o we shall use (a well chosen modification of) the classical odd theta
function, whose definition we recall now [7, (1.6.23) p.15]. If 7 € H, we put ¢ = ™™
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and abbreviate ™™ to ¢® when a € R. Then, for z € C, 7 € H,

“+o0
Wz, 7) = 2¢'/*sin z H (1 —¢*™)(1 — ¢®™ e?*)(1 — ¢*™ e~ 2%%),

m=1
It is holomorphic on C x H and verifies, for all (z,7) € C x H, m,n € Z,

2 —

Iz +mm+nrm, 1) = (=1 g™ e 2" (2, 7). (2.6)

(this follows from (7, (1.3.2) p.6]). Note also that ¥(z,7) has simple zeros (in z) at the
points of Zm 4+ Z7rx (use [7, (1.3.10) p.6 and (1.5.7) p.12]) and that

“+o0
#0.7)= 2 (0,7) = 20 TT (1 — 2" (27)

m=1

[7, Exercise 9 p.21] (this is also proved at [1, p.71] but with a definition of ¥ slightly
different from the one in [7]).

Closely related to ¥ is the eta function of Dedekind, defined, for 7 € H and ¢ = ™™,
by

+o0
n(r)=q""* T -¢*™) (2.8)

(not to be confused with n; and 7y of (2.2)). It satisfies [6, Satz IT1.6.2A p.164 or Satz
IV.4.9 p.219]

n(=1/7) = V~irn(7). (2.9)

Finally, we recall that an entire function f is of order at most 2, minimal type, if
f(z)e~%=" is bounded on C for every § > 0 [4, pp.59-61].

3. Interpolation.

Proposition 3.1. Let 7 € H and f an entire function of order at most 2, minimal type.
Then, for all z € Zn + Z7,

2 Iz, T mm + nrm mntmtn n2/2  m2
f(z) = =12 19((07)) (m§22 : e nﬂ)r) (1 /2 2
with ¢ = €™ and r = e~ 7/7.
Proof. For all z € C, 7 € H, we write
O(z,7) = €= /27T Y (2, 7). (3.1)

It is a holomorphic function on C x H, odd and with simple zeros (in z) at the points
of Zm + Zrm which satisfies, for all (z,7) € C x H, m,n € Z,

@(Z +mm + nr, 7_) — (_1)mn+m+n e—ﬂi7n2/2 e‘n’im2/2'r e inz eimz/'r (__)(27 7_) (32)
and, differentiating with respect to z,

O'(mm +nrm, 1) = (—1)"ntmin e=miTn?/2 gmim? /27 9(0,7). (3.3)
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Let T' = Zm + Zrm and fix z € C\T. Take N € Z, N > 0, so big that z lies in
Ky ={Mm+purm| A\ peR, [, |ul <N+ 3} The residue theorem gives

1 fQde — f(z) fw)
21 Jory (C—2)O(CT) — O(2,7) iy (w—2)0(w,7)

Since 7 € H, —1/7 € H and then |¢| = |e™™ | < 1 as well as |r| = |[e~™/7| < 1. The
expressions (3.2) and (3.3) and the hypothesis on f imply the convergence of the series
and the vanishing of the integral in (3.4) when N — +o0. O

(3.4)
wel'NK

Remark 3.2. An adequate substitute for ¢ must have simple zeros at the point of
the lattice, and grow as e’ . ebm” \when m,n — +oo for some a,b > 0. Choosing a
modification of ¥ is suggested by J. M. Whittker himself, since he defines o for the
lattice Z + Zi as €™ /20, (wz|i)/6}(0) [11, (12.1) p.72]. The type of the modification
is also given there: it must be 66'2219(2,7'). In (2.6) we have only ¢": we must add
r=tm*  We are thus led to (3.1); the only choice which is not totally determined is the
one of the factor 1/2: it was made so as to render the right-hand sides of (3.2) and (3.3)
as symmetric as possible in n and m.

Proposition 3.3. Let f an entire function of order at most 2, minimal type. If f is
bounded on a lattice of C, it is a constant.

Proof. We may suppose that f is bounded on a lattice of the form Zw; + Zws with
T =wy/w; € H. The function g(z) = f(wyz/m) is then still of order at most 2, minimal
type, and is moreover bounded on the lattice Zm + Z7r7. Fix z € C, z # 0, and take the
integer k > 0 so big that z & k(Zm + Zrw). The function h(z) = g(kz) is also of order
at most 2, minimal type. Applied to h and to the point z/k, proposition 1 gives

9(2)
= h(z/k)

22 /k2onr V(2/k, T h(mm + ntm mn+m+n n?/2, m?>
_ ik (/)2((( ) (Cqymmemin i /2 /2

9(0,7) (Tl z/k) —mm — nrm)

— eiz2/k227rr k ’19(2/]{}, T) Z g(kmﬂ- + knTﬂ-) _1)mn+m+nqn2/2 ,r,m2/2
(0, 7) (memez (z — kmm — kntm)

Let us make k tend to +o00. Since g is bounded on Zn + Z7m, each term of the series
tends to 0 except the one with (m,n) = (0,0). Moreover

iz% k% 2nT k 19(2’/]{}, T) iz%/k%27nT 19(2//{7, T) 1

i oy
Foto 9(0,7) S 2k 0'(0,7)
= 1Y .
SRR T
= Z.

Hence, when k — +oo we arrive at g(z) = z - g(0)/z = ¢g(0): g is constant, and so is
f. O

Remark 3.4. This was proved by Pdlya [9] for the lattice Z + Zi.
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4. Double series.
Proposition 4.1. For all 7 € H and k € Z with £ > 0, we have

Z (mﬂ' + nTﬂ)Zk(il)mn+m+n qn2/2 Tm2/2 =0
(m,n)€Z?

with ¢ = ™™ and r = e~ 7/7.

Proof. The function f(z) = z satisfies the hypothesis of proposition 3.1. Hence, for all
z & I+ L1,

iz? /27T 19(2,7') Z mw +nrw (_1)mn+m+n n?/2 m?/2

z = e ; — — q r
9(0,7) ez 2 T T T nTT
1 mm -+ nTw 2 2
- O _1)ymntm+tn n /2 ,.m*/2
(z,7) ¥(0,7) —mm — nT7r( ) @ T

(m,n) €22\ (0,0)

where O is given by (3.1). Let

1 mm + nTm 2 2

= _ 1 mn+m+n n°/2 m*°/2,

o(z) ¥(0,7) Z (z — mm —n7m) (=1) ¢ '

(m,n)€Z2\(0,0)

it is in particular a holomorphic function in z on a neighbourhood of 0 and we have

z = O(z,7)Z0(z). We differentiate both terms of this equation with respect to z and

then evaluate at z = 0; we get 1 = ©'(0,7) Z0(0)+06(0, 7) E(0). Since ©'(0,7) = 9'(0,7)

(see (3.3)) and ©(0,7) =0, we find 1 = 9'(0,7) Zp(0) or Z¢(0) = 1/9'(0,7). But on the
other hand

1 mm + NTT 2 2
=.(0 -1 mn+m+n n°/2 m=/2
0(0) 9(0, 1) Z (0—m7r—n7'7r)( ) @ or

(m,n)€Z2\(0,0)

_ 1 Z (1) (_1)mn+m+n qn2/2 Tm2/2.

’

VO07) (myezin©0,0)
Therefore ) 1

_ — _1)mntm+n n?/2,.m?/2
o0 oo, 2 D “or
(m,n)€Z?\(0,0)

or ) .

1= (_1) . Z (_1)mn+m+n qn /2 rm /2

(m,n)€Z?\(0,0)

and finally

Z (_1)mn+m+n qn2/2 Tm2/2 —0.
(m,n)ez?
The case k = 0 is proved.
Take now k € Z, k > 0. The function f(z) = 22¥*! satisfies the hypothesis of
proposition 3.1. Hence, for all z & Zn + Z7,
S2k+1

iz? /2T 19(27 T) Z (mﬂ— + nT7T)2k+1 (_]_)mn-‘rm-‘rn qn2/2 rm2/2

- 9(0, 1) Z—mm—nTm

(m,n)€Z?
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1 (mm + nrmr)2Ftl 2 >
=0 N v (qymntmtn o n /2,..m /2.
(z:7) ¥(0,7) Z Z—mm—nrm (=1) e or

(m,n)€Z2\(0,0)

Let

2k+1 29 29
(_1)mn+m+n qn / rm / :

Z(2) = 1 Z (mm + nrm)

7 (o — i — )
9/(0, 1) ()T (0,0) (z —mm — nrm)

it is in particular a holomorphic function in z on a neighbourhood of 0 and we have
226+l = O(z,7)Ek(2). We differentiate both terms of this equation with respect
to z and then evaluate at z = 0; we get 0 = ©(0,7) Zx(0) + ©(0,7) E,.(0). Since
©'(0,7) =9 (0,7) and ©(0,7) = 0, we find 0 = ¥/(0,7) E;(0) or Z¢(0) = 0. But on the
other hand

2.(0) = 1 Z (mm + nrm)

7 0 — i — )
(0,1 () ST (0.0) (0 — mm — nrm)

1
R0 ST (S1)(mm )P (—pymetmn gn®/2 pm/2,
( 7T) (m,n)GZz\(0,0)

2kt +m+ 2/2,.m?%/2
(71)mn m nqn rm

Therefore
Z (mm + m'7r)2k(—1)m"+m+" (]”2/2 2 =
(m,n)€Z2\(0,0)
and finally
Z (mm + nrr)2F(—1)mntmin q"2/2 /2 — .
(m,n)€z?

5. Further remarks.

Remark 5.1. In proposition 3.1 take for f the constant function 1. This gives
/
Iz, T)
(71)mn+m+n

— E e'r7r7,'n2 /2 effrim2/2'r
(e’ (z —mm — nrm)

(, 1)pn+p+n

1
=7 2 ((z/7) —nm — p(—1/7)7)

(p,n)ez?

e(fl/‘r)'n'in/Z efﬂ'in2/2(71/‘r)

_ L ie/mrrem-yn V0, —1/7)
T Hz/T,—1/T)
by letting p = —m and using Proposition 3.1 again. So, if z & Zn + Z7,
eI Y (2 )7, —1/7) = 9'(0, —1/7)9(2, 7) /T (0, 7). (5.1)
Comparing (2.7) with (2.8), we see that (1) = $9'(0,7). From (2.9), we deduce that

¥(0,—1/7)/9'(0,7) = (—it)y/—i7. Then (5.1) gives

2 -1
i e—iz%/mT 19(2:7) — \/?.19(2:’7-)_
T T ]
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This is the famous Jacobi transformation formula for 9, true for every (z,7) € C x H
[7, p.17].

Remark 5.2. We prove here the assertion made in the introduction that, for a
general lattice I' and the Weierstrass sigma function associated to it, the limit
limy, e jw|—oo |0/ (w)| needs not be +oo.

According to [5, (3.12.6) p.103], we have o(z + w) = eo(z)e?"*+%/2) where ¢ =
(—1)mntm+n and 5 = mmny + nne if w = mw; + nws. Therefore,

o) = lm @D zow) g otz owte) oz)
z—0 z z—0 z z—0 O’(z) z
— llm 56277(2""@0/2).@ — Ee2n'w/2.1 — Eenw
z—0 z

_ (_1)mn+m+n e mwitmn(nwz+nzwi)+nnaws

if w = mw; + nwy. From Legendre’s relation (2.3) we deduce npw; = niws — 7i and
2
Tows = 771% — m’%. Hence, writing 7 = wo /w1,

mZnwi + mn(nws + newr) + nZnaws

2

= m*nw + mn(2mw T — i) + n2(771w17' — iT).

We will now study the Eisenstein series Ga(7) given by (2.4). Since

w2 1
2 :Z(u—n)2

Sin
S T nez

[5, Exercise 3J p.121] or [10, (I3) p.141], we have

S =t
(n+m7)2  sin®

neEZ

and then

> (Z 1 ) Y P,y T
m+mn?) w2 ——
mMEZ, m#0 N neZ (n+m) mez, m£0 Sk T = sin” Tm7

([10, 1.105 pp.182-183] prove that this last series does converge). Moreover

Z 7722112: %

neZ, n#0 n=1
[10, 1.69 pp.112-114]. Hence

=2 (§ 3. )

Comparing with [10, (X4) p.184] and taking into account the different notation there
(see [10, (V1) p.163] where the generators of the lattice are 2wy and 2ws), we find, for
T = wz/wl,

Ga(7)

2w1 ’

m=
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So we obtain mwy = 1Ga(7), 2mwiT — mi = Go(7)T — i and, using relation (2.5),
w1 — miT = 1Go(7)7% — mit = L(Ga(7)7? — 2miT) = LGo(—1/7). We get finally:

Jl(w) _ Eem2%GQ(T)+mn(G2(T)T—7ri)+n2%Gg(—l/T) )

Now, suppose that 7 = ¢\ with A € R and A > 0. Then
—+o00 +oo
1 1 1 1
Ga(ix) =222 (£ + ) :27r2( - )
2 (6 nzz: in® nri 6 ;Sinthr)\

Clearly, the continuous function A — G(i)) from (0;+00) to R is strictly increasing,
with limy_o4 G2(i\) = —oo and limy 1o G2(id) = 72/3. We find numerically
G2(iXg) = 0 for \g 22 0.52352170. Because —1/7 = i/A, we then have

Jl( ) _ Ee2(C¥2(z)\)1ﬂ +G2(i/A)n?) (Gg(i)\)/\*ﬂ')imn

and

|6 (w)] = e2(G2(IAm?* +Ga2(i/An?)
We conclude that, for a lattice I' = Zw; + Zwsy with wy/wi = i\, where 0 < X\ < g or
A > Ay, we do not have limyer |00 |07 (w)| = +00.

Remark 5.3. The result of J. M. Whittaker was extended by Higgins [3] to formulas
where the sampled values are that of f and some of its derivatives, but always on the
same lattice Z 4+ Zi. And to understand better the convergence of the series in those
formulas, Pogény [8] has studied the growth of the Weierstrass sigma function associated
to Z + Zx.
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