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Abstract. The objective of this paper is to estimate the sharp bound of the second
Hankel determinants Hs 1, (f), H2,2,5(f) and generalized Zalcman for the initial
coefficient for k*"-root transformation to the subclass of Holomorphic functions.

1. Introduction

Let A be the family of mappings f of the type

f(2) :z—l—Zatzt (1.1)
t=2

satisfying the normalized conditions f(0) = 0 and f’(0) = 1 in the open unit disk
D:={z € C:|z|] <1} and S is the subfamily of A, possessing univalent (schlicht)
mappings.
Let k be a positive integer. A domain U € C is said to be k-fold symmetric if a
2

rotation of U about the origin through an angle 5 carries U to itself. A function f is

said to be k-fold symmetric in D if f (e% z) = e%f(z) for every z € D. If f is regular
and k-fold symmetric in D, then

f(z)=b1z+ bk+12k+1 + bzk+122k+1 + - (1.2)
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Conversely, if f is given by (1.2), then f is k-fold symmetric inside the circle of
convergence of the series (see [4]). The k*"-root transform for the mapping f in (1.1) is

G(z) = [FE]F =24 Y bpngazi L, (1.3)

At this sequel, we have introduced and interpreted the concept of Hankel determinant
for G(z) for f in (1.1), with ¢,t,k € N={1,2,3,...}, as it’s Hankel determinants,

br(t—1)+1 brt+1 e b(t+q—2)+1
brt+1 bet+1)+1 - br(t+q—1)+1
Hour(f) = . - . - (b =1). (1.4)
bi(t+q-2)+1  bhtrq—1)+1  brft+2(g—1)—1)+1

Especially, when we set k to equal 1 in equation (1.4), it simplifies to the Hankel
determinant Hy,,1(f) as defined by Pommerenke in [13] for the function f described in
equation (1.1).

Ali et al. [1] derived exact estimates for |bgi1 — ubj, |, represents the generalized
Fekete-Szego functional related to the function G(z). The sharp bounds to the functional
|H22(f)|, obtained for k =1, ¢ =2 and t = 2 in (1.4), called as Hankel determinant of
order two, given by

as aQ

2
= aga4 — Q
as ay 204 3

Hyo(f) =

In the recent years, the research on the estimation of an upper bound to |Hz 2(f)| has
focused by many authors. The exact estimates of |Hao(f)| for the functions namely,
bounded turning, starlike and convex functions, sub families of S, symbolized as R,

S*, and K, respectively fulfilling the conditions Ref’(z) > 0, Re{ Zf/(z)} > 0, and

f(2)
Re{l + z]{,lé;)} > 0 in the unit disc D, were proved by Janteng et al. [7, 8] and derived
the bounds as 4/9, 1, and 1/8 respectively.
Krishna et al [21] introduced the class S*Ks(5), (0 < 8 < 1) with anaytic conditions

2{zf'(2) + Bz*f"(2)}

fre (L =PHf(2) = F(=2)} + B{zf"(2) + 2f'(=2)}

] >0, z € D. (1.5)

Vani et al. [22] estimated sharp bounds associated with the Zalcman conjecture for the
initial coefficients and second Hankel determinants for the class S*ICs(5),(0 < 8 < 1).
Panigrahi et al. [11] investigated Fekete-Szego problems for the kth root transform of
subclasses of starlike and convex functions with respect to symmetric points.Recently,
Srivastava et al.[20] investigated the sharp bound of the third Hankel determinant of
the kth-root transformation for bounded turning functions. Motivated by the results
obtained by the earlier authors, for our study in this paper, we make an attempt to
estimate the sharp bound of the second Hankel determinants Ha 1 1 (f), Ha2k(f) and
generalized Zalcman for the initial coefficient for k**-root transformation to the subclass
S*Ks(B), (0 < 5 < 1) of Holomorphic functions
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The collection P, of all functions p, each one called as Carathéodory function [3] of
the form,

p(z) =1+ thzt, (1.6)

holomorphic in D and Rep(z) > 0, for z € D. The classes S*K4(8) and P are invariant
under the rotations, by Carathéodory Theorem (see [5, Vol. I, p. 80, Theorem 3]).

2. Preliminaries

For the proof of our main result we need the following lemmas. It contains the well-
known formulas: for ¢y (e.g., [12, p. 166]), for ¢z due to Libera and Zlotkiewicz [9, 10]
and for ¢4 ([14]).

Lemma 2.1. ([12]) For p € P, then |c;| < 2, for t € N, equality occurs for the function
g(z) =2 2 €D.

1—-2?

Lemma 2.2. ([6]) If p € P, then |¢; — pcjci—j| < 2, satisfies for the values i,j €
N, with i > j and p € [0,1], which is same as |cpir — penck| < 2, for n,k € N, with
e [0,1].
Lemma 2.3. ([2]) If p € P, then

|Je} — Kciea + Les| < 2(]J]| 4+ |K — 2J|+|J — K + LJ).

Lemma 2.4. ([15]) If p € P, then

2co = 1 + ¢,
deg = ¢ +2e1t¢ — ert¢® + 2t (1 = [¢[*) m,
and
8cy = ¢ +3citC + (4 = 3c7) t¢% + t¢® + 4t (1 [¢7) (1 = [nf*)

+4t (1= [¢?) (1 — exln — ()
where t :== 4 — c2, for some ¢, n and & such that |¢| < 1, |n| <1 and [£] < 1.

Result 2.5. Suppose ¥ : [0,2] = R, 5> 0, k € N and ¥(c) defined as

v (24B° + 7264 + 843% + 4082 + B+ 1) K2 —123° — 1682 - 76— 1
(c) = 192(3 + 1)4(28 + 1)2(38 + 1)k* ¢
1

4B+ DB+ DR

Then
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Proof. We can easily see that
192(8 + 1)*(28 + 1)2(38 + 1)k*¥(c)
= ((248° + 728" + 848% + 40B8° + TR+ 1) k* — 128% —168° — 78— 1) ¢*
—48(B 4+ 1)*(28 + 1)%k?
=— [B° (192 — 24¢®) k* + B* (768 — T2¢°) k*
+ 8% (12¢°K? + (1200 — 84¢?)) + B2 ((912 — 40¢?) k* + 16¢%)
+B((336 — 7c*) k* + 7¢%) + (48 — ) k* + ¢*] < 0.
Therefore, ¥(c) < 0. O

3. Main Results: Bound for S*K,
Theorem 3.1. If f € S*K(8),0 < 8 <1 then

1
HQ,l,k(f)’ < CEES

and the result is sharp for p,(z) = %

Proof. For f € S*ICs(f), there exists a holomorphic function p € P such that
2{zf'(2) + B2f"(2)}
(L=B){f(z) = f(=2)} + B{zf"(2) + 2f'(=2)}
Substitute the values for f, f/, f and p in (3.1), it simplifies to
2a5(1 + B) + 3az(1 + 28)z + das(1 + 38)2* + 5as (1 + 48)2% + - - -
=c1 + 2z {az(1 +2B) +c2} + 2* {az(1 +2B)ey + c3} (3.2)

+ 2% {as(1+48) + az(1 + 28)ca +ea} + - - -
1

=p(z), z€D. (3.1)

Comparing the coefficients of 20, 2%, 22 and 23 respectively in (3.1) we obtain
c1 Co cico + 2c¢3 c% + 2¢c4
PP T 21128 T BT +38) T 81+ 4p)
For the mapping f in (1.1), a calculation gives

1
1 > k 1 1 1—k
[f(zk)] Eo— {zk + Z anz”k} = [z + %agzk+1 + {kag + ( 572 )ag}z%Jrl
n=2

(3.3)

[ ) (L= k)X =2k) 51 30t
+{ka4+ 2 a2a3 + e ay 02"

1 1-k 1—-k)(1 -2k
+{a5 + ( )(a§ + 2aza4) + %agaa

k 2k?

UoDU 2 le 4] oy




The sharp bound of the generalized Zalcman for the initial coefficient .. 151

k-l-l7 z2k+l’ 23k+1 4k+1

Comparing the coefficients of z and z

(3.3), we obtain

in the expressions (1.2) and

1 1 (1-k)
br41 =702 bogy1 = 703 + oz 92

1 1—-k)(1 -2k
bsk+1 = [ 02613 + (E)i(lci”)ag} ;
1 (1—Fk)(1—2k)
bar+1 = |:ka5 + 272 (a§ + 2aza4) + Tag%
(1-k)(1 - 2k)(1 - 3k)
1k ay|. (3.5)
From (3.3) and (3.5), we obtain
b1 =
k—+1 _2(ﬁ+ 1)]457
b A1 —k) N )
HLTR(B+1)2K2 T 2028+ DK
b (1 —k)(1—2k) coc1 (1 — k) cocy + 2c3
FHTTSB 1R A+ )28+ DR 8(3F+ Dk (3.6)
and
y (=R -2k =3kl (1- k)1~ 2k)es (1 - k)2
et 384(8 + 1)%k* 16(1+ B)2(1+ 28)k® ' 8(28 + 1)2k2
n (1 —k)ey (crea +2¢3) €3+ 2¢y
16(8+1)(38+1)k2 (48 + 1)k’
Now, for ¢ =2 ,¢t =1 1in (1.4), we have
1 b
H1(f) = b (3.7)
b1 bokyr
Using the values of b;, (j =k + 1,2k + 1) from (3.6) in (3.7), it simplifies to give
2
Co ci(k+1)
Hy, . 3.8
Taking modulus on both side and applying Lemma 2.2, we have
1 C(k+1D)(28+ 1)} 1
H. < . 3.9
oD = 555 00|~ (g + 172 (26 + 1)k (3.9)

Form p,(z), we obtain ¢; = 0, ¢ = 2, further, byr1 = 0, bopr1 = 1/(1 + 28)k and it
follows the result. ]
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Theorem 3.2. If f € S*Ks(5),0 < 8 <1 then

)HQ,Q,k(f)‘ < m7

and the result is sharp for p,(z) given in Theorem 2.1.

Proof. Now, for ¢ =2 ,t =2 in (1.4), we have

. bk’+1 bZk"rl
Hy o 1(f) = boki1  b3ki1

(3.10)

Putting the calculated values of b;,11, for j € {1,2,3} from (3.6) in (3.10), it simplifies
to
_ ct(k? —1) n cac?
192(8 + 1)%k*  16(5+ 1)(35 + 1)k
n C3C1 _ C%
8(B+1)(3B+1)k2  4(28+ 1)2k2°
Substituting the values of ¢o and c¢3 from Lemma 2.4 on the right side of the expression
(3.11), it simplifies to

B Cil (k2 — 1) ,82c‘1L
- 192(8 + 1)%k* 16 (382448 +1) (2Bk + k)2

Hj21(f)
(3.11)

Hs 5 1(f) +

¢ a (1-¢1?)n
(4~ i) <_ 2GR LA+ k2 16(38% 448 + 1) 2 (3.12)

(@-g)¢ (48 +1)ei¢
16(28k + k)2 32382 + 48+ 1) (2Bk + k)2 )~

Taking modulus on both sides and then applying the triangle inequality in the above
expression, using ¢ :=c¢ € [0,2], [{| := x € [0,1], and |n| < 1, we have
RICET B2t
T192(8+ 1)*k* 16 (382448 +1) (28k + k)?
2,.2 1 — 2
(4— ) 'z 4 c(1-a?)
32(382+48+1)k%  16(382+48+1)k?

(1) (@45 + Vet )

|Ha ok (f)

_|_

1628k + k)2 | 32(302 + 48 + 1) (28k + )2
Which is equivalent to
< ct (k2 — 1) ﬁ2c4
T2k T 603+ B3 + 1)@k T F2
2 c (48 + 1)z
<) (16(/3 TDBET DR 32081 DB+ 123+ )2

(2—0c) (4382 +48+ 1) + (282 + 48+ 1) ¢) 2?
32(8+ 1)(38 + 1)(28k + k)2 ’

|Hz.2.1:(f)

+(4-
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For ¢ € [0,2] and 8 € [0, 1] all terms in RHS are positive, therefore,
ct (k2 — 1) B2t
| < +
192(8 + 1)%k*  16(8+ 1)(38 + 1)(28k + k)?
9 c (48 +1)c?
+(4-<) (16(6 TG I DR  3R(B 10T 1)EE DR
(2—c)(4(382+48+1) + (282 +48+1) ¢)
32(8+1)(38 + 1)(2Bk + k)?
(2483° + 72B3* + 8483 + 4082 + T+ 1) k* — 1268° — 1682 — 78— 1 ,
192(8+ 1)* (28 + 1)2(38 + 1)k? ¢
c? 1
TABADBET DR T (2B 12
1 1
(28k + k)2 = (28k + k)2
Since, by Result 2.5 ¥(c) < 0.
Form p,(z), we obtain ¢; = 0 = ¢3, co = 2, further, bgt1 = bsgr1 = 0, bopt1 =

|H22.5(f)

:\I/(c)c2 +

1/(1 4 28)k and it follows the result. O
Theorem 3.3. If f € S*Ks(8),0 < 8 <1 then
1
b — bg1b <
|b3k+1 — bry1b2rt1] < 235+ )k’
and the result is sharp for p1(z) = }fiz

Proof. Putting the calculated values of bj1, for j € {1, 2,3} from (3.6) in the expression
bsp+1 — br4+1b2gy1, it simplifies to

A3(k2—1) (1438 —28%) cacy c3

bakt+1 — br1bok1 = 203+ 1%k 8B+ )28+ (38 + L)k —1-4(35 Tk (3.13)
Taking modulus on both sides and then applying the Lemma 2.3, we have
k* —1 1+38-28° 2(k*—1)
[bsk+1 — bry1baky1| <2 ‘24(/3-1' NS + SAT DB L 1BET R 24(B £ 1)3k5
n k-1 (1+33—28%) N 1
4B+ 1%k 8(B+1(2B+1)BB+ 1k 438+ 1k
| -1 1262 + 108 + 2+ (1 — B) (68° + 9% + 68 + 1) k*
T 7| 24(B8 + 1)3k3 24(B+1)3(28+1)(38 + 1)k3

188'k* + 453°k” + (45k> — 6) B> + (20k> — 5) B+ 4k* — 1
* 248+ 1P (26 + (38 + DA

1
T2BB+ )k

Form p,(z), we obtain ¢; = 0 = ¢g, ¢3 = 2, further, byi1 = bogr1 = 0, bagpr1 =
1/2(1 + 38)k and it follows the result. O
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4. Concluding Remarks and Observations

The problem of finding the sharp estimates of the Second-order Hankel determinant,
which is the case when ¢ = 2 and t = 1,2 in (1.4) defining H, ; x(f), is technically tougher
than that in the case when k = 1.Here, in our present investigation, we have successfully
derived the sharp bound of the second-order Hankel determinant Ho ¢ x ( f),t = 1,2 for
functions f in a subclass S*ICs of normalized Holomorphic functions in the open unit
disk D. We have also described several earlier developments on the subject, which are
related to our main results.

In conclusion, with a view to motivating further researches along the lines of our
present investigation, we have chosen to refer the interested reader to several related
recent developments (see, for example, [16], [17], [18], [19] and [20]) on bounds for the
Hankel determinants H, ; x(f) for many different values of the positive integers ¢ , ¢ and
k = 1 except the last one.
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