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Abstract . In this paper, we study exact retro Banach frames and give a sufficient

condition for its existence. Also, we prove that if Y is a subspace of infinite co-
dimensions of a separable Banach space B and if (B/Y )∗ has a retro Banach frame,

then B∗ has a retro Banach frame. Finally, we define retro Banach frame of type P

and proved that a separable Banach space has a retro Banach frame of type P.

1. Introduction

Duffin and Schaeffer [8] developed the notion of frame in the context of Hilbert
spaces in 1952. In fact, Duffin and Schaeffer borrowed the Hilbert frame definition
technique from Gabor’s work [11]. Many years later, in 1986, Daubechies, Grossmann,
and Meyer [9] recognized the potential of frames and discovered new uses for them
in wavelets, Gabor transforms, and other pure and applied mathematics. For example,
strong instruments from operator theory and Banach spaces are being used to investigate
frames [12, 14, 18, 19, 20, 21, 23, 28, 31]. The seminal publications by O. Christensen
[6, 7] go into further information about the use of frames. Following the publication by
Daubechies, Grossmann, and Meyer [9], the idea of frames attracted a lot of attention.

A frame in the Hilbert space H is a sequence {hi}∞i=1 ⊂ H of vectors that fulfills

M‖l‖2 ≤
∞∑
i=1

|〈l, hi〉|2 ≤ K‖l‖2, ∀ l ∈ H,

where 0 < M ≤ K <∞. M is called the lower frame bound and K is called the upper
frame bound of the frame {hi}∞i=1 respectively. These frame bounds are not unique. If
M = K, then the frame {hi}∞i=1 is said to be a tight frame and if M = K = 1, then
{hi}∞i=1 is called Parseval frame. The above inequality is called the frame inequality.
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The operator L : `2 → H given by

L
(
{βi}i∈N

)
=

∞∑
i=1

βihi, ∀ {βi}i∈N ∈ `
2

is called the pre-frame operator or the synthesis operator. The adjoint operator
L∗ : H → `2 given by

L∗(h) = {〈h, hi〉}i∈N , ∀ h ∈ H
is called the analysis operator.

The composition of the pre-frame operator L and its adjoint operator L∗ defined by
N = LL∗ : H → H is called the frame operator. Therefore,

N (h) =

∞∑
i=1

〈h, hi〉hi, ∀ h ∈ H.

Then,

〈Nh, h〉 =

∞∑
i=1

|〈h, hi〉|2 , ∀ h ∈ H.

The frame operator N therefore is positive, self adjoint and invertible operator on H.
For all h ∈ H, the reconstruction formula is given by

h = NN−1h

=

∞∑
i=1

〈
N−1h, hi

〉
hi

=

∞∑
i=1

〈
h,N−1hi

〉
hi.

In several branches of engineering sciences, including pure and applied mathematics,
frames are becoming indispensable. The ability of frames to represent each element of
a space as a linear combination of its constituent elements is a significant and highly
practical feature. However, linear independence between frame elements is not necessary,
meaning that the corresponding coefficients need not always be unique.

Obtaining the reconstruction formula using the norm equivalency hypothesis is a
noteworthy observation in Hilbert spaces. This does not hold in general in Banach
spaces. Because of this, Feichtinger and Grochenig [10] created atomic decomposition
in 1988 and studied the decomposition of a Banach space. Grochenig [14] proposed
Banach frame in the context of Banach spaces later, in 1991. Numerous writers have
expanded frames, creating fusion frames [4], G-frames [24, 30], p-frames [2], PG-frames

[1], K-atomic decomposition [26], Λ-Banach frame [12], X̃ -frame [15], Xd-frames [5],
Schauder frames [3], Frechet frame [27], and more.

Retro Banach frames were introduced in 2004 and Banach frames were extended to
the conjugate Banach spaces by Jain et al. [18]. Raj Kumar and Sharma [25] examined
the exactness of retro Banach frames in 2008 and presented near-exact versions of the
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frames. S. Jahan presented the concept of a J -frame [17] and a strong retro Banach
frame [16] in Banach spaces in 2017. Block sequences are an essential component of the
retro Banach frame that have been the subject of recent work by N. N. Jha and Shalu
Sharma [22]. Certain classes of retro Banach frames were studied by M.P Goswami[13].

1.1. Purpose and Significance of the Main Results. We will explore exact retro
Banach frames in this research article and provide a sufficient condition for their
existence. Furthermore, we demonstrate that B∗ has a retro Banach frame if Y is a
subspace of infinite co-dimensions of a separable Banach space B and if (B/Y )

∗
has a

retro Banach frame. We finally define a retro Banach frame of type P and show that
there exists a retro Banach frame of type P for a separable Banach space.

2. Preliminaries

In this paper a Banach space and its first dual over the scalar field K(R or C) shall
be referred to as B and B∗ respectively. Bd and B∗d will denote the Banach spaces of
scalar-valued sequences associated with B and B∗ respectively. Also, [bn]n∈N denotes the
closed linear subspace of B spanned by {bn}n∈N. N denote the set of positive integers
and RBF refers to the abbreviation of retro Banach frame.

In a Banach space B a sequence {bn}n∈N is complete if [bn]n∈N = B and total if
{h ∈ B∗ : h (bn) = 0,∀n ∈ N} = {0}.

Grochenig [14] defined Banach frame as follows:

Definition 2.1. ([14]). Let B be a Banach space and Bd be an associated Banach space
of scalar valued sequences, indexed by N. Let {hn} ⊂ B∗ and S : Bd → B be given. The
pair ({hn} ,S) is called a Banach frame for B with respect to Bd if

(i) {hn(y)} ∈ Bd, for each y ∈ B,
(ii) there exist constants α and β with 0 < α ≤ β <∞ such that

α‖y‖B ≤ ‖{hn(y)}‖Bd
≤ β‖y‖B, y ∈ B (2.1)

(iii) S is a bounded linear operator such that

S ({hn(y)}) = y, y ∈ B.
The positive constants α and β are called lower and upper frame bounds of the Banach
frame ({hn} ,S), respectively. The operator S : Bd → B is called the reconstruction
operator. The inequality (2.1) is called the Banach frame inequality.

The Banach frame ({hn} ,S) is said to be exact if there exists no reconstruction

operator S0 such that
(
{hn}n6=i ,S0

)
is a Banach frame for B.

Remark 2.2. ([19]). Let ({hn} ,S) be an exact Banach frame for B. Then there exists
a sequence {yn} ⊂ B, called an admissible sequence of vectors to ({hn} ,S) such that

hi (yj) = δi,j

=

{
1, if i = j,
0, if i 6= j,

∀ i, j ∈ N .
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We now give the definition of retro Banach frame which is the extension of frames in
conjugate Banach spaces.

Definition 2.3. ([18]). Let B be a Banach space and B∗ be its conjugate space. Let
B∗d be a Banach space of scalar valued sequences indexed by N associated with B∗. Let
{yn} be a sequence in B and T : B∗d → B∗ be given. The pair ({yn} , T ) is called a retro
Banach frame (RBF) for B∗ with respect to B∗d if

(i) {h (xn)} ∈ B∗d, for each h ∈ B∗,
(ii) there exist constants α and β with 0 < α ≤ β <∞ such that

α‖h‖B∗ ≤ ‖{h (yn)}‖B∗
d
≤ β‖h‖B∗ , ∀ h ∈ B∗ (2.2)

(iii) T is a bounded linear operator such that

T ({h (yn)}) = h, ∀ h ∈ B∗.
The positive constants α and β are called lower and upper frame bounds of the

retro Banach frame ({yn} , T ), respectively. The operator T : B∗d → B∗ is called the
reconstruction operator for the retro Banach frame ({yn} , T ). The inequality (2.2) is
called the retro frame inequality.

A RBF ({yn} , T ) is said to be tight if α = β and is called normalized tight if
α = β = 1. If removal of one yn renders the collection {yn} ⊂ B no longer a RBF
for B∗, then ({yn} , T ) is called an exact RBF.

Lemma 2.4. ([29]). Let B be a Banach space and {b∗n}n∈N be a complete sequence in
B∗. Then B∗ is linearly isometric to the BK-space B∗d = {{b∗(bn) : b∗ ∈ B∗}} with norm
defined as

∥∥{b∗(bn)}n∈N
∥∥
B∗

d

, b∗ ∈ B∗.

Lemma 2.5. ([18]). Let ({yn} , T ) ({yn} ⊂ B, T : B∗d → B∗) be a retro Banach frame
for B∗ with respect to E∗d . Then ({yn} , T ) is exact if and only if yn /∈ [yi]i 6=n.

3. Main Results

In this section, we discuss various results concerning retro Banach frames (RBF). We
begin with the following result which provide sufficient condition for the existence of an
exact RBF.

Theorem 3.1. Let {bn}n∈N be a sequence in a separable Banach space B such that
bn /∈ [bi]i 6=n, n ∈ N. Then, B∗ has an exact retro Banach frame associated with {bn}n∈N .

Proof. Without any loss of generality, we may assume that dim[bn]n∈N < ∞. Consider
the quotient space B/[bn]n∈N. Since bn /∈ [bi]i 6=n, n ∈ N, there exists a sequence {b∗n}n∈N
in B∗ such that b∗i (bj) = δij ,∀i, j ∈ N.

Also, since B is separable, one can find a sequence {Bn}n∈N in B/[bn]n∈N such that
dimBn =∞, n ∈ N and Bn 6= 0, n ∈ N.

Let βn ∈ Bn be any arbitrary element. Write

φn = βn −
n∑
j=1

b∗j (βn)bj , n ∈ N.
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Then φn ∈ βn + [bn]n∈N = Bn, n ∈ N.

Also, if φn = 0, then βn =
∑n
j=1 b

∗
j (βn)bj ∈ [bn]n∈N and so Bn = 0 which is a

contradiction. So, φn 6= 0, n ∈ N. Further, note that

b∗k(φn) = b∗k(βn)−
n∑
j=1

b∗j (βn)b∗k(bj)

= b∗k(βn)− b∗k(βn)

= 0, ∀k = 1, 2, . . . , n.

Now we prove that [ψn]n∈N = B, where {ψn}n∈N = {φn}n∈N ∪ {bn} .
Let u be the canonical mapping of B onto B/[bn]n∈N. Then, for b ∈ B and ε > 0, one
can find constants a1, a2, . . . , ak such that∥∥∥∥∥∥u

b− k∑
j=1

ajφj

∥∥∥∥∥∥ =

∥∥∥∥∥∥u(b)−
k∑
j=1

ajBj

∥∥∥∥∥∥ < ε

4
.

Moreover, there is an element β ∈ [bn]n∈N such that∥∥∥∥∥∥b−
n∑
j=1

ajφj − β

∥∥∥∥∥∥ < ε

2

and constants p1, p2, . . . , pl satisfying∥∥∥∥∥∥β −
l∑

j=1

pjbj

∥∥∥∥∥∥ < ε

2
.

Then, ∥∥∥∥∥∥b−
m∑
j=1

ajφj −
l∑

j=1

pjbj

∥∥∥∥∥∥ < ε.

Thus, [ψn]n∈N = B. In view of Lemma 2.4, one can find a sequence space B∗d =
{{b∗(ψn)}n∈N : b∗ ∈ B∗} with norm given by ‖{b∗(ψn)}n∈N‖B∗

d
= ‖b∗‖B∗ , b∗ ∈ B∗ and

an operator T : B∗d → B∗ such that ({ψn}n∈N, T ) is a retro Banach frame for B∗. Next,
we prove that ({ψn}n∈N, T ) is exact.

Let {yn}n∈N ∈ B/[bn]n∈N be such that yi(Bj) = δij , for all i, j ∈ N. Define

hn(b) = yn (b+ [bn]n∈N)

and

fn = b∗n −
n−1∑
i=1

b∗n(φi)hi, n ∈ N.

Then

hn(bj) = yn (bj + [bn]n∈N) = yn ([bn]n∈N) = 0j, n ∈ N

hn(φj) = yn (φj + [bn]n∈N) = yn (Bj) = δnj ,∀n, j ∈ N.
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fn(bj) = b∗n(bj)−
n−1∑
i=1

b∗n(φi)hi(bj) = δnj ,∀n, j ∈ N.

and

fn(φj) = b∗n(φj)−
n∑
i=1

b∗n(φi)hi(φj)

=

{
b∗n(φj)− b∗n(φj) = 0, j = 1, 2, . . . , n− 1, n ∈ N
b∗n(φj) = 0, j = n, n+ 1, . . . , n ∈ N.

Write {ψ∗n}n∈N = {hn}n∈N ∪ {fn}n∈N . Then ψ∗n(ψm) = δnm,∀n,m ∈ N. Hence(
{ψn}n∈N , T

)
is a retro Banach frame for B∗. �

In the following result, we consider a subspace of a separable Banach space B which
is of infinite co-dimension such that (B/Y )

∗
has a retro Banach frame and prove that

in this case B∗ has a retro Banach frame.

Theorem 3.2. Let Y be a subspace of infinite co-dimension of a separable Banach space
B. If (B/Y )

∗
has a retro Banach frame, then B∗ has a retro Banach frame.

Proof. Suppose
(
{Gn}n∈N , T

) (
{Gn}n∈N ⊆ B/Y, T :

( B
Y

)∗
d
→
( B
Y

)∗)
be a retro Banach

frame for BY satisfying Gn 6= 0,∀n ∈ N. Then{
1

n‖Gn‖
Gn → 0

}
.

So, there exists gn ∈ Gn

n‖Gn‖ , n ∈ N such that [gn]n∈N = B. Write bn = n‖Gn‖gn, n ∈
N. Then, there exists an associated BK-space given by

B∗d = {{φ(bn)} : φ ∈ B∗}
with norm given by ‖ {φ(bn)} ‖B∗

d
= ‖φ‖B∗ , φ ∈ B∗ and an operator S : B∗d → B∗ such

that ({bn},S) is a retro Banach frame for B∗. �

Next, we define a retro Banach frame of type P.

Definition 3.3. A retro Banach frame
(
{bn}n∈N , T

) (
{bn}n∈N ⊂ B, T : B∗d → B∗

)
is

said to be of type P if it is strictly bounded and there exists a constant ρ > 0 such that
for all finite sequences c1, c2, . . . , cn ≥ 0 satisfying∥∥∥∥∥∥

n∑
j=1

cjbj

∥∥∥∥∥∥ ≥ ρ
n∑
j=1

cj .

In conclusion, we establish the subsequent finding concerning the presence of a retro
Banach frame of type P.

Theorem 3.4. A separable Banach frame has a retro Banach frame of type P.

Proof. Let B be a separable Banach space. Then there exists a sequence {bn}n∈N in B
and a sequence {b∗n}n∈N in B∗ such that [bn]n∈N = B, b∗i (bj) = δij , i, j ∈ N, sup

1≤n<∞
‖bn‖ <

∞ and sup
1≤n<∞

‖b∗n‖ <∞.
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Define βn = bn + bn+1, n ∈ N;β∗n = b∗n+1, n ∈ N. Then β∗i (βj) = δij , i, j ∈ N and
sup1≤n<∞ ‖βn‖ <∞. Also, for every finite sequence a1, a2, . . . , an ≥ 0, we obtain∥∥∥∥∥

n∑
k=1

akβk

∥∥∥∥∥ ≥ ρ
n∑
k=1

ak,where ρ =
1

‖β∗1‖
.

We claim that there exists a bounded linear operator T : B∗d → B∗ such that(
{βn}n∈N , T

)
is a retro Banach frame for B∗. On the contrary if

(
{βn}n∈N , T

)
is not a

retro Banach frame for B∗, then [βn]n∈N 6= B. Therefore, one can find a 0 6= β∗ in B∗
such that β∗(βn) = 0,∀n ∈ N. This gives

β(b1) = −β(b2) = −β(b3) = . . .

Thus β∗(b1) 6= 0 as β∗ 6= 0. Write β0 = b1 and β∗0 = 1
β∗(b1)

β∗. Then [βn]n∈N∪{0} = B.

So there exists a bounded linear operator T
0

: B∗d → B∗ such that
{
{βn}n∈N∪{0}, T0

}
is a retro Banach frame for B∗ which is of type P.

�
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