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Abstract. We consider some natural extensions of Poisson integral in the unit
ball to polyballs and extend some known classical results to the case of product
domains(polyballs). In particular we extend some known results in the unit ball on
Poisson integrals related to BMO to the product domain case

1. Introduction

Let B, = |z| < 1 be the unit ball in C™, S™ = 9B be the unit sphere in C"

Let d(z,w) = |1— < z,w > \%,z,w € B, be the restriction of d on S,.It is @ non
isotropic metric. (see [1,2]).

Let also Q(¢,r) = {n € Sy [1= < &n> [} <r},r > 0,6 € S, We call Q d-ball
Sn = {|z| =1}. We denote various constants in this paper by C,C;,Cy.We define

2\n
Poisson kernel P(z,w), z,w € B,, P(z,w) = %
1— < Z,w > |?"
of a positive Borel measure p , P(u) in a standard way.(see ,for example , [1]).We refer
to [1] and [3-6] for some new and classical results on these objects.

In this note we discuss some problems in open new research area of Poisson type
integrals in product domains in C™. Some new objects in this note will be defined and
some interesting new problems will be also posed and solved.We provide first Unit ball
known results. (see[1]).

In [1,2] it was shown that

; and a Poisson integral

c

— a 2 a g — a 2 g 5
S[If(n) (@) P(a n)do () > a(@!'f fla)Pdo | (1)
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(these estimates were used in study of analytic BMO) one can also observe that (see
[1,2] for definitions) for all 2 < |a| < 1

5/ 1£(6) — F(@)P(a,€)do(€) < c(supxﬁ) ! I folfdo <00 (2)

Next it was shown (see [1,2]) that

(sup ) [ Pl wtdntu) = (222, ®
By,

z€B,

for a positive Borel measure p in B.

And if ¢ = sup) %,for all positive r and all  on unit sphere then we have
i n

that

o0
1
( sup3> / (P(z,w))du(w) < (16") 3 (2) : (4)
|z1>7 B, k>0
(see [1,2]) for any positive i Borel measure.

The question is how to extend these results for a positive p Borel measure to more
general situation if for example we consider more general Poisson type Kernels of the

n

11— |2*)%
I 11— z¢es
j=1

following type ]3(,2'7 €)= , where

m m
E Bj = n; E aj = 2n,
i=1 i=1

where z; € B,j = 1,..,n,§ € S (we assume sometimes |z;| = |z|) and to a group of
positive Borel (u;) measures, where j =1,...,n.

We add some remarks on how to extend (1)-(4) to this more general situation in this
short paper. These results may also have various applications in function theory.

Note that we simply have to find some ways in this paper to modify old and known
proofs to the product domain case.

Following the proof of m =1 case (see [1,2]) we have for a positive Borel p measure

P2
P1

M= sup / /Lln | awn) | = @)

Sl A H1 11— (25, w;) [P
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where Q,(§) ={z € By, 1 d(z,§) <r};£€ S >0; Y aj =g
j=1
m
> B;=2n6;>0a; >0;j=1,..m;0 < p; < o031 =1,..m.
j=1
The proof of (A).
Note first obviously we have

sup |D(21,...2m)| > (sup) |®(z, ..., 2)].
zj€By, zE€B,
i=1,...,m

Indeed we have that even more generally

o 7
I B R G T ) O A S B e P U A B
- |1 — zwl‘ﬁlpl |1 — ZUJQ‘B2P2
QT(fl) Qr(f2)
Pm 1
1 —|2|)*Pmdpp, (w 1 -
. (=) ton (t0m) > | m (@r(&))Pr .
‘1 — ZW. |ﬂ'mpm, _ .
m Z B Z o
Qr(f'm) (72)_7:1 Jj=1
1

fim | Qr(&m)Pm

The last estimate is based on one functional classical result (see, for example, [1,2] and
references there also). Indeed to obtain these estimates we have to use that if

£€S,,rc(0,1),z=(1-r*¢

I-<zyw>=r>4+ (1 -r?)(1- < &w >)
then we have
- <z,w>|<(1—rHr? 412 <202 forw € Q,(£)
and hence ,we have
(e o) A ¢ e DS ren
- <z,w>?" "~ |[1-<z,w> [ — (2r2)2’
for w € Q. (§),r € (0,1),£ € S,z € By,.

So that we have the following estimate

/ (1= [2)"dp(w) _ mQr(&))

|1_ < Z,w > ‘Qn — 4nr2n

Qr(§)

The proof of (A) is now complete.
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Next we have the following known estimate (see [1])

su P(z,w)dp(w) < 16"c , where
(1) f e (5] A

o 2\n )
P(z,w) = 1_(1<2!j0)>|2n;c= (5;1})) (W) in€N,z,weB,.

The natural question to give an extension of this (A) estimate to

_1
Pm
= sup / / (Z,0))du1 (w1)...d o (W) , where
|Z]|>4

X =

D>12

m ;
I1 (1= <zj,w; >)%
j=1

where

m
Zaj :n;ZBj =2n;0 <p; <o0jzj,wj € By,j=1
j=1 j=1

following carefully one functional known proof (see [1,2])

Note that here u; are positive Borel measures on B,i = 1,...,m.
We have the following generalization

111~ |z da(w) -
sup /Hm < (16™)C (Z W) <C,-C, (B)
SER) 5 TG =20

k=0

m
where > 5; = 2n; > «; = n; for some positive constant C

Proof of (B)

We have for positive Borel measure p, denoting the expression under the integral by
M.

ﬁla — J25)) da(w)

Su%/j:m = Su% +|Sl‘1p /(M)dqusup/(M)dug
Z; € _ 8 Z; € zj|<T Zj>T
iers LI = 20)5] SR jog <r

zj|>T
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Since it is easy to see ( sup ) J (M)dp < oo; and since y is a finite positive Borel
|Zj|<T B
measure on B.

We estimate I; and I following known proof where only one function was involved
(see[1]). We have namely the following chain of estimates
Let

re = /28 (1 — |2]), €

| K izl > 7, Eo = Qro(§), Bk = @ (§) — Qry_, (§), k > 0.
z is fixed,

2 € By p(Ey) < 2nHD(1 -

|z)"C, |1 — zw| > 2k_1(1 —lz]), k>0
And

(1 — [21)* dps(w)
i, T = zwy)|%

1 — 2>
< (2n(k+1) . (1 _ |Z|)nC % ( |Z|)

<
(21 (1 = |2]))P

[[jemb

J
m m 2n(k+1)
C(1—|z|)ream2abi x <m
2(k—1) 3= B;
c(1 —|z|)rti =28

o (22 k> 0.
k(3 Bi—n)
This gives an estimate for I;.

We estimate I omitting factors, we have

- (1 — |z 5,
sup | (L—1z])7" <co - < co(l—|z)V 755 =1,...
<|> ! (1 = [z]w; ) ’
m m
Soif Bj —n>0; > oj —

i=—-n;5=1,...m.
j= j=1
We have

And also

I (L zy0)du(w)
. /J:m > (Sup> (u(Q;ﬁf)))
She/ o A=zl AN
if ib:laj — il:lﬁj = (—’I’L)

The proof is complete
extention to polyballs.

We mention another known estimate and show similar
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Note (see [1,2]) for Q = Q(Ial m) a € Bpja #0,

S laP) |
la ‘/'f M T2 O 2 T —Tapy

and [|f — f(a)]?do > Const f |f — f(a)|2do, where Q = Q (ﬁ,W} as our
Q

parameter runs over B, / 0 the above @1 runs over all d balls of radius less than 1
(see[1,2]). We provide some generalizations of such estimates.

Let now f € LP(S,, X ... x Sp).Then
Ha-la \" m
/ /\f(gl,...,fn) — flan, oy @) |P* X ’l—da(&) do (&) :
H I1—

m m
0<p; <ooji= 1,...,m,Zai :n;25j =2n;a4,0; >0;5=1,...m
i=1 i=1
Then following carefully again the known proof where only function was involved we
have

1
Pm

I; > i n

- m (251_041
H(1*|az| ) h

=1

/ / (€ o) — Flar, st Prdo(6) | do(Em)

(@)
Q= Q(‘ E s,V 1—lal?));a € By;a#0;28; —a; >0,i=1,...,m.
And let for same restrictions on parameters
2 o
m ) P1 "
. 1:[1( = lag])*
= | [ / H H6) — el x gt o) | ot
4 -
then again following the known proof with one function we have
1
a2 1 /|f €) - fae | (©)
a — (261 _ O{Z Pt 1 1 1 al )
fafap v
where f; € LP'(B),i ,m; the proof is based on estimate (|1 — (@,§&)|) =

1= (6 + (1—lal)( ‘an) and hence |1 — (a€| < 2(1 — |a|?) (see[1,2]),where ¢ € Q.and
is similar to one domain proof.(see [1,2])

These our estimates may have various applications. We omit some details of proofs
of last estimates referying to [1,2].
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We have also the following known estimate (see [1,2])

/|f (1 |£|2) do < ¢ ChP; (A)

ro < |a] < 1, for some constant C, where

et = o) (5 )/|f Jol"do < oo € 7 (B) (o) =~ | [ fo
Q

We refer to [1,2] for t = 1,p = 2 case of (A).

We wish to extend (A) again using an extension of classical Poisson Kernel P(z,§)
and carefully studying the classical known proof in [1,2]. We have the following result,
the main result of this note.

Theorem Let f € L¥(S),p > 1. Then we have that

ZU<|(1]“<1
j=1,..m

swp | 170~ fian” x HH_';; s <ccin
/ :

for some positive constant C; where a;,3; > 0,5 =1,...,m;Qp = Q ( iR /1 — |a|)
m m

a1 € Bila| >ro, 3> Bj= > aj+n
: =

Jj=1
And also

(sgp) [1#€) - 1(apI” - Pa.eyio(e) < C. (1) (1.2)

- . m (1 — |a; )%
for all |a;] € [ro, 1)ilas] = lalsa; = aloy; P@,€) = P = [ [1 L1902 here
j=1 |1 —&ay[7%

m m
YBi=Yaj+nfeH  1<p<oo,j=1,..m
i1 i1

The proof of theorem. We fix a1 € B,a; = |a|e1,|a] > 10, Qr = (71 k1 &)
k=0,1,...,N; N is a smallest integer, so that Qn = S,,. We have

[15©) - fo P / (&) — ool Pla.)de+
S’n

.S [ 11© - fol” (P@o) aote) ©

k=1 g,
Qr—1
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We then have (see [1,2]); [1 —a&] ~ (4*) (1 —a]);k > 1,£ € Q\Qp-1-
Hence obviously P(@, &) ~ (477F) (1 — |a])™%; and also o(Qy,) < 4"¥(1 — |a|)™;
S = Zlﬂj - Zlajﬁ = Zlﬁj;g € (QK\Qr-1);
= = =

J
This gives

D C1 (Ci),t
(&) = faul"Pla,§)do(€) < 1kGH(Qp) / |f = fqu|"do < (Cl)w
Qr\Qk—1 Qk
I1<E<Nym4nt=rm=>) at= = = .
j=1 n

1
[ (fo. — f)do; by Holder’s inequality

Also fo, — fqu-, = o(Qr-1) o
o,

P 1 P
lfor — far " < U(Q"“I)Q/fok| do.

Now o(Qy) ~ o(Qr—1) (see [1,2]); so

C
o — Sl < a(@@@/ 7 = faul"do < 2t
k

since 0(Qx)! < o(Qr);1 <k < Nj;
Combining this with
k

ka - fQo = Z(sz - fQi,—l);

i=1
we get |fo, — fa.lf <c ((Ci’p) kP.
Since also
1£(€) = faol” < Cp (11(8) = faul " + 1faw — foul7) s Cp = 2271

We have
C1 (Ci,ka

| Vo faul Plagaste) < 22
Qr\Qr—1

T2 = E ﬂj—’ﬂ: E ij.
j=1 j=1
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Also ,
[ 1@ - sl Pla,gaste) < D,
Qr\Qr—1
1<k <N.
And using (G), (G1) we have finally
|f

() = faul” (Pa,6)) do(€) < AC2Y);|a| € (10,1),5 = 1,...,m.
Sn

From an f(&)P(aj,€)do(§) = f(a;);j =1,...,m; and
7€) = Fal” < ") (56  faul” + 1fau — Flan)I")
weave (sup) [1£(6) = fla)” (Play.) do(e) < e (€21)  forall a; = faloy

i/ sn
laj| € [ro,1);j =1,...,m under (S) restriction on («;, 8;). Theorem is proved.

1
Putting f5 = —=
27 0(Q)S
of our theorem with other restrictions on a;, 85,7 = 1, ...,m, extending classical results.
1 ~
—=— | [fdo|;Q=QxQ,
o(Q)? (Q

S > 0 on product domains and to prove similar type results for them also.

Ir da) ;S > 0 we can similarly provide also another version
Q

It will be interesting also to consider f§ =
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