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Abstract. Making use of certain linear operator, we define a new subclass of
meromorphically uniformly convex functions with positive coefficients and obtain
coefficient estimates, growth and distortion theorems, extreme points, closure
theorems and radius of starlikeness and convexity for the new subclass X% (o, 8, k).

1. Introduction

Let A denote the class of all functions f of the form

f) =2+ anz" (1.1)
n=2
in the open unit disc U = {z € € : |z| < 1}. Let S be the subclass of A
consisting of univalent functions and satisfy the following usual normalization condition
f(0) = f/(0) — 1 = 0. We denote by S the subclass of A consisting of functions f which
are all univalent in U. A function f € A is a starlike function by the order o,0 < o < 1,
if it satisfy

l
Re{zf (2)} >a,z€eU. (1.2)
f(2)
We denote this class with S*(«) .
A function f € A is a convex function by the order o, 0 < o < 1, if it satisfy

Re {1 + Z%S)} >a,zeU. (1.3)
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We denote this class with K(a).
A function f € A is said to be in the class of uniformly convex functions of order =y
and type 8, denoted by UCV (8,7), if

21"(2) } 21"(2)
Re<1+ —v >0
{ f'(2) f'(2)
where § > 0,7 € [-1,1) and 8+~ > 0 and it is said to be in the class corresponding
class denoted by SP(8,7), if
zf'(z)

2f'(z) }
re{ 5 -} > 255
where > 0,7 € [-1,1) and 8+~ > 0. Indeed it follows from (1.4) and (1.5) that
feUuCv(y,B) < zf' € SP(v,H). (1.6)

For = 0, we get respectively, the classes K () and S*(y). The function of the class
UCV(1,0) = UCV are called uniformly convex functions, were introduced and studied
by Goodman with geometric interpretation in [7] and uniformly starlike functions in [8].
The class SP(1,0) = SP is defined by Ronning [17]. The classes UCV(1,v) = UCV (y)
and SP(1,7) = SP(y) are investigated by Ronning in [16]. For v = 0, the classes
UCV(B,0) =8 —-UCV and SP(B,0) = 8 — SP are defined respectively, by Kanas and
Wisniowska in [12, 13].

Let w be fixed point in U and A(w) = {f € H{U) : f(w) = f'(w) — 1 = 0}. In [11]
Kanas and Ronning introduced the following classes

Sw =A{f € A(w) : f is univalent in U}

STw{feA(w):Re<(zfu(}i)ﬂz)> >0,zeU}

1
cvw:{feA(w);HRe(W)>o,zeU}. (1.7)
Later Acu and Owa [1] studied the classes extensively.

The class ST, is defined by geometric property that the image of any circular arc
centered at w is starlike with respect to f(w) and the corresponding class CV,,is defined
by the property that the image of any circular arc centered at w is convex. We observed
that the definitions are somewhat similar to the ones introduced by Goodman in (7, §]
for uniformly starlike and convex function except that, in this case, the point w is fixed.

Let X denote the class of the functions of the form

f(z) = L. > anz" (1.8)

: (1.4)

1, (1.5)

Tz
which are regular in domain U* = {z € ¥ : 0 < |z] < 1} = U \ {0} with a simple
pole at the origin with residue 1 there. Let ¥y and ¥*(«) and ¥i(a),0 < a < 1,
denote the subclasses of ¥ that are univalent, meromorphically starlike of order o and

meromorphically convex of order « respectively. Analytically f of the form (1.8) is in
¥*(a) if and only if

Re {_ZJJ:ES) } >a, z€U. (1.9)
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Similarly, f € ¥ («) if and only if f(z) is of the form (1.8) and satisfies

rel- (12N L e (1.10)
(7))

It being understood that if = 1 then f(z) = 1 is the only function which is £*(1) and
Yk (1). The classes £* (o) and X () have been extensively studied by Pommerenke [15],
Clunie [3], Royster [18] and others.

Let X, denote the subclass of A(w) consisting of the function of the form

f(z) = ziw +Zan(z—w)”. (1.11)

The functions f in ¥, are said to be starlike functions of order g if and only if
e[~ )
/()

for some (0 < 8 < 1). We denote by ST, (/) the class of all starlike function of order
B

} > 8, (z—w)eU. (1.12)

Similarly, a function f in ¥, is said to be convex of order § if and only if
(z —w)f"(2)
Re {1 o)
f'(z)
for some S (0 < 8 < 1). We denote by Cy,(8) the class of all convex functions of order

B

} > B, (z —w) e U. (1.13)

Let us define the function $(a, ¢; z) by

o0

1
ola,c:2z)=——+ %

zZ—Ww n=0

(a)nJrl
(C)n+1

for ¢ # 0,—-1,-2,--- and a € C/{0}, where (A\),, = A(A + 1)p41is the Pochammer
symbol. We note that

an(z —w)" (1.14)

1
7] 1z2) = Fi(1 ; 1.15
QD(G,C,Z) ” —w 2 1( ,CL7C,Z) ( )

where oF) (b, a,c Z) _ Z (b)(zga)n (Z _n;w)n
n=0 " .

(1.16)

is the well-known Gaussian hypergeometric function. Corresponding to the function
?(a,¢; z) and using the Hadamard product for f € ¥, we define a new linear operator
L (a,c) on ¥ by

(a)n+1
(c)

C)n+1

L (a,0)f(2) = la, 2) % f(2) = ! —+> an(z—w)".  (117)

The meromorphic functions with the generalized hypergeometric functions were
considered recently by Dziok and Srivastava [4, 5], Cho and Kim [2].
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For a function f € L (a,c)f(z), we define

IO(L*w(a,c)f(z)) =L (a,c)f(z), and for k=1,2,---
)

I*(Ly(a, ) f(2)) = Z(I’“’l(LTU(a, )f (=) + _2 w
Z (2 = w)" (1.18)
n+1

We note that I*(L? (a,a)f(z)) studied by Ghanim and Darus [9, 10].

Motivated by the works of Madhavi et al. [14] and Venkateswarlu et al. [19, 20],
we define the following a new subclass 3% (a, 8, k) of meromorphically uniformly convex
functions with positive coefficients in ¥, by making use of linear operator.

Definition 1.1. For a(—1 < a < 1) and B(8 > 1), we let ¥ (o, 8, k) be the subclass
of ¥, consisting of the form (1.11) and satisfying the analytic criterion

I*L (a,0) f(2) B } I*HLLE (a,0) f(2)
re{ Trstasr ) | T 1
whereL? (a, c) f(z) is given by (1.17).

—1|, zeU (1.19)

The main objective of this paper is to study some usual properties of the geometric
function theory such as coefficient bounds, growth and distortion properties, radius of
starlikeness and convexity. Furthermore, we obtain convex linear combinations for the

class X% (o, B, k).

2. Coefficient Estimates

In this section we obtain the coefficient bounds of functions f for the class ¥, («, 5, k).

Theorem 2.1. A function f of the form (1.11) is in X} (o, B, k) if

Zn (1+8) - (6+a>]’@"“

lan] <1—a, —1<a<1and B >1.(2.1)
( )n+l

Proof. Tt suffices to show that

I*LE (a,0) f(2) 1 - Re I*HLLE (a,0) f(2) B W
A oneeie) 1‘ i { 5L (0, )/ (2) 1}“ |
We have
1L (a,0) £(2) 1L (0, ) f(2)
U Py /) 1'["6{ T° L5 (4, ¢)f(2) 1}
L o s (1+ >§ bn — 1) @til g, |2 — wf”
<(1+8) IIka C(Lc)){z()) 1‘ < =l

1
2 ket ja, | |2 — |
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Letting (z — w) — 1 along the real axis, we obtain
S b |(@)n 1]
<<r+m23n0w4ﬁ@ﬁ$mm

1 Z nk\(d)nﬂl ||

[(©)nt1l

This last expression is bounded above by (1 — «) if

@l ) <y
Zn (1+8)— (5+a)}|(c)n+1| la,| < :

Hence the theorem. O

Our assertion in Theorem 2.1 is sharp for functions of the form

o0

Fulz) = — +3° (1 = ) (S (z—w)" (n > 1;k € No)(2.2

Z—w

= * I+ 8) = (B + @)l (@)n+1]

Corollary 2.2. Let the functions f be defined by (1.11) and f € A. Then

(1 =) |(c)ny1]
nkn(1+B) = (B + )] [(a)n41]

(n>1;k € Np). (2.3)

an <

Theorem 2.3. Let f define by (1.11) and g(z) =

n(z —w)™ be in the class

> («, B, k). Then the function h defined by

h(z) = (1= N f(2) + Ag(2) 7+an (z—w (2.4)

where ¢, = (1 — XN)an, + Ay, 0 < A < 1 is also in the class 3% (o, B, k).

3. Growth and Distortion Theorem

In this, section we study growth and distortion properties for the class

Theorem 3.1. Let the function f defined by ( 1.11) be in the class X% (o, 8, k). Then

1 1
Lol tan (3.1)
Equality holds for the function f(z) = E _1 o) + (z —w) (3.2)

Proof. Since f € X7 («, B, k), by Theorem 2.1,

[(@)n+1] L
Zn (1+8)— (B+o¢)]|(c>n+1||an|§1 .

)
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Now (1 _ a)z |(a)n+1‘ _ Z(l _ a)l(a)nJrl'a

2 (O] T [CIE
< 3o ntn(1+8) - 8+ =
< 711_— a
I I T

mw 2] nrl
& @enl
1 = |(a)n+1| _ n
a2 @Y
Z N(@ur] 1
‘r”;\(c)m nER
and [f(2)] = | — +i—‘(“)”*1'an<z—w>"
w2 ni]

[z —w] = [(Onsl
1 o 1@l
> —-—r ap > ——T
r nzz:l [(€)nt1] Yo
which yields the theorem. O

Theorem 3.2. Let the function f be defined by (1.11) be in the class XX (o, B, k). Then
1 1

Equality holds for the function f(z) L4 z—w.

T z—w

Proof. We have

"(z)| = 1 3 n(a)"ﬂa z—w)" !
|f()|7 (Z—w2+n; (C)n+1 TL( )
1 3 n (@)n s an |(z —w)|" !
SR P e LSl
1 o (@]
<t L @] 34
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Since f(z) € ¥ (o, B, k), we have

e @ b _ |(a)n+1]
=) 2 )" = ;" n(L+8) = (B+ )y~ nan
<l—-«o
i n+1|| na, < 1.
— n+1

Substituting (3.5) in (3.4), we get |f/(2)| < 5 + 1.
And |f(2)| = 7 — 1. This completes the proof

4. Radii of Starlikeness and Convexity

27

(3.5)

The radii of starlikeness and convexity for the class for the class¥? («, 8, k) is given

by the following theorems.

Theorem 4.1. If the function f is defined by (1.11) is in the class¥i («, 8, k) then f

is meromorphically starlike of order 6(0 < < 1) in (2 —w) < ry, where
nk (1= 8)n(1 + 8) — (5 +a)] | ™
= k) = inf .
T1 rl(aaﬁa ) rngl{ (n+2—5)(1—a) }
The result is sharp for the function f given by (2.2).

Proof. 1t suffices to prove that

(z = w)(I*(Ly,(a, ) f(2)))
1MLy, (a,0) f(2))

For (z — w) < r the left hand side , we have

/ S nk(n—kl)l(a)”“‘an 1z —w|"

c
=, [y

+1‘<15.

nkl(@ntl
1@ n+1l

an(z —w)™
nk(n + 1)wan |z —wl|"

| [(©)nt1]

‘ Z nk\ a)"“lan|z—w\n

118

n

IN

[(e)n+1l

The last expression is less than 1 — § if

n+1| CTL 1|

n=1

r k n+2 )|( )n+1‘ n+1
° Z eyl <

Wlth the aid of (2.1) and (4.4) is true if

> n — 1 nFn — «
Sl HBLE D ra)

(4.1)

(4.2)

(4.3)

>t DS, |~ ul” < (10 ( ST k'“"*lanz—w|">

(4.4)

(4.5)
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Solving (4.5) for |z — w|, we obtain
ool < (OO0 B o) et
(n+2-06)(1-a) (©)n+1
This completes the proof of Theorem 4.1. O
Theorem 4.2. If the function f be defined by (1.11) is in the class X7 («, 8, k) then
f(2) is meromorphically convex of order §(0 < § < 1) in (z —w) < 7“2, where
=0+ ) — (B+ )|
’"2”2(0"5’]“)%21{ n+2—0)(1l—a) } '
The result is sharp for the function f given by (2.2).

(4.6)

Proof. By using the technique employed in the proof of Theorem 4.1, we can show that
(z —w)(I*(Ly(a,0) f(2)))"
(1% (L3, (a, ) f(2)))'

for |z — w| < 72, with the aid of Theorem 2.1. Thus we have the assertion of Theorem
4.2. O

+2‘ <(1-9) (4.7)

5. Convex Linear Combinations

In this section, we obtain convex linear combinations for the class ¥ (a, 8, k).

1
Theorem 5.1. Let fo(z) = —— (5.1)

zZ—w
1 (1 —a)|(c)nt]
and fo(2) = +

o) = e R B - (Bt )] @
n>1,-1<a<1,8>0andk >0. Then f(z) € ¥ («a, 8,k) if and only if it can be
expressed in the form

z) = Z Anfn(2) where A, > 0 and Z An = 1. (5.3)
n=0

n=0

(z —w)", (5.2)

Proof. From (5.1), (5.2) and (5.3), it is easily seen that

< _ o1 = ) |(©)us .
Z)_ngok"f"(z)_z— +an (e Ea et (G

Since
i — (B+ )] [(a)nt1] An(1— ) |(c )n+1\ Z/\
= 1 —Oé) |()n1] n*[n(1+ B) — (B + a)l [(a)nt]
1 Xo < 1.
It follows from Theorem 2.1 that f € ¥¥ («, 8, k).
Conversely, let us suppose that f € ¥¥ («, 8, k). Since
an < (1= ) [(S)ns] n>1,-1<a<1,>0andk > 0.

~ k(14 8) = (B+ a)l(a)nt1]’
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" n=1

It follows that f(z) = Y. Anfn(2). This completes the proof of the theorem. O
n=0

Finally, we prove the following.
Theorem 5.2. The class X% (o, B, k) is closed under convex linear combinations.

Proof. Suppose that the function fi(z) and f2(z) defined by

_ 1 - (a)n+1 ) n(. .
fi(z) = po— +nZ::1 @i anj(z—w)"(j=1,2; z—weU) (5.4)
are in the class X% (o, 8, k). Setting
f(2) = pfi(z) + (1 =) fa(2), (0 < p < 1) (5.5)
We find from (5.4) that
f) = ——+ 2 ((2‘;:;1 {Han1 + (1= pan2}(z —w)", 0 p <1, (z-w) € V.
(5.6)
In view of Theorem 2.1, we have
Zn (148) = (04l {0 (s + (1 = p)an2)
—uzn (148) = (54 )l |92 ana + (1= ) 3 nin(1 + )
n n=0
(a)n+l a
(ﬁ + a)] (C)nJrl n,2
<1 =)+ (1— (1 —a) = (1-a).
which shows that f(z) € ¥ (o, 8, k). Hence the Theorem. O

6. Conclusion

This research has introduced a new linear operator related to meromorphic functions
and studied some properties were studied. Accordingly, some results related to closure
theorems have also been considered, inviting future research for this field of study.
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