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Abstract. J. B. Miller considered orders in strictly real Banach algebras. The aim
of this paper is to extend the basic results about the natural ordering to strictly real
Hausdorff m-convex ones. In this frame, one is led to put the additional condition
that they are Q-algebras, which is, anyway, satisfied in the Banach case. The results
about the associated order are also valid in this framework but they are not included
here.

1. Introduction

In 1949, I. Kaplansky has introduced in [12] the class of strictly real Banach algebras.
Since then, not much work has been done on them. In [16], J. B. Miller considers
what he calls the natural ordering in a strictly real Banach algebra. The new idea is
to use the principal component Gy. He also introduced what he called the associated
order. Here we work with unital strictly real m-convex Hausdorff @Q-algebras. From
section 5 onwards we intend, using the results of sections 3 and 4, to extend to this
class of algebras the results of Miller concerning the natural order. Those relative to the
associated order can also be extended to our framework, but we do not include them
here because their proofs are the same, although some of these can be simplified using
our results of Section 3.

In Theorem 3.9 we show that if £ is a unital strictly real m-convex Hausdorff Q-
algebra, then the spectrum of any = € F is the image of its Gelfand transform, as it
happens in the case of unital m-convex commutative complex Hausdorfl @)-algebras.
In the aforementioned theorem and Corollary 4.4 we also prove that the same is true
for other algebras related with E, such as its complexification E¢ and E modulo its

2010 Mathematics Subject Classification. Primary 46H05, Secondary 46H20.

Key words and phrases. Strictly real m-convex algebras, spectrum, principal component,
natural ordering, order topology, normal cone.

¥ Deceased 5 December 2019.

Communicated by. Mart Abel

fCorresponding author.

61



62 Arizmendi-Peimbert, Carrillo-Hoyo, Oudadess and Ramos-Martinez

(Jacobson) radical. In M. Abel’s terminology all these are algebras with functional
spectrum. Besides this, in Section 4 it is shown that in any of them their radical
coincides with the set of their quasi-nilpotent elements (Proposition 4.3). All these
results are relevant for the rest of the work.

Section 5 concerns the principal component G; of the group G (F) of invertible
elements of E. It plays a crucial role in the definition of the natural ordering. Proposition
5.1 puts together facts that are used in the sequel.

The natural order is studied in Section 6. Its properties are looked at. We obtain the
same results as in [16]. It appears (Proposition 6.4) that F = G; — G1, a more precise
statement than £ = G (E) — G (E). Also, the order has good interpolation properties
(Proposition 6.5). It is even strongly archimedean according to Miller’s terminology
(Proposition 6.7). If it is full, then F is isomorphic to the real field R (Proposition 6.8).

In Section 7, we examine the order topology associated to the natural ordering. It
first appears that it is Hausdorff' (separated) if, and only if, the algebra is semi-simple
(Proposition 7.4). We proceed also to a comparison of the topologies involved. It appears
that the order topology 7, and the topology 7,, associated to the spectral radius function
p, are in fact equivalent (Proposition 7.2). As a consequence, the cone Gy, which is
shown to be 7,-normal, is also 7,-normal. But its 7-normality is not granted. It actually
reduces the algebra F to a particular Banach one (Remark 7.10).

The square root operation for positive elements of F is presented in Section 8,
assuming that E is also complete. The unique positive square root belongs to the
bicommutant of the element (Proposition 8.1).

Finally, in section 9, we study the dual cone of E and the related set of continuous
linear functionals that are positive on every strictly positive element of F.

2. Preliminaries

An algebra F, over R or C, with a linear topology 7, is a topological algebra if its
multiplication is separately continuous, i.e., for any z¢ € F, the mappings * — zox and
x — xx are continuous. Its topological dual is denoted by E*. If (E, 7) is also a locally
convex space, then it is called a locally convez algebra (I.c.a.). The multiplication is said
to be jointly continuous if the map F x E — E, (z,y) — xy is continuous.

All topological algebras will be assumed to be Hausdorff unless otherwise specified.

A topological algebra E, with identity e, is a Q-algebra if the set G (F) of all its
invertible elements is open or, equivalently, if e has a neighborhood contained in G (E).

To avoid confusion, the zero in the scalar field and the zero element in a vector space
V will be written as 0 and Oy, respectively.

Let E be a topological algebra with unit e. A net (v;),.; in E is called advertibly
convergent with respect to x € F if zx; — e and 2,2 — e in E.

The topological algebra FE is called advertibly complete if every advertibly convergent
Cauchy net in F converges there. Every @Q-algebra is advertibly complete.

Let E be a l.c.a. whose topology 7 is given by a family (||,),c, of seminorms.

For simplicity, and provided there is no a risk of confusion, we shall write only (|-|,)
instead of (|-[y),c,, and, when appropriate, we shall also denote the algebra E by

(& (113)-
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Recall that a l.c.a. (E, (|-],)) has a jointly continuous multiplication if and only if for
each A there is a continuous seminorm |-| on E such that

lzyly < |zl |yl; Ve, y € E.
Al.ca. (E,(|-],)) is said to be m-convex algebra ([15]) if
lzy|, < lz|y |z|,;Ve,y € E and VA
Al.ca. (E,(|-]))) is said to be locally A-convex algebra (I-A-c.a.) ([8]) if
Va, VA, IM = M (x,\) > 0 : max (|zy|, , |yx],) < M |y|,;Vy € E.

When M (z,\) depends only on z, we write M (z) and then E is called a locally
uniformly A-convex algebra (Il.u-A-c.a.) ([7] and [8]). In this case

Va,3IM(z) > 0 : max (Jzy|, , [yx],) < M(z) |yl ;Vy € E,VA.

As in the Banach case ([16]), a real l.c.a. E, with unit e, is said to be strictly real if
Sp(x) C R, for every x € F, where Sp(z) is the usual spectrum Spg,. (z) of z in the
complexification E¢ of E. Actually, the notion of strict reality can be defined without
any reference to a given topology. It is essentially algebraic. The fundamental property
is the non voidness of Sp(x), when E is a unital, m-convex algebra, since then the
complex algebra E¢ has these two properties.

Here are some general facts, already noticed in the Banach case ([16]).

Lemma 2.1. Let E be a real algebra with unit e. Then the following are equivalent
(i) E is strictly real;
(i) Sp (1’2) C Ry, for every x € E;
(iii) e + x2 is invertible, for every x € E.

From item (iii) of the above lemma, it is readily seen that the next are examples of
strictly real algebras. All of them appear in [11], but we put them here for the sake of
completeness.

Example 1. Let E = (% (R,R) be the algebra of continuous bounded real valued
functions on the real line R. Endow it with the topology given by the family of seminorms
Hw’ v € Cy (R,R), where Cy (R, R) is the algebra of functions in Cj (R, R) vanishing at
infinity and |f|, = sup {|f (¥) ¢ (¥)| : € R}. It is a l.u-A-c.a. which is not an m-convex
algebra ([8, Example 3, p. 20]).

Example 2. Let £ = C (R, R) be the algebra of continuous real valued functions on
the real line R. Endow it with the topology of uniform convergence on compacta. This
is an m-convex algebra which is not a l.u-A-c.a.

Example 3. Considering the standard cartesian product of Cj (R, R) and C (R, R),
one obtains a [-A-c.a. which is not m-convex nor locally uniformly A-convex algebra.

Example 4. This example of a [.c.a., which is not locally A-convex, is first due
to Warner ([18, p. 1028]). Let E = C'[0, 1] be the Banach algebra of continuous real
functions on the interval [0, 1], endowed with the uniform topology. If w = o (E, E*)
is the weak topology in E, associated to E*, then the multiplication on (F,w) is not
jointly continuous. Now, by a result of A. C. Cochran ([6, Theorem 3.4, p. 76]), it can
not be a [-A-c.a.

1 We denote the real intervals [0, 00) and (—o0,0] by R4 and R_, respectively.
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Remark 2.2. To enlarge the class of strictly real l.c.a.’s, one notices that the property
is kept by the following operations: cartesian product, projective limit, the image by an
algebra morphism (epimorphic image), ...

3. The spectrum

In the sequel, every real or complex m-convex algebra E will be assumed to have a
topology 7 generated by a saturated family of submultiplicative seminorms (|-],),. We
shall use, when appropriate, E, (E, (||,)) or (£, 7) to denote it. If E is also a Q-algebra
with unit e, then it will be assumed that |e|, =1 for all A.

Let E be a real m-convex algebra, its complexification E¢c = FE + iFE endowed with
the product topology 7¢ is then a complex m-convex algebra ([19, p. 241]) and E¢ is
Hausdorff whenever FE is Hausdorff.

Remark 3.1. The topological results about strictly real algebras will be stated assuming
that they are also m-convex (Hausdorff) @-algebras, but part of them are valid, and the
given proofs work, if we replace this last condition by advertible completeness. We think
that exceptions are, for example, Theorem 3.9 and Propositions 6.4 and 6.5.

Denote by M (E) the carrier space of E, i.e., the set of all non-zero multiplicative
continuous linear functionals on algebra E, real or complex, according to whether E is
assumed to be a real or complex topological algebra, respectively. In particular, if E is
a real algebra, then M (E¢) is the set of all non-zero multiplicative continuous complex
linear functionals on the complexification E¢ of E.

For any unital m-convex algebra F, the Jacobson radical Rad (F) is a bilateral ideal.
For x € E, we have Spg () = Spp (s (x)), where B=E “Rad (E) and s : E — B is the
canonical surjection. The algebra F is called almost commutative if it is commutative
modulo its Jacobson radical Rad(E).

Remark 3.2. If E is a @Q-algebra or strictly real algebra and I is a closed bilateral
ideal, then E_ I has the corresponding property because open epimorphisms and
epimorphisms preserve the respective property. If E is a real or complex topological
Q-algebra, then Rad (FE) is a closed ideal. Thus, F, Rad (E) is an m-convex algebra if
E is an m-convex Q-algebra.

Wiener property: Let E be a complex commutative m-convex Q-algebra. Then

M(E) # 0 and
Sp(z) =T (M(E)) ={p(z)|p € M(E)} (3.1)

for every z € E, where 7 is the Gelfand transform of x .

Any unital complex commutative complete m-convex algebra also satisfies (3.1) and
the Wiener property is stated more often in relation to this type of algebras.

In M. Abel’s terminology ([1]), a unital topological algebra in which the equality (3.1)
is true for all its elements, is called a topological algebra with functional spectrum. We
shall see that such is the case for any strictly real m-convex @Q-algebra.

Remark 3.3. §uppose E is a topological real algebra. For a function h : £ — R, define
h:Ec—Cash(z+iy) =h(zx)+ih(y).If ¢ € M(E), then ¢ € M (Ec). Conversely,
OIE € M(E), if ® € M(Ec) and ® (E) C R. The association ¢ — & is a bijection

from M (E) onto M (E) = {® € M (Ec)| & (E) C R }.



The natural ordering in strictly real m-conver Q-algebras 65

If E is a strictly real topological algebra and M (E¢) # 0, then ® (z) € Sp(z) C R
for every ® € M (E¢) and x € E. Thus,

M(Be) = {7 lpe M(E)} and (3.2)
M(E) = {9E|®ecM(E)}.

Lemma 3.4. Let E be a commutative strictly real m-conver Q-algebra. Then M (E) # ()
and E is an algebra with functional spectrum.

Proof. By a result of Zelazko ([20, Theorem, p. 226]), the complexification E¢ of
E is a Q-algebra. Then FE¢ is a commutative complex m-convex algebra, which is
also a Q-algebra. By the Wiener property and equality (3.2), Sp(z) = Spg. (x) =
{p@)| pe M(E)}, ifxe E. O

Proposition 3.5. Let E be an almost commutative m-convex Q-algebra. If E is a
complex algebra or a strictly real algebra, then M (E) # () and

Sp(x) =2 (M (E)) = {¢ ()¢ € M(E)}
for every x € FE.

Proof. The algebra B = FE,/Rad(F) is a commutative m-convex (Q-algebra by
hypothesis, and it is a complex algebra or a strictly real algebra depending on which
type of algebra is F. From the Wiener property, in the complex case, and from Lemma
3.4, when FE is strictly real, we have that M (B) # @ and

Spe (z) = Spp (s (2)) = {¢ (s (2)) [¢ € M(B)}
for every © € E, where s : E — E /Rad(FE) is the canonical surjection. Since
PYos € M(E) for every v € M(B) and ¢ (x) € Spg (x) for every ¢ € M(E), we
get the result. O

The next lemma is inspired by results of Michael ([15, Proposition 7.3, p. 29]) and
Hadjigeorgiou and Oudadess ([11, Proposition 13, p. 5]), that refer to real complete
Hausdorff m-convex algebras.

Lemma 3.6. Suppose (E,(|-|,)) is a real m-convex algebra which is also a Q-algebra.
Then

Rad(E) = (7} (Rad(Ey)) ,
A

where Ex = E/ ker|-|, and 7, : E — E is the canonical surjection.

Proof. Inclusion left to right is clear. For the other direction, let E be the completion

of the normed algebra E). Since F is a (Q-algebra, E is advertibly complete. Then z

€ G (B) if and only if 7, (z) = z) € G(E)) for all X ([10, Proposition 6.10 (4), p. 74]).

In particular, e — 2 € G (E) for every x € (7' (Rad(E))). Since (7' (Rad(Ey))
A A

is a bilateral ideal I, e — xy,e — yx € G(E) for x € I and y € E, ie., x € I implies
x € Rad(E). O

For our next result we shall use the following one.

Theorem 3.7. ([4, Theorem 7.4.17, p. 333]) Every strictly real semi-simple p-normed
algebra is commutative.
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Remark 3.8. We believe that an extra condition is necessary in this theorem that
guarantees the closedness of primitive ideals, for example the Q-property. Anyway, in
our case there is no problem because we shall deal with Q-algebras.

Theorem 3.9. Suppose (E, (|-|,)) is a strictly real m-convex Q-algebra. Then
(i) E and Ec are almost commutative;

(ii) M (E) # 0 and
Sp(x) = (M(E)) ={p(z)| ¢ € M(E)}

for every x € E, where T is the Gelfand transform of x;

(iii) M (Ec) # 0 and
Sp(x +iy) =z + iy (M (Ec)) = {3 (z + iy) | p € M (B)}

for every x + iy € Eg;

(iv) M (E) is compact in the weak™ topology o (E*, E) on E*. Sp(x) is compact in
R and the spectral radius function p is finite valued; in fact, it is a submultiplicative
seminorm on E;

(v) (M(E),o(E*, E)) is isomorphic to (M (Ec),o (EE, Ec)) and the space
(M (E¢),o (E¢, Ec)) is compact.

Proof. (i) By Remark 3.2, the normed algebra Ey = E/ker|-|, is a strictly real Q-
algebra, Rad(E)) is closed in E) and then the semi-simple algebra E),Rad(E)) is
a normed @-algebra. It follows from Theorem 3.7 that E) Rad(E)) is commutative.
Then z yx—yrzx € Rad(E)) for each X and z,y € E. By Lemma 3.6, zy—yx € Rad(E)
for every z,y € E. Thus, F/Rad(FE) is commutative.

The complexification (E,Rad(E)). of E/Rad(FE) is then commutative. On the
other hand, Ec,/Rad(Ec) and (E/Rad(E)). are algebraically isomorphic via the map
s’ (x +1iy) — s(x) +is(y), where s and s are the corresponding canonical surjections
from E and Eg, respectively. Therefore, E¢,/Rad(Ec) is commutative.

Since E and E¢ are m-convex (-algebras, the items (ii) and (iii) follow from
Proposition 3.5 and equality (3.2).

(iv) M (FE) is an equicontinuous subset of the topological dual E* of E, because E
is a Q-algebra ([14, Proposition 7.1, p. 75]). Thus, M (FE) is relatively compact in the
weak™® topology o (E*, E), but M (E) is o (E*, E)-closed, because F is unital. Hence,
M (E) is o (E*, E)-compact.

For z € E, the Gelfand transform z : (E,c (E*, E)) — R is continuous. Therefore,
Sp () is compact and

pl@)= max [p(x)] < oo (3.3)

for every z € X. Clearly p is a submultiplicative seminorm.
(v) The map ¢ — ¢ is bijective and o (E*,E) — o (E{, Ec) continuous. It is an
isomorphism, since (M (E),o (E*, E)) is compact. O

Remark 3.10. In [3, p. 12], Arizmendi and Velov named the equality (3.1) in the
Wiener property as (m). They observed that this equality holds for all elements of any
p-normed algebra. In [9, Corollary, p. 190], it is exhibited another class of complex
algebras for which this is true. Now we can add to all these the classes of strictly real
m-convex (Hausdorff) algebras, which are also Q)-algebras, and their complexifications.
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4. The set of quasi-nilpotent elements

For any real or complex unital m-convex algebra E, N (E) will denote the set of all
quasi-nilpotent elements x of E, i.e., such x € E, for which Spg (z) = {0} (equivalently,

p(x) =0).

Proposition 4.1. If F is an m-convex Q-algebra that is also strictly real or complex
and commutative, then

(i) Sp(zy) C Sp(z) - Sp(y) and Sp(z +y) C Sp(x) + Sp(y) for z,y € E;

(if) N (B) = {z € Blp (z) = 0¥ ¢ € M(E)};

(iii) N (E) is an ideal of F;

(iv) N(Ec) ={z+iy € Ecle(z) = ¢ (y) =0V ¢ € M (E)}, in case of strict reality
of E.

Proof. The results (i) and (ii) follow from item (ii) of Theorem 3.9, in the strictly real
case. In the complex one, they are consequences of the Arens-Michael decomposition
and the Wiener property. From item (ii) we obtain (iii). Item (iv) follows from (iii) of
Theorem 3.9. (]

Remark 4.2. It is well know that Rad (E) C N (E) for any complex m-convex algebra.
Indeed, z € Rad(E) implies ep — 32 € G (E) for all A # 0. Hence, Spg (z) = {0}.
Therefore, N (E) = Rad(E) if N (E) C Rad(E). Such is the case when N (E) is an
ideal, because p(zy) = 0if p(z) = 0 and then e—xzy € G (E) forally € E, ie.,x € N (E)
implies € Rad (E).

Proposition 4.3. If F is a strictly real m-convex Q-algebra, then
(i) N (E) = Rad (E);

(ii) N (Ec/Rad (Ec)) = Rad (Ec,/ Rad (Eg));

(iii) N (Ec) = Rad (Ec) = Rad (E) + iRad (E);

(iv) N ((E/Rad (E)).) = Rad ((E/ Rad (E)).) .

Proof. (i) By Proposition 4.1, N (E) is an ideal of E. Thus N (E) = Rad(E), by
Remark 4.2.

(ii) Let s’ : Ec — Bc = Ec,/Rad (E¢) be the canonical surjection. The algebra B
is a complex commutative (Theorem 3.9 ) m-convex Q-algebra. By Proposition 4.1 and
Remark 4.2, N (B¢) is an ideal of B¢ and N (B¢) = Rad (Bc).

(iii) To get the first equality, it is only necessary to prove the left to right inclusion:
x +1iy € N (Ec) implies s’ (x +iy) € N (B¢) = {s' (0g.)}. Then N (Ec) C Rad (Ec).
From Proposition 4.1 it is clear that N (E¢) = N (E) + i¢N (E) and, by item (i),
Rad (E¢) = Rad (E) + iRad (E).

(iv) Follows from Remark 3.2 and item (iii). O

Corollary 4.4. Suppose (E,(||)) is a strictly real m-convex Q-algebra. Let s : £ —
B =FE/Rad(FE)and s’ : Ec — Bc = Ec,/Rad (Ec) be the canonical surjections. Then
(i) M (B) = {ty|¢p € M (E)}, where 9, : B — R is defined by ¢, (s (z)) = ¢ (2);

(ii) (M(E),o(E*,E)) and (M(B),o(B*,B)) are isomorphic and the space
(M (B),o (B*,B)) is compact;

(iii) M (Bc) = {¥,|p € M (E)}, where U, : Bo — Ris defined by ¥, (s’ (z +iy)) =
¢ (z) +ip (y);
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(iv) M (E),o (E*,E)) and (M (B¢),o0 (B¢, Be)) are isomorphic and the space
(M (B¢), 0 (B, Be)) is compact.

Proof. (i) By the above proposition, ¥, (s (z)) = ¢ (z) is a well defined function, for
¢ € M(F) and x € E. It belongs to M (B), because |¢ (z)| < M |z|, for all z € E
and some A, whence [ty (s(z))] < M |s(z)|p , where |-|5 , is the seminorm on the
quotient B, corresponding to |-|,. On the other hand, if ¥y € M (B) and ¢ = 9 o, then
p e M(E) and ¢ = 1,,.

(ii) The map ¢ — v, is 0 (E*, F) — o (B*, B) continuous and it is an isomorphism
because (M (E),o (E*,E)) is compact (Theorem 3.9). Then M (B) is o (B*, B)-
compact.

Items (iii) and (iv) can be proved using similar arguments and Theorem 3.9. O

Remark 4.5. ¥ € M (Ec,Rad(Ec)) implies (Vo s') |E € M (E).

Corollary 4.6. If (E, (|-|,)) is a strictly real m-convex Q-algebra, then
(1) SPE, Raa(e) (s () = {¢ (2) [ € M(E)} for every x € X;
(i) Spec, Rad(se) (5" (2 + 1)) = {¢ (2) +ip (y) [ € M(E)}.

Proof. The results follow from item (i) of Theorem 3.9, Proposition 3.5 and Corollary
4.4. O

5. Principal component

Recall that the principal component G of a real m-convex algebra E is the connected
component in G (E), containing the unit element e. Since the inversion is continuous in
E, G, is a closed normal subgroup of G (E) ([4, Proposition 5.2.8, p. 230]).

Since the map z — zz is a homeomorphism from G (FE) onto G (F) for every
z € G (F), we have that any component of G (E) is of the form zG1, with z € G (E).

Denote the resolvent C\ Sp (x), of an element z, by Res (z).

For a,b € E, [a,b] = {(1 — a)a+ ab;0 < a < 1} is the closed segment joining a to b.

Put

M ={a€Gi:lae] CGi},
and
MM ={a;---ay:ay,....,a, € M}.

We first collect together some facts stated in the Banach case ([16]). They do not

rely on the existence of a norm, but only on algebraic calculations and connectedness.

Proposition 5.1. For any real m-convex algebra E we have:

(i) [a,e] C Gy if and only if R_ C Res (a);

(ii) if E is also a Q-algebra, then M* is the set of all a € E such that a can be joined
to e by a polygonal arc of k closed segments in Gj.

Theorem 5.2. If E is a real m-convexr Q-algebra, then

(i) Gy = Uy M*;

(i) the principal component of s (E) = E/Rad(E) is exactly s (Gy), where s : E —
E/Rad(E) is the canonical surjection.

A subset A of an algebra is called a semialgebra if A is closed under the operations
of addition, multiplication and multiplication by non-negative real numbers.
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Proposition 5.3. If E is a strictly real m-convex Q-algebra, then

(i)Gi=M={ze€ E: Sp(x) C R\ {0}}U{0g} and G, is closed under the addition
and multiplication by scalars t € R\ {0};

(ii) K ={z € E: Sp(z) C Ry} is a semialgebra of E.

Proof. (i) By definition of strict reality, the spectrum of every element is real. By (i)
of Proposition 5.1, M = {z € E: Sp(x) C R\ {0}}. It remains then to show that
G1 = M. For this, we claim that M? = M. Let = a1aq, with a; and ag in M. Using
(i) of Proposition 4.1, Sp (z) C (RN {0}) - (RN {0}) = R.\ {0}. So M? C M; but
also M C M?, since e € M. By induction, one gets M* = M, for every k. To finish this
part, use (i) of Theorem 5.2.

To see that Gy is closed under the addition, use Proposition 4.1. If x € G; and
t € RN\ {0}, Sp (tx) = tSp (z) C R\ {0}. Then tz € G;.

(ii) It is clear that tK C K for ¢t € R;. By item (i) of Proposition 4.1, K is closed
under the operations of addition and multiplication. O

Remark 5.4. Notice that
0 ¢ G1, (RINA{0})G1 =G, G1+G1 =Gy, G -G =Gy

Remark 5.5. The semialgebra K contains Gy and all quasi-nilpotent elements.
6. The natural ordering

We now turn our attention to the natural ordering defined by Miller in [16]. Using
the considerations in the previous sections, the same order appears to be meaningful.

Definition 6.1. Let E be a real m-convex Q-algebra and z,y € E. x < y means
y—a € G1 and x < y that < y or = y. This relation is called the natural ordering
in F.

From items (ii) of Theorem 3.9 and (i) of Proposition 5.3, we get the next equivalent
and very useful formulation for the relation x < y. This formulation was not indicated
by Miller in the Banach case ([16]).

Proposition 6.2. If F is a strictly real m-convex Q-algebra, then
T=<y ) <e)
for every ¢ € M (E).
Remark 6.3. (E, =) is an ordered vector space, with positive cone G; U {0g}, since
(z=y,a€F)=z+a=y+a
and
(r<y,a e Ry) = az <X ay.
Moreover, the order is compatible with the algebra structure, that is
(x Ry and a > 0g) = (ax < ay and za < ya).

Thus, (F, =) is an ordered algebra.
Observe also that
a>0p & (aEG(E),Lf1 >-0E),
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—1 —1
Op<z<y&e0p<y <z
and

(v < min Sp (z) and o < min Sp (y)) & ae < x,y. (6.4)

(v > max Sp () and o > max Sp (y)) < ae = x,y. (6.5)
In particular, the order directs E.

The following statement means that G; generates the algebra E in some sense.
Proposition 6.4. Let E be a strictly real m-convex @-algebra. Then F = G; — G;.

Proof. Let € E. Take o > maxSp(z) and « > 0. Then ae > 2,0 and
z = ae— (ae — x). O

The order defined is good enough, to have the following interpolation properties.

Proposition 6.5. Suppose (E, (|-],)) is a strictly real m-convex Q-algebra. Then
TR (1,2): (a,z,y € F,a<z,a<y) = (Iu e F:a<u<z9)
and
TR (2,1): (a,z,y € B,z <a,y<a)= (v € E: 2,y <v < a).
The elements z and y do not have to be distinct from each other.

Proof. Tt is sufficient to consider the case TR (1,2), with a = Op. Let 0 < a <
min Sp (z) ,min Sp (y). By (6.4), 0g < ae < z,y. O

Remark 6.6. Thus F is order dense with respect to <. By induction, we get that
properties TR (1,n) and TR (n,1) hold for all n > 2. Besides this, join x V y or meet
x Ay exists only when x <y or y < x.

In the following statement, the order is more than archimedean; Miller says that it is
strongly archimedean.

Proposition 6.7. Let E be a strictly real m-convex ()-algebra. Then
(i) if a > Op, then, for every « € E, there exists n € N such that < na. Equivalently,
if a > O, then, for every z € E, there exists e € R.\ {0} such that ex < a;
(ii) if @ = e, then, for every x € E, there exists m € N such that z < a™.

Proof. (i) Take g and ¢; in M (E) such that g (a) = minSp(a) and ¢; (z) =
max Sp (z). Then ¢ (a) > 0 and ¢1 (z) < npo (a) for n large enough. From Proposition
6.2, we get the result.

(ii) The same argumentation. O

Proposition 6.8. Let E be a strictly real m-convex @Q-algebra. The natural order is
total if and only if E is isomorphic to the real field R.

Proof. Any isomorphism between E and R preserves invertibility, and hence, the order
relation. Thus, the natural order in F is total.

Suppose the partial order is total and « € E. If Sp (z) were not a singleton, then, for
v € Sp(z), x < ~ve implies max Sp (z) < v (by (6.5)); a contradiction. In a similar way
it follows that x > e or = ve can not hold. Therefore, Sp (z) = {v.} and = = ,e.
The map = — ~, defines an isomorphism with the real field R. O
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7. The order topology

Assume that (E, (]-],)) is a strictly real m-convex algebra which is also a Q-algebra.

For a,b € E, with a < b, define the open order-interval (a,b) = {z € E: a < x < b}.
We have:

(1) for z € E, z € (e, fe) if and only if o < min Sp (z) and f > max Sp (z);

(2) let © € (a1,b1) N (az,bz). There exist u and v such that aj,a2 < u < = and
x < v < by, by (Proposition 6.5). Then (u,v) C (a1,b1) N (ag,bs).

The topology 7,, which is formed by the set of all open order-intervals as it base, is
called the order topology, induced by the natural order <.

From Proposition 6.2, we obtain the next result.

Lemma 7.1. Suppose E is a strictly real m-conver Q-algebra and let ¢ € R\ {0}.
Then

x € (—ee,ee) & |p(x)| <e (7.6)
for every o € M (E), i.e.,

—ee <z <€ee < p(x) <e, (7.7)
where p (x) is the spectral radius of x. Actually, the unit ball for p is exactly (—e,e).

Proposition 7.2. Suppose F is a strictly real m-convex Q-algebra. Then

(i) (E, =, 7,) is an ordered [.c.a. with jointly continuous multiplication. The set Z of
all the intervals (—ee, ee), with e € R4\ {0}, forms a base at 0g for 7,;

(ii) (E, 7,) is an m-convex algebra. In fact, the topology 7, coincides with the topology
T, generated by the submultiplicative seminorm p;

(iii) (G (E),7,|G (F)) is a topological group with respect to the multiplication.

Proof. (i) Using equivalence (7.7), it is easy to see that the interval (—ee,ee) is an
absorbing, balanced and convex set for any e € Ry\ {0}. Since Z is a filter base and
a(—ee, ee) = (—eae, eae) for a, e € R\ {0}, there is a locally convex topology in F for
which the family Z is a base at Og.

This topology coincides with 7y, since, given x € (a,b), there exist, by Proposition
6.7, €1,€2 € RyN\ {0} such that e;e < z — a,eze < b— x, and then x + (—ee, ee) C (a,b),
if 0 < e < min (e, €2) .

The multiplication in the algebra (E, 7,) is jointly continuous, because, given (—ee, ee)
and taking & = /e, we have, by equivalence (7.6), that x,y € (—de,de) implies
| (zy)| < 6% for every ¢ € M (E), i.e., xy € (—ee, ce).

(ii) That the order topology 7, coincides with the topology 7,, follows from the
equivalence (7.7).

(iii) Since (F,7,) is an m-convex algebra, inversion is continuous. O

Remark 7.3. If z € N(E), i.e.,, z € E is quasi-nilpotent, then Sp(z+y) = Sp(y)
(Theorem 3.9 (ii)), for every y. Whence a <y < b if and only if a < y + = < b. So, x
and = + y can not be separated in E. Thus, separatedness is related to semi-simplicity.

Proposition 7.4. Let E be a strictly real m-convex @Q-algebra. Then (E,7,) is
separated if and only if it is semi-simple.

Proof. By item (i) of Proposition 4.3, N (E) = Rad (FE). Suppose (E,7,) is separated,
then it is semi-simple, otherwise x4+ y and y can not be separated if y € Rad(E)\ {0g}.
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Reciprocally, assume that the elements z; # x5 can not be separated. For each
e € RN\ {0}, there exists z. € (z1 —ee,z1 +€e)() (z2 — €e,x2 + €e). By equivalence
(7.6), o (zi —z)| < efori=1,2if p € M(FE). Therefore, |¢ (1 —z2)] = 0 for all
v € M(FE) and so, 1 — x2 € Rad(E)\ {Og}. Then (E,,) is not semi-simple. O

Remark 7.5. If (E,7,) is separated, then Rad(E) = {Og}. Since E /Rad(E) is
commutative (Theorem 3.9 (i)), E is commutative. Then (E,7,) can not be separated
if it is not commutative.

Though the algebra (E,7,) may not be Hausdorff, the algebraic operations behave
well as we have seen in Proposition 7.2.

Remark 7.6. Since the sequence ((1 — "T_l) e)n tends to Og, G1 is open but not closed.
The cone G1 U{0g} is not open, because the sequence (—%e)n in its complement tends
to Og. If the natural order is not total, then Gy U {Og} is not closed. Indeed, Sp (z)
is not a singleton for some x € E, otherwise E would be isomorphic to R (see the

final part of the proof of Proposition 6.8) and the natural order would be total. Taking

o = min Sp (z), we have that v — (o« — 1) e € Gy for each n and (z — (o — 1) e)n tends

tox —ae € EN (G1 U{0g}).
The next lemma follows immediately from Theorem 3.9 (ii) and Proposition 6.2.

Lemma 7.7. Suppose (E,(|-|,),) is a strictly real m-convez Q-algebra.
(i) If ¢ < y, then
Vae Sp(x) € Sp(y):a< b
and
Vy € Sp(y) 30 € Sp(x):6 <~;
(i7) if Og < x <y, then p(x) < p(y), i.e., G1 is To-normal.
We recall here a very simple result that we need in the proofs of the next result and
Proposition 9.1.

Lemma 7.8. Let p,q : V — Ry be two positively homogeneous functions on a vector
space V and o, 5 > 0. Suppose p(x) < a if ¢(xz) < . Then p(x) < % q(x) for all
zeV.

Proof. We have that ¢ (ﬁx) < B for every z € X and € > 0. By our assumption,

this implies p | ——) < o, i.e, p(z) < Z(q¢(z) +¢€) for all € > 0, hence the result
his impli e i g for all € > 0, h h 1
follows. 0

Proposition 7.9. Suppose (E, (|-],)) is a strictly real m-convex Q-algebra.
(i) There exist A and ¢ € R1\ {0} such that

p(a) < clal, (7.8)

forall x € E, ie., 7, C T;
(ii) if Gy is T-normal, i.e.,

Op <z <y=|z|, < |y, forall A,

then 7, = 7 and the spectral radius p is a norm.
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Proof. (i) As M (E) is an equicontinuous subset of the topological dual E* of E, because
E is a Q-algebra ([14, Proposition 7.1, p. 75]), there exist A and ¢ € R\ {0} such that
p(x) <clz|, forall z € E.

(i) By hypothesis, z € (—fe, fe), i.e, p(z) < §, implies |z + fe|, < 3, for all .
Recalling that we have assumed that |e|, = 1 for every A, we get |z|, < 3 if p(z) < 1.
This implies, through positively homogeneity of |z[, and p(z) and using Lemma 7.8,
that |z|, < 3p(z) for all z € E and A. Then p is a norm (remember that unless otherwise
stated, we assumed that all topological algebras are Hausdorff) and 7, = 7 because p
generates the topology T,. O

A submultiplicative seminorm p in a topological algebra is called spectral seminorm
if
p(z) <p(z)
for every element z in the algebra. In that case ([17, Theorem 2.2.5, p. 212]),

3=

p(z) = limp (z")" .

Remark 7.10. Due to the strength of Proposition 7.9, the following curious fact is
worthwhile to mention.

0p < <y implies [2"|, < |y"|,, for some X and all n large enough.

Indeed, by Proposition (7.9), there exist A and ¢ € Ry \ {0} such that c|z|, is a
1
{. Since O <z <y

i
spectral seminorm. Thus, p (z) = lim |2"|} and p(y) = lim |y"
imply p (x) < p(y), one has |2"|, < |y"],, for all n large enough.

Proposition 7.11. Suppose (E,7) is a strictly real m-convex Q-algebra. If Gy is 7-
normal, then:

(i) (E,7,) is a commutative normed algebra;

(ii) it is isometrically isomorphic to a subalgebra of the algebra Cg (X) of real
continuous functions on the carrier space of X = F or Fg.

Proof. (i) The spectral radius p is a norm. Therefore, 7, is a Hausdorff topology and
(E, T,) is a normed strictly real semi-simple algebra (Proposition 7.4). By Theorem 3.7,
E is commutative.

(ii) The Gelfand transform x — 7, gives the desired isometric isomorphism. d

8. The square root operation

It will appear that, modulo completion and the @Q-property, this operation has good
properties in E. For Banach spaces we have ([5, Proposition 13, p. 44]): if p (e — x) < 1,
then there exists a unique square root y of x such that p(e —y) < 1 and y belongs to
the Banach algebra generated by e and x. Therefore, y is in the bicommutant of x.

Suppose (E, (|-|,)) is a unital real complete m-convex algebra and p (e —z) < 1. It
follows from a result of Sterbova ([10, Corollary 5.5, p. 67]), that there is a unique
square root y of x such that yz = zy and p (e — y) < 1. In fact, if E is the completion
of Ex = E/ker|-|,, then y corresponds to the element (y)), in the Arens-Michael
decomposition F = liin E, where y, is, for each )\, the unique square root of the image
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zx of z in the Banach algebra E\ such that PE, (ex —ya) < 1. Then y, is in the
bicommutant of x in Ey and y is in the bicommutant of = in E.

Proposition 8.1. Let E be a strictly real complete m-convex @-algebra. If x € E and
x = O, then it admits a unique positive square root, denoted by +/z. It belongs to the
bicommutant of z and p (e — v/z) < 1, when p(e — z) < 1.

Proof. Let w = Og in E and a € Ry\ {0}. From equality (3.3), we get:
2

p(e—aw)<1<:>a<m.

(8.9)

Observe the following two facts, that are easy consequences of equivalences (7.7) and
(8.9): ple—aw) < 1and 0 < f < a imply p (e — fw) < 1; and for each w >~ O there
is @y € RN {0} such that p (e — a,w) < 1.

For z >~ Op take a; € R\ {0} for which p (e — azz) < 1. From Sterbova’s result,
oz admits a unique square root y with p (e —y) < 1 and y is in the bicommutant of
z. Thus, y > 0. Putting z = \/%y, we get 22 = x, z = Op and z belongs to the
bicommutant of x.

To prove the uniqueness of z, suppose z; > Og is also a positive square root of x. If

0<p< agl,ax, we have that v/Bz; and \/O%y are two square roots of Sx in the unit

p-ball about e. Thus z; = z.
Finally, by equivalence (7.6),

ple—a)<1= |1 (Va)| <1 - @) <1V peM(E),
ie, ple—+x) <1 O

Using the above proposition, Theorem 3.9 and Proposition 7.2 we shall prove the
next result given in [16, Theorem 23, p. 550] for strictly real Banach algebras.

Proposition 8.2. Let F be a strictly real complete m-convex @-algebra. Define
v0g = 0g. Then

(i) - @ (G1U{0g},7) — (G1U{0g},7,) is uniformly continuous and strictly
monotone;

(ii) /2y = Vx,/y if and only if 2 and y commute.
Proof. (i) The strictly monotonicity follows from ¢ (v/z) = v/¢ (x) for any > 0g and
peM(E).

Since |¢ (/7)) — ¢ (V)| < V]e (y) — ¢ (2)] for all z,y = 0g and ¢ € M (E), then
p (/¥ — vx) < /p(y — =) and the function \/- 18 To-uniformly continuous.

(i) If z and y commute, then /z\/x\/y\/y = /2\/y/2\/y, because y/x and ,/y are

in the bicommutants of = and y, respectively. Thus, \/zy = \/z,/y. Conversely, this
equality implies, by the invertibility of /z and /y, that \/z\/y = /y\/x, and then
TY = Y. (I

9. The dual cone
Suppose F is a strictly real m-convex algebra which is also a Q-algebra. Write E#

and E* (respectively, Eg and E¢) to denote the algebraic and topological duals of (E, 7)
(respectively, its complexification (Eg,7¢)).
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The dual cone for the natural ordering > on F is
Ky ={h€ E#|h(z) >0ifz = 0p } = {h € E*|h(z) > 0ifz = Op}.

We can extend the order = to a preorder on E¢ defining x + iy = z +iw if x = z.
For this preorder on E¢, the dual wedge is

KE={feBl|f@)>0itz =05} ={feEEIf(2) > 0if - 0p}.
Put
P = {heE* h(z)>0ifx>0p},
Pe = {feEng(x)>01fx>oE}.

None of the two sets contains the zero functional and both of them are closed under
the sum and multiplication by scalars ¢ € R;\ {0}. These sets are referred by Miller
([16, p. 551]) as the dual cone of Gj.

Since ¢ € M (E) (respectively, ® € M (E¢)) and z € E imply ¢ (z) €
(respectively, ® () € Sp(x)), we have that ¢ (z) > 0 (respectively, ® (z) > 0) for
z > Og. From this and the definitions we have

M(E) ¢ PcCKs, (9.10)
M(Ec) C PecCKE.

Since M (FE) is not empty as well as M (E¢), P and Pc are not empty sets.

For any h € E# (respectively, E*), the functional h (x +iy) = h(x) +ih (y), defined
in E¢, is a complex functional and belongs to Eét (respectively, E&). On the other hand,
if fe Eéﬁ(respectively, E¢) is such that f (z) > 0 for every « > Og, then f|E is a real
functional and belongs to E# (respectively, E*); indeed, each x € E can be written as
x = x1 — Ty with z1,29 € Gy (Proposition 6.4). Then

kS = {ﬁ|heKt}, (9.11)
Pc = {E|he73}.

Proposition 9.1. Let (E,(]-|,)) be a strictly real m-convex algebra which is also a
Q-algebra. Then
(i) K= C(E,70)" C (E,7)". In fact, there exist A and ¢ € R\ {0} such that

[h(z)| <h(e)p(x) <c-hle)lz]y (9.12)
forall z € E'and h € Ky;
(ii) K is compact in the weak* topology o (E*, E);
(iii) KL C (Ec,1c)";
(iv) ICg is compact in the weak™* topology o (E¢, E¢) .

Proof. (i) Suppose z € E and p(z) < 1. Then e — z,e + x = Og because Sp (e + z) =
Sp(e) + Sp(£z) C (0,2) € R\ {0}. For h € K, we have h(e) > 0 and p(z) < 1
implies 0 < h (e & x). Therefore, +h (z) < h(e), i.e, |h(z)| < h(e) if p(x) < 1. Since
|h (x)] and p(z) are positively homogeneous functions we obtain by Lemma 7.8 that
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|h(z)| < h(e)p(x) for all z € E. By Proposition 7.9, there exist A and ¢ € R\ {0}
such that p (z) < c|z|, for all x € E. Thus,

h € K~ = h is 1p-continuous = h is 7-continuous. (9.13)

(ii) By inequalities (9.12), K is relatively compact in the weak™ topology o (E*, E).
But it is clear that IO is also weak™ closed. Therefore, Ky is weak*-compact.

(iii) Take f € Kg. Since f = h for some h € K~ and h € (E,7)", one has
f € (Ee,me)". N

(iv) The map h — h is a o (E*, E) — o (Ef, Ec) homeomorphism from K, onto
KC. O

Proposition 9.2. Let (F,7) be a strictly real m-convex algebra which is also a Q-
algebra. Then

Gi={z € Elh(z) >0V heP}
and
G ={zeEh(x)>0YheP}.

Proof. The first equality follows from the first inclusion in (9.10) and the next one:
Gy ={z€Elx>0g} = {r€Elp(x)>0Y ¢ M(E)}. On the other hand, G| C
{r € E|lh(z) >0V h € P}, by the continuity of each h € P. We have the reverse
inclusion, since = + te € Gy if h(z) > 0 for every h € P. O

From implications (9.13), we get the next result.

Proposition 9.3. Let E be a strictly real m-convex Q-algebra. Then
(1) PU{0g+} = Ko
(ii) h(x) =0if h € P and = € Rad (E);
(iii) h (xy) = h(yz) for h € P and z,y € E;
(iv) the topological dual cone of (E, <, 1) is PU{0g#} and (E,79)" =P — P;
(v) the order dual for (E, =) coincides with the topological dual (E, 7)".

Proof. (i) The inclusion left to right is clear. To check the other inclusion, take h € K.
If h(a) > 0, whenever a > O, then h € P. Suppose h (a) = 0 for some a > Og. By
Proposition 6.7, given = O, there exists n > 1 such that © < na. Therefore, h (z) =0
and then h|G; = 0. Since E = Gy — G1, h = 0g#.

(ii) Let € Rad (F) and h € P. By Proposition 4.3, ¢ (z) = 0 if ¢ € M (E). Then
let+ 2> 0pand Lh(e) £ h(z) >0 for all n > 1. Therefore, h(z) = 0.

(iii) Let z,y € E. The quotient algebra F,Rad (E) is commutative (Theorem 3.9).
Then zy — yx € Rad (E). By item (ii), h (zy) = h (yx) for h € P.

(iv) The space (E,=<,7p) is a topological ordered linear space. Its topological dual
cone is (B, 79) " NKx. By Proposition 9.1 and item (i), (E,79) " NKx = K» = PU{0g#}.
As the seminorm p defines the topology 79 and the cone is To-normal, then p (z) < p (y)
if x < y. From ([13, Theorem 23.6, p. 228]), we obtain

(E,70)" = (PU{0g#}) — (PU{0g#}) =P —P.

(v) By definition, the order dual for (E,>) is K- — K. By (i), this difference is
equal to P —P. Il
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Remark 9.4. We have already proved that Rad (Ec) = Rad(E) + iRad (E),Pc =
{mh € P} and Kg = {l~1|h € Kt} By all this, we can replace E, E*,P and K- by
E¢, E¢,Pc and Kg, respectively, in items (i) to (iii) of the above proposition.

Corollary 9.5. Let Q = {h € P|h(e) =1}. Then Q is a convex compact set in the
weak™® topology o (E*, FE) and % € Q for every h € P.

Proof. 1t is clear that Q is a convex set and % € Q for every h € P. By inequalities
(9.12), Q is an equicontinuous subset of E*. Thus, Q is relatively compact in the weak*
topology o (E*, E). The weak*-limit h in E* of any weak*-convergent net in Q satisfies
h(z) > 0 for every x > Og. Hence, h € K- = PU{0g=#}, but since h(e) =1, h € P.
Therefore, Q is weak*-compact. O

For its implications in the theory of representations by boundary integrals and based
on a result of Hervé ([2, Theorem 1.4.3, p. 32]) about metrizability of compact convex
subsets of Hausdorff locally convex spaces, Miller proved ([16, Theorem 35, p. 555]) the
next theorem for strictly real Banach algebras. Now we state it in the framework that
we have used here, weakening the boundedness hypothesis of (z,,), assuming only that
it is 1o-bounded.

Theorem 9.6. Let (E,(|-|,)) be a strictly real m-convex Q-algebra. The weak*-compact
convex set Q is metrizable if G1 has a To-bounded countable separating set (x,,) for Q.
In particular, Q is metrizable if (G1,79|G1) is separable.

Miller’s proof remains valid if boundedness of (x,,) is assumed to be with respect to
the topology 79. It also works in our case, using in some point the inequality (9.12)
in order to obtain |k (z)| < p(x) for all x € E and h € Q. If the space (G1,70|G1)
is separable, then a 7g-bounded countable separating set for Q in G; is the sequence

(W), where (z,,) is any countable 7p-dense set in G.

Dedication

The publication of this article has been overshadowed by the death of Professor
Mohamed Oudadess. In sorrow, the co-authors dedicate this work to his memory.

Acknowledgement

The authors gratefully thank to the Referee for the thorough review, comments and
recommendations which definitely improve the readability of the paper.

References

[1] M. Abel, Advertive topological algebras, General topological algebras (Tartu, 1999), 14-24,
Math. Stud. (Tartu) 1 Est., Math. Soc., Tartu, 2001.

[2] E.M. Alfsen, Compact convez sets and boundary integrals, Ergebnisse der Mathematik und
ihrer Grenzgebiete, Band 57, Springer-Verlag, 1971.

[3] H. Arizmendi and V. Valov, Some characterizations of Q-algebras, Comment. Math. (Prace
Mat), 39 (1999), 11-21.

[4] V.K. Balachandran, Topological algebra, North-Holland Mathematics Studies, 185, North-
Holland Publishing Co., 2000.



78

Arizmendi-Peimbert, Carrillo-Hoyo, Oudadess and Ramos-Martinez

[5] F.F. Bonsall and J. Duncan, Complete normed algebras, Ergebnisse der Mathematik und

ihrer Grenzgebiete, Band 80, Springer-Verlag, 1973.
A.C. Cochran, Weak A-convex algebras, Proc. Amer. Math. Soc., 26 (1970), 73-77.

[7] A.C. Cochran, Representation of A-convex algebras, Proc. Amer. Math. Soc., 41 (1973),

473-479.

[8] A.C. Cochran, R. Keown and C.R. Williams, On a class of topological algebras, Pacific J.

Math., 34 (1970), 17-25.

[9] A. El Kinani, A. Najmi and M. Oudadess, Advertibly complete locally m-convex two-sided

algebras, Rend. Circ. Mat. Palermo (2), 56-2 (2007), 185-197.

[10] M. Fragoulopoulou, Topological algebras with Involution, North-Holland Mathematics

Studies, 200, Elsevier Science B.V., 2005.

[11] R.I1. Hadjigeorgiou and M. Oudadess, Strictly Real Locally Convex Algebras, Frontiers in

Science and Engineering. International Journal, 2 (2012), 55-66.

[12] I. Kaplansky, Normed Algebras, Duke Math. J., 16 (1949), 399-418.

] J.L. Kelley and I. Namioka, Linear topological spaces, Graduate Texts in Mathematics,

Springer-Verlag, 1976.

[14] A. Mallios Topological Algebras. Selected Topics, North-Holland Studies, 124, North-Holland

Publishing Co., 1986.

[15] E.A. Michael, Locally multiplicatively-convex topological algebras, Mem. Amer. Math.

Soc., 11 (1952).

[16] J.B. Miller, The natural ordering on strictly real Banach algebra, Math. Proc. Cambridge

Philos. Soc., 107 (3) (1990), 539-556.

[17] T.W. Palmer, Banach algebras and the general theory of *-algebras Vol. I, Encyclopedia of

Mathematics and its Applications 49, Cambridge University Press, 1994.

[18] S. Warner, Weak locally multiplicatively-convex algebras, Pacific J. of Math., 5 (1955),

1025-1032.

[19] W. Zelazko, On generalized topological divisors of zero in real m-convex algebras, Studia

Math., 28 (1966/1967), 241-244.

[20] W. Zelazko, Concerning complexification of Q-algebras, Acta Univ. Oulu. Ser. A Sci.

Rerum Natur., 408 (2004), 225-229.

(Hugo Arizmendi-Peimbert and Angel Carrillo-Hoyo) INSTITUTO DE MATEMATICAS,

UNIVERSIDAD NACIONAL AUTONOMA DE MEXIico, CIUDAD DE MEXICO, 04510, MEXICO

E-mail address, Hugo Arizmendi-Peimbert: hpeimbert@gmail.com
E-mail address, Angel Carrillo-Hoyo: angel@unam.mx

(Mohamed Oudadess) ECOLE NORMALE SUPERIEURE, B.P. 5118, TakADpDOUM, 10105

RABAT, MOROCCO.

(Pavel Ramos-Martinez) UNIVERSIDAD AUTONOMA METROPOLITANA, CIUDAD DE MEXICO,

09340, MEXICO

E-mail address: pavelrm@yahoo.com.mx



