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Abstract. The aim of this paper is to study the tangent bundle of Norden manifolds
endowed with the complete lift of a Weyl connetion. Firstly, the condition for
an almost Norden manifold of being a Norden manifold endowed with the Weyl
connection is investigated. Finally, the condition for the tangent bundle of an almost
Norden manifold of being a Norden manifold endowed with the Weyl connection is
investigated.

1. Introduction

The tangent bundle of a differentiable manifold has an important role for providing
many new problems in the study of modern differential geometry. Some studies about
metric and connection have been built on the tangent bundle of a differentiable manifold
by Yano and Davies [23]. Some extension of metric and connection have been studied
on tangent bundle by many authors [1, 4, 5, 8, 14].

H. Weyl introduced unified field theory to study a generalization of Riemannian
geometry in 1918 [22]. Weyl’s theory provided mathematicians to study a new topic.
There are many studies devoted to Weyl structure described as a conformal class
of metrics preserved by Weyl connection. Folland showed that a Weyl structure is
equivalent to a connection on a certain bundle and derived a characterization of Weyl
structures in terms of their induced linear connection [6]. Hall has made a study of Weyl
connection and their associated holonomy groups [9]. Bejan and Giil have constructed
a Weyl structure on tangent bundle of Weyl manifold by using the Sasaki metric [2].
Tarafdar and Kundu have studied different types of geometric properties on almost
Hermitian manifolds admitting Einstein-Weyl connection [21].

Since 1960, one of the fields in differential geometry that has developed rapidly is
the theory of Norden manifolds. Norden investigated the B-metric with respect to
almost complex structure on four-dimensional pseudo-Rimannian neutral space [13].
In some studies, different names (anti-Hermitian, pure, Norden) are used for B-metric
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[4, 7, 11, 12, 14, 19]. If (Ms,,¢) is an almost complex manifold with Norden metric
g, we say that (Ma,,, g) is an almost Norden manifold. If ¢ is integrable, we
say that (Ma,,¢ , g) is a Norden manifold. In this study, we investigate the Weyl
connection with respect to the complete lift of Riemannian connection on the tangent
bundle of an almost Norden manifold. Under a condition, we show that the quadruple
(Mgn, v, g,v) with Weyl connection V is a Norden manifold. Finally, we show that
the quadruple (T Moy, ©o, “g, Cﬁ) with the complete lift of Weyl connection V is a
Norden manifold. To avoid repetation, manifolds, tensor fields, linear connections are
assumed to be differentiable and of class C*°. We denote by 37 (Ma,) the set of all
differentiable tensor fields of type (r,s) on Ma,.

2. Preliminaries

2.1. Norden Manifold. Let (Ma,,¢,g) be a 2n—dimensional almost complex
manifold with Norden metric, i.e., ¢ is an almost complex structure and ¢ is a Norden
metric on Ms,, such that:

P X+X=0, g(pX,pY)=-g(X.Y) (2.1)
for any vector fields X,Y € 3§(May,). The triple (May,, ¢, g) is called an almost Norden

manifold in many studies [10, 11, 15, 17]. Let V be the Riemannian connection on Ma,,.
The tensor filed F' of type (0,3) on My, is defined by

F(X, Y, Z)=g((Vxp)Y, Z). (2.2)
It has the following symmetries
F(X, Y, Z)=F(X, Z, Y) = F (X, ¢V, ¢Z). (23)

Then the quadruple (Ma,, v, g,V) is called complex manifold with Norden metric, in
another words it is called Norden manifold, if

F(X,Y, oZ2)+ F(Y, Z, o X)+ F(Z, X, ¢Y)=0 (2.4)
or equivalently N = 0, where
N(X, Y)=[pX, Y] = [X, Y] - ¢lpX, Y] - ¢[X, ¢Y] (2.5)

for any vector fields X,Y, Z € 3§(Ma,) [7).
2.2. Weyl Connection. A linear connection V on M, is called a Weyl connection if
it given as

— 1

VY = ViV = S @(X)Y +w (V) X —g(X,Y)P) (2.6)

and satisfies

(Vxg) (¥, 2) =w (X)g (Y, Z) (2.7)
for any vector fields X,Y,Z € $¢(May,), where V is a Riemannian connnection and

P is a vector field defined by g (P, X) = w(X). The Weyl connection is a symmetric
recurrent metric connection. The torsion tensor of Weyl connection is equal to zero, i.e.

T(X,Y)=VxY -VyX—[X,Y]=0. (2.8)
The Weyl connection has been studied by many authors [3, 9, 21].
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2.3. Tangent Bundle. Let My, be a differentiable manifold and T'» (Ma,,) the tangent
space at any point P € Ma,,, i.e., Tp (Ma,) the tangent space is set of all tangent vectors

of Ma,, at the point P. Then the set TMs, = |J Tp (May,) is called the total space
PEMQn

of the tangent bundle of My,,. The local coordinate system (z%,y) induced from the
base coordinate (IZ) is defined on tangent bundle T (M, ). For any point PeT Mo,
the compatibility P — P determines the bundle projection 7 : T'Ms,, — Mas,, i.e.,
T (]3) = P. The set 7! (P) is called the fibre over P € My, and My, is called the

base space.

The composition of two maps « : T My, — Ms, and f : Ms, — R defined by
Vf = foris called the vertical lift of f € Y (Ma,). For any point P according to
induced coordinates (xi, yi), the equation

Vi(P) = Vi@y = for(P)=f(P)=1(@) (2.9)

is obtained. The equation (2.9) show that the value of V' f (ﬁ) is constant along each

fibre Tp (Ma,,) and equal to the value f (P) of f.
For f € SY(May,), the complete lift of f is defined by

Cf=1(df) =y'oif (2.10)
with respect to the induced coordinates (2%, y") on T'Ma,.
Let fvt € %8 (MQn)? X € %é (MQn)? w € %(1) (M2n)7 S %% (M27’L)7 g € %8 (M2n)a
T € 33 (Msy,) be a function, a vector field, a 1-form, type- (1,1), type-(0,2), type-(1,2)
tensor field, respectively. We denote, respectively, by Vf, VX, Vw, Vo, Vg, VT their
vertical lifts and by ©f, ¢ X, “w, ©p, g, T their complete lifts. This lifts have the
properties [24]:

[“X, Y] = “[X,Y]; “p(“X) = “(p(X))
Yw(9X) =Y (w(X); “w(“X) = “(w(X))
“o(VX, V)= “(°X, YY) = V(g(X,)Y); “g(9X, V)= “(g(X)Y))
OV ex Y = 9(VxY); OV ex VY = V(VyY)

°T(°X, °Y) = (T (X,Y)); Cf Vie Vi Ct= C(ft).
(2.11)

3. Main Results
3.1. Complete Lift of Weyl Connection on a Tangent Bundle of Norden
Manifold. Let the triple (May,, ¢, g) be an almost Norden manifold and the triple

(TMgn,C ©,C g) be its tangent bundle where the complete lift of ¢ and g are ©¢ and
Cg, respectively, satisfying

(%) “X + “x =0, Ca(C(pX).C(pY)) = - (X, °Y). (3.12)
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Let ¢V be complete lift of the Riemannian connection on T'Ms,. Then the quadruple
(TMgn, Cop, Y, CV) is called Norden manifold endowed with complete lift of the
Riemannian connection if

°N(°X, “Y)=0 (3.13)
for all X,Y € 3} (Ms,), where we denoted by ©N the Nijenhuis tensor field of
(TMQm Cgo, Cg, CV).

Theorem 3.1. Let V be a Weyl connection with respect to the Riemannian connection
V on almost Norden Manifold (Ma,,p,q). Then €N is also a Weyl connection with
respect to the complete lift of the Riemannian connection on (TMQn, Co, Cg).

Proof. Applying the complete lift to both sides of the equation (2.6), we obtain

C(VxY) = 9VxY)-3%wX)Y)-5%M)X)+ 5 “(g(X,Y)P)
C(VxY) = 9(VxY)-1i%wX) VY -1V (w(X)) Y
3 W) VX -1V (w(Y)) X

OVex 9V = Vex OV —1%(9X) VY -1 Vw(9X) v

(3.14)
From (2.11) it follows that
Veoy®X = Vey X -1%(°Y) VX-1Vw (%) °X
-3 %  (9X) VY =3 Vw (9X) %Y
19OV, ©X) VP43 (Y, OX) ©P, .15)

Then using the equations (3.14) and (3.15) we get the complete lift of the torsion tensor
of the Weyl connection

°T(9X, %Y) = 9 Vex %Y - Vey °X - [ 9X, Y]
= Vox Y- “Voey °X - [9X, Y]
= °T(°X, )

T (X,Y))

= 0 (3.16)
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Then we obtain
Cyq (Cﬁ oy Y, Cz) + cg( Y, OVeoy CZ)

— Cg( CVCX CY—%CW(CX) VY—%V(,«)(CX) CY
~1C,(CY) VX -1V (CY) OX

_1_% Cg(CX, Cy) Vj:)_;'_%c’g(VX'7 Cy) CP, Cz)
+%(°Y, °Vex €Z2 -1 (X)) VZ-1Vw(°X) “z

Cw(CZ) VX_;VW(CZ) cx

N N N N|—= N|= N

Cg(CX, CZ C'g(CY'7 VP)-I—%CQ(VX, Cz) C’g(CY" CP)
Cg(CV cx CY, Cz)+ Cg(CK Cv cx Cz)

I+

X)) V(g(Y, 2) -5V (w (X)) “(g(Y, 2))

Yw() “9(X, 2)

) VX, 2) -

SIS D= N[ [N (SIS N[ =

X)) Vg, 2) -5V (w(X) “(g(Y, 2))

[N = o= INIE

“Ww(2) Vg, X)) -3 " w(2) “(g(Y, X))

(X, 7)) V(w(Z2)+35V(g(X,Y)) “(w(2)

+

(X, 2) V(w¥)+35 " (9(X, 2)) “(w(Y))
Cg(CV cx C}/7 Cz)+ CQ(CK Cv cx Cz)

+

CwX) V¥, 2) -V wX) (Y, 2)

= “(Vox Y, “Z)+ “9g(°Y, Vex 9Z) - “(w(X) g(Y, 2))

93
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=(9X) % (Y, “2) - T(wX) g(V; 2)). (3.17)
And we write following equation
(€X) C9(°Y. €2) = (“Fex %) (Y. ©2)

+ Y (“Vex °Y, ©2)

+% (Y, Vex 92). (3.18)
By taking into account the relations (3.18) and (2.1) we obtain from (3.17) the condition
(3.19)

(Vex %) (Y, “2) = “(w(X) g(Y, 2)). (3.19)
From (3.15) and (3.19) it follows that “V is a Weyl connection with respect to “V on
(TMgm Cop, g, CV). [l

Now we show that the equation (2.3) is valid on the almost Norden manifold with
the Weyl connection V.

Theorem 3.2. Let g be a Norden metric on the almost Norden manifold with the Weyl
connection V. Then

9((Vxp)Y, Z) =g (Y, (Vxv) Z).

Proof. We will show that the equation (2.3) defined for Riemannian connection V is
provided for Weyl connection V on almost Norden Manifold (Ma,, ¢, g). By using
(2.1) and

Xg(Y, 2)=(Vx g) (Y, Z)+ g (VxY, Z) +g (Y, Vx2) (3.20)
from Xg (pY, Z)=Xg (Y, ¢Z), we have

(Vx 9) (Y, Z2)+9(VxeY, Z) = (Vx g9) (Y, Z)+ g (VxY, ©Z)
+g (oY, Vx2Z)  +g(Y, vxwz)

w(X) g (pY, Z)+9(VX<pY Z)=w(X)g(Y, pZ)+g(VxY, ¢Z)
(g@Y VXZ) +g (Y VX<pZ)

w (X) g (¥Y, Z)+9(VX<pY Z)=w(X)g(eY, Z2)+g(VxY, ¢Z)
((pY VXZ) +g (Y VX<pZ)
9 (VxoY, Z2) +g(¢Y, VxZ) =g (VxY, ¢Z) +g (Y, VxpZ)

(Vv
g (Y, VxZ) —g (Y, VxpZ) =g (VxY, ©Z) —g(VxeY, Z)

g (Y, 0(Vx2)) —g (Y, VxpZ) =g (¢ (VxY), Z) —g(VxeY, Z)
(

9 (Y, ¢(Vx2) - VxpZ ¢ (VxY) = VxpY, Z)

)=9(
g(Y: (Vx¢) 2) =9 ((Vx¢) Y, 2) (3.21)

The equation (3.21) shows that F(X, Y, Z) = F(X, Z, Y) where F(X, Y, Z) =
g ((ﬁxga) Y, Z). Similarly, the equation F(X, Y, Z) = F(X, oY, ¢Z) is shown. O

g
g
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Theorem 3.3. Let (Mgn, <p7g,ﬁ) be an almost Norden manifold with Weyl connection.
The Nijenhuis tensor N with respect to the Weyl connection ¥ coincides with the
Nijenhuis tensor N with respect to the Riemannian connection V.

Proof. The Nijenhuis tensor N (X, Y) on an almost Norden manifold with respect to
the Riemannian connection is given in equation (2.5). Another form of Nijenhuis tensor
with respect to Riemannian connection is written by

N(X,Y) = Vuox oY —=Voy pX —VxY +Vy X
—L,OVL/,X Y + (,OVY (pX — gOVX LpY+ QOVLPY X. (3.22)

In the same way, we define that the Nijenhuis tensor N (X, Y) on an almost Norden
manifold with respect to the Weyl connection V is written by

N(X,Y) = Vox ¢V —Voy pX —VxY +VyX

—pVox Y +¢oVy X — pVyx oY +¢oV,y X. (3.23)

By using the equation (2.6), we have

N(X,Y) = Vex oY —=Vyy ¢X —VxY +VyX
—oVeox Y +oVy pX —oVx oY + oV, y X
—5w (pX) Y — 3w (9Y) X + 39 (9 X,9Y) P
3w (PY) X — 30 (9X) Y + 39 (¢Y, 9X) P
+iw(X)Y + 3w (V)X — 39 (X,Y) P
oM X -ituX)Y+ig(v,X)P
30w (X)Y + 5ow (V) X — 509 (9 X,Y) P
—59w (V) X — 30w (pX)Y + 39 (Y, pX) P

30w (X) oY + sow (Y ) X — Log (X, YY) P

oM X —3w(X)Y+3g(V,X)P
= NX,Y). (3.24)
We see that the Nijenhuis tensor N coincides with the Nijenhuis tensor N. [l

We know that (May,, ¢, g, V) is a Norden manifold if the Nijenhuis tensor N vanishes.
The Nijenhuis tensor N being zero indicates that ¢ is integrable. In other words, the
almost Norden manifold (Ms,,p, g, V) is a Norden manifold if ¢ is integrable. Hence,
we have
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Theorem 3.4. An almost Norden manifold endowed with the Weyl connection V is a
Norden manifold if and only if it is a Norden manifold with respect to the Riemannian
connection V.

The Nijenhuis tensor ©¢N with respect to the Riemannian connection ©V on
(TMzm CSO, Cg, CV) is given by

ON(9X, 9Y) = OVeeux) 9@Y)= Vepy) “(@X)— “Vex Y

+ CV cy CX — C(p CV C(pX) CY+ C(P CV cy C((pX)
— %% Vex YY)+ Y0 9V c(oy) “X. (3.25)
Next, we are going to give the relationship between Nijenhuis tensor “ N with respect

to the Weyl connection ¢V and Nijenhuis tensor ©N with respect to the Riemannian
connection ¢V.

Theorem 3.5. Let (TMgn, Cop, g, CV) be the tangent bundle of an almost Norden

manifold with the Weyl connection. The Nijenhuis tensor CN with respect to the Weyl
connection €V coincides with the Nijenhuis tensor © N with respect to the Riemannian
connection €V.

Proof. The Nijenhuis tensor ¢ N on tangent bundle of an almost Norden manifold with
respect to the Weyl connection €V is given by

N (X, OY) = OV epx) C(@Y) = OV ey © (9X) — OV ox OY

+ OV ey X = Y9 %W c(ox) Y + 9 OV oy ©(pX)

— %NV ex C(Y)+ %9 OV ¢,y OX. (3.26)

By using (2.6) and (2.11), we obtain
N (X, CY) = CN(9X, °Y). (3.27)
(]

The almost Norden manifold (TMgn7 Cop, Yy, CV) is a Norden manifold if €y is
integrable. Hence, we have

Corollary 3.6. The tangent bundle of an almost Norden manifold (Mgn, 0, g, ﬁ), where

V is a Weyl connection, is a Norden manifold with respect to ¢V if and only if it is a
Norden manifold with respect to the Riemannian connection €V.

G defined by G (X,Y) = g (pX,Y) for any X, Y € 3¢ (Ma,) is called the twin Norden
metric on a Norden manifold (May, ¢, g, V) [16, 20]. The complete lift of twin Norden
metric G is denoted by

“G(9X, °Y) = Yg(°(pX), “Y). (3.28)

Proposition 3.7. Let G be a twin Norden metric on a Norden manifold (Ma,, ¢, g, V).
Then

(Ve 9G) (9X, Y) = T(w(2) g(pX, Y))
for any X,Y, Z € S} (May,).
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Proof. For twin Norden metric G, we have

(Vez 9G) (°X, °Y) = (92) °G(°X, °Y)
- %G (“Vey °X, °Y)
- CG(9X, °V ey °Y)

= ‘w2 G(X,Y))
= “W(Z) g(eX, Y)). (3.29)

After similar computations to those from the proof of Theorem 3.1, the relation in the
statement is proved. O

1]

References

M.T.K. Abbassi and M. Sarih, On natural metrics on tangent bundles of Riemannian
manifolds, Arch. Math., 41 (2005), 71-92.

C.L. Bejan and 1. Giil, Sasaki metric on the tangent bundle of a weyl manifold, Publications
De L’'Institut Mathematique, 103 (2018), 25-32.

M. Crasmareanu, Recurrent metrics in the geometry of second order differential equations,
Bull. Iranian Math. Soc., 38 (2012), 391-401.

S.L. Druta, Other classes of tangent bundles with general natural almost anti-Hermitian
structures, Proceedings of the International Conference Differential Geometry-Dynamical
Systems 2009 (DGDS-2009), October 8-11, 2009, Bucharest-Romania, 84-98.

H. Cayiwr, Derivatives with respect to lifts of the Riemannian metric of the format
f G= Sgf+ Hgon TM over a Riemannian manifold (M, g), Punjab University Journal
of Mathematics, 51 (2019), 1-8.

G. Folland, Weyl manifolds, J. Diff. Geom., 4 (1970), 145-153.

G. Ganchev and A. Borisov, Note on the almost complex manifolds with a Norden metric,
Compt. Rend. Acad. Bulg. Sci., 39 (1986), 31-34.

S. Gudmundsson and E. Kappos, On the geometry of the tangent bundle with the Cheeger—
Gromoll metric, Tokyo J. Math., 25 (2002), 75-83.

G.S. Hall, Weyl manifolds and connection, J. Math. Phys., 33 (1992), 2633-2638.

C. Ida and A. Manea, On para-Norden metric connections, Balkan J. Geom. Appl., 21
(2016), 45-54.

M. Iscan and A.A. Salimov, On Kahler-Norden manifolds, Proc. Indian Acad. Sci. Math.
Sci., 119 (2009), 71-80.

M. Manev, Natural connection with totally skew-symmetric torsion on almost contact
manifolds with B-metric, Internat. J. Geom. Methods Mod. Phys., 9 (2012), 1250044(20
pages).

A.P. Norden, On a class of four-dimensional A-spaces, Izv. Vyssh. Uchebn. Zaved.
Matematika, 17 (1960), 145-157.

V. Oproiu and N. Papaghiuc, Some classes of almost anti-Hermitian structures on the
tangent bundle, Mediterranean Journal of Mathematics, 1 (2004), 269-282.

M. Teofilova, Curvature properties of conformal Kéhler manifolds with Norden metric, in
Proceedings of 35th Spring Conference of UBM, Borovets, (2006), 214-219.

A.A. Salimov, M. Iscan and F. Etayo, Paraholomorphic B-manifold and its properties,
Topology and its Application, 154 (2007), 925-933.

A.A. Salimov and F. Agca, On para-Nordenian structures, Ann. Polon. Math., 99 (2010),
193-200.



98 R.C. Akpinar

[18] A. Salimov, Tensor Operators and Their Applications, Nova Science Publishers, 2012.

[19] A.Salimov, On anti-Hermitian metric connections, C. R. Acad. Sci. Paris, Ser.I, 352 (2014),
731-735.

[20] A. Salimov and R. Cakan, On deformed Riemannian extensions associated with twin
Norden metrics, Chinese Annals of Mathematics Series B, 36 (2015), 345-354.

[21] M. Tarafdar and S. Kundu, Almost hermitian manifolds admitting Einstein-Weyl
connection, Lobachevskii J. Math., 33 (2012), 5-9.

[22] H. Weyl, Gravitation and Elektrizitat, S.-B. Preuss. Akad. Wiss., 1918.

[23] K. Yano and E.T. Davies, Metrics and connections in the tangent bundle, Kodai Math.
Sem. Rep., 23 (1971), 493-504.

[24] K. Yano and S. Ishihara, Tangent and Cotangent Bundle, Marcel Dekker Inc., 1973.

[25] K. Yano and M. Kon, Structures on Manifold, World Scientific, 1984.

(Rabia Cakan Akpinar) KAFKAS UNIVERSITY, FACULTY OF ARTS AND SCIENCES,
DEPARTMENT OF MATHEMETICS, 36000, KARS, TURKEY
E-mail address: rabiacakan4@gmail.com; rabiacakan@kafkas.edu.tr



