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Abstract. Zygmund type estimates are obtained for the mixed continuity
modulus of some mixed convolution type integrals. These Zygmund type estimates
affect the nature of the improvement of continuity modulus by mixed fractional
integrals in Hélder spaces.

1. Introduction

A great number of results are known concerning boundedness of convolution type
operators in the Holder spaces of functions of one variable. In the spaces of continuous
functions such as ﬁ(‘)"o, the convolution type operators are least investigated. The goal
of this paper is to fill a gap to a certain extent in investigations of such kind.

Here, we consider the mixed Volterra convolution type operators

1 T2
(Ko)(x1,29) = //k(xl —t) k(x2 — s)@(t,s)dtds, a <z, ¢ <z,
a (&

in generalized Holder spaces. We assume that the kernel k(z1,2z2) is close in a sense to
a power.
The result of the type

K: HF(Q) — HF'(Q) (1.1)
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for certain characteristic functions w(h,n) and w,,(h,n) are already known for the case
of the power kernel k(z1,z2) = 2$ 25", 0 < a,8 < 1 (see [6], [10]). We deal here
with arbitrary kernels, i.e., they are not necessarily powers.
We introduce a certain class of kernels V) for which we manage to give the Zygmund
11
type estimates which estlmate the mixed continuity modulus w (K ©; h,n) using the

modulus of continuity w (¢; hyn). These estimates provide the general result of the
type (1.2).

In the case of purely power kernel, i.e., in the case of a mixed fractional integral
operator

1 T2

(Ié“f,cw) (z,y) = // xy — 1) zg — 5)° 7 o(t, s)dtds, (1.2)

where 0 < o, 8 < 1, a < 1, ¢ < @, result (1.2) is extended to isomorphism (see, [8],
[11], [13], [16)):
Ig+ﬁc+ {HQ ﬁ} Hy” (1.3)

with 10310475 (h,n) = honP W (h,m). This is achieved by the preliminary derivation of
Zygmund type estimates for fractional differentiation (see [9], [12], [15]).

. - 1 (w1, 22)
( achr(p) (.%'171‘2) N F(l — Oé)r(l - 5) |:('771 - a)ol‘(l’j - c)ﬁ

o(z1,22) — (t,5)
+a6// 1 e dds| (Y

We consider the operator (1.1) in the rectangle @ = {(z1,22) : a < z1 < b, ¢ <
To < d}

2. Preliminaries

1. Notations and a technical Lemma. We follow the papers [3] and [4] for the

definitions given below. Positive constants which can be different at different places will
be denoted by C.

Definition 1. We say that a non-negative function k(x) on [0,1] belongs to the class
VA if

(a) k(x) #£0, 2 k(x) is almost increasing and v k(z) =0,

=0
(b) there exists e, 0 < & < A, such that 2 ~%k(z) is almost decreasing,
(c) there exists C' such that

EGELOIRpEte

xr—y - x*

, & = max(x,y). (2.1)

In the sequel, we shall use the following inequalities:
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(i) If w(p, h) is the continuity modulus, then
wig,2) _ owley)

> 2.2
; , 0t (2:2)
(ii) If 0 < a < 1 then
h
w(p, h) w(p, t)
o < C/ et (2.3)
0
(iii) If k(z) € V) then
A
k@) <O (L) k), @<y, (2.4)
and there exists € > 0 such that
A—e
k() <C (%) k(y), y<a. (2.5)

Lemma 1. Let k(z) € Vy,A > 0 and let w(x) > 0 be an almost increasing function.
Then
1
t)
0/% (t)dt, for 0<z<l/2.

Proof. By (2.4), we have

. 2x
/wit)k( Yt > Coo(w)a k(x /ﬁ > Cuw(z)x Ak(m)/% = Cw(x)k(z). O

Definition 2. . Let ¢(z) be a bounded function on [a,b]. The continuity modulus of
o(x) is the expression given by

sup |p(z+h) — @) =w(p;d), 0<Ii<b—a.
he[0,6]

Definition 3. We denote by ®' the class of functions w(8) € (0,b — a] satisfying the
conditions:

(a) w(d) is the continuity modulus,
5

(b) ft*lw(t)dt < Cw(9),

(c)5f t~2w(t)dt < Cw(6),
(d) w(6)~5 Lw(9).

For a continuous function ¢(z,y) on R, we introduce the notation

(1th w) (,y) = p(z+ h,y) — ¢(z,y), (OAln w) (@,9) = p(z,y +n) — (z,y),

1,1
(Ah,n w) (z,y) = 0@+ hy+n) —el@+hy) —el@y+n) +el@y).
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so that
oty = (Bnne) @)+ (Bne) @+ (B e) @)+ olan). 20

While studying the properties of continuous functions of several variables, in
particular, the following classes of functions arise:

H® = {2 = {¢<x,y> €Cq: Wy (8,0)=0(wi(8), @, (0,0)=0 <w2<a>>} 7

~ 1,0 0,1
H% = HYv@92:911 — {go(m,y) €Cqu: wy (6,0) =0 (wi(d)), wy (0,0) =0 (wa(0)),

1,1

Wy (0,0) =0 (w1,1(9, 0))} ,

where

(a) private modules of continuity
1,0

w (4;6,0) = sup sup
y€[e,d] 0<h<s

1,0
<Ah 90) (ﬂf,y)‘ and

(OAln so> (ﬁc,y)‘ :

, where 0<d<b—a; 0<o<d-c

0,1
w (p;0,0) = sup sup
z€[a,b] 0<n<o

(b) mixed modulus continuity of order 1, 1
1 1,1
(Ah,n @) (z,y)

It follows from the definition that the function 1d11 (36, 0) belongs to ®! for each of the
variables. In addition, we note the following inequality

1
(¢;0,0) =sup  sup
z,y 0<h<d ,0<n<o

1,1

w (¢;6,0) < 2min {1090 (¢;6,0); W (sa;O,U)}- (2.7)

Definition 4. We denote by @11 the class of functions of two variables w(d, o) satisfying
the following conditions:

(a) w(d,0) in d for any fixed o,

(b) w(0,0) in o for any fized o.

We call this as the class of mized modulus of continuity of the first order of continuous
functions of two variables.

In [1], it is shown that the properties (a) and (b) are characteristic for continuity
modulus in the sense that for every w(x,y) € ®!, there exists a function p € Cg such

that
1,1 1,0 0,1

w ((Pv 67 U) ~ Wl,l((s? U)a dj ((P, 67 0) ~ Wi (6)’ (’b ((P, 070) ~ WQ(U)‘
Definition 5. We denote by ® the set satisfying the conditions on (w11, w1, wa) given
by

(i) wi(d), wa(0) € B*;
(ii) wi,1(8,0) € L,
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(111) wi11(0,0) < Cmin{w;(0), wa(o)}.

Let (w1, ws) € . Then, we introduce norm in HZ = H¥1“2 by

1,0 0,1
_ w (p;h,0) w (¢;0,n)
lella= = llello@ + sup — sup  ——LS=" 4 sup  sup ——F—
y€lc,d] z,z4+he(a,b] w1(h) z€la,b] y,y+n€lc,d] wa(n)
Let (wy,wz,w1,1) € ®. The norm for H® = H*1w2@1 g given by

11

w (3 h,n)
lell = = llella=+  sup sup ————.
. z,a+helab] yy+neled wi,1(h,n)
We say that ¢ € I?(?(Q) if o € H® and o(z,y) = o(z,y) =0.
r=a,y=c a=b,y=d

2.2. A one-dimensional statement. The following statements are known (see [3]).
We use the schemes of the proofs to make the presentation easier for two-dimensional
case.

The following theorem gives estimate which might be called Zygmund type by analogy
with Zygmund estimate known in the theory of singular integrals and helps in estimating
the continuity modulus w(H g, h) of a conjugate function Hp via the continuity modulus
w(p, h) of a function ¢ itself.

Consider the one-dimensional Volterra convolution type operators

Ko = /k(m —t)pt)dt, a<z<b (2.7
a
in the generalized Holder spaces HE ([a, b]).
The following theorem provides Zygmund type estimate for the integral given in (2.7).

Theorem 1. Let k(xz) € Vi, 0 < A <1, ¢ € C([a,b]),and ¢(a) =0. Then
[ kD)
w(Kp;h) < Chk(h)w(p;h) + Ch w(ep, t)dt. (2.8)

h
Proof. Let a = 0 for simplicity. We denote g(z) = ¢(z) — ¢(0) and
f@) = [ b = g(t)at
0
For all z,z + h € [0, b], we have

x

fa+h) — fla) = / lg(a — 1) — g(a)]k(t + h)dt — / gz — £) — g(a) k(t)dt

x x

+ g(a) / k(¢ + h)dt — / k(1) dt

—h 0
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So, we get

ﬂx+m—fuNSL/wm—w—g@mw+hMt+

x+h

g(x) / k(t)dt

T

T

[late =) = g()ik(e) - ke + 1)
0
=A; + Az + As.

_|_

In view of (2.4) and the increasing of w(yp,t), we have for A,

h h
A
/w h—t)dt < cw(%h)k(h)/ <hh_t) dt < Chi(h)w(h).
0 0
For As, using (2.1) and (2.5) in the case x < h, we have

[ k(t+h)
<
Angh/ T w(ep, t)dt

0

[ t)dt
- re [ w(e
< Chk(h)h / =
0

z/h

w(p, ht)dt

0

1
< Chk(h /t+16“dt
0

< Chk(h)w(gp, h). (2.9)

In the case h < x, we have
h x
Az S/ (o, t)|k(t) — (t+h)|dt+/ (o, t)|k(t) — k(t + h)|dt = By + Bs.
0 h
For By, the estimate (2.9) is valid, while for By, we have

x x

b
B, < Ch/w(sa,t)k(hH) dt < Ch/w(so,t)@dt < Ch/w(ga,t)@dt.
h

h+t
h h

For As in the case © < h, we have
z+h 2h

Az < Cuw(p, h)k(z + h)(z + h)* / t=dt < Cw(ip, h)k(h)h* /t*’\dt < Cuw(gp, h)hk(h).
T 0
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If h < x, then using Lemma 1, we obtain

b b
Az < Cw(p, z)hk(x) < Ch/ @w(gp,t)dt < C’h/ @w(gp,t)dt

x

Gathering all the estimates for A;, i = 1,2, 3, we arrive at (2.8). O

3. Main Result

The following theorem provides Zygmund type estimates for the integral (1.1).

Theorem 2. Let k(z;) € Vi, 0 < XN < 1, i = 1,2 and ¢(z1,22) €
C(Q), p(x1,2) =0. Then
r1=a,ra2=c
Lo " (pt,0)
W (K h,0) < Cy | hk(h) & (p3h,0) +h / “‘;’k(t)dt], (3.1)
h
0,1 [ 0,1 ‘ Co’l( 0,s)
1~ , w (p;0,s
w (Kp;0,m) < Cz[nk(n) w (9;0,7) +n / ik(S)d81, (3.2)
- n
' k)
1,1 ~ 1,1 t) 1,1
w (Kp;h,n) < Cs|hnk(h)k(n) w (¢;h,n) + hnk(n) / = W (ptd—c)dt
L h
dfck
+hk(h)n/—s)1wl (¢;b—a, s)k(s)ds+
s
n
b—ad—ck i
hiy / / (ti (s) 11 (cp;t,s)dtds]. (3.3)
5
h

Proof. Using equality (2.6), the integral (1.1) can be represented as

(Ke) (@1.2) = wik(as)ask(a)p(a,c) + wok(a) (@1) + w1k(za(r2) + (o, 2),

(3.4)
where
r(ar) = / (ot 0) — pla, k(as — )dt, o) = / lp(a,8) — p(a, ) k(as — 5)ds
and

(1, x2) // <At s) Vk(z1 — t)k(zo — s)dtds.
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By hypothesis ¢(x1, x2)

= 0. So (3.4) gives

Ty :O,Iz =0

1 T2

f(z1,22) = Y(z1,22) = // (Xf) (a,¢)k(xy — t)k(zq — s)dtds.

1,1
We denote (At,s <p> (a,c) = g(t, s) for simplicity and

1 T2

Flar,a2) = //g(t,s)k(wl k(s — 5)dtds.

a [

For all z,z + h € [a, b], we have

f(x1+ h,22) — f(21,22)

0 xz2—c

= / / k(h+t)k(s)[g(x1 — t,zo — s) — g(x1, 22 — 8)]dtds
“h 0

r1—a Trg2—cC

+ / / [k(h+1t) — k(®)]k(s)[glxy —t,x2 — 8) — g(x1, 22 — 8)]dtds

0 0
+ ( k(h+t)dt — k(t)dt) g(x1, 2 — s)ds. (3.5)
J e [ro) |
So, we get
h zo—c
f(z1 + hys) — f21,22)] < c</ / k(s) 6 (t, 22 — 8)k(h — t)dtds
0 0
T1—a To—C -
4 / k(s) & (01,29 — $)[k(h + ) — k(1)) dtds

0 0
r+h—ax2—c
1,1

v / /k(s) w (ga;t,m—s)k(t)dtds).

From (2.1), we obtain
Tro—C

Tg—C
/ k(s) o (p;t, o —5)ds < W (it xa—c)k(zy—c)(zg—c) / s s < C o (p;t,0).
0 0
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Using this estimate and the estimates A;, ¢ = 1,2,3 from Theorem 1, the above
inequality is easily verified as

k(

F(21 4+ hyas) — F(on,m9)] < O | hk(h) & (10,0 /T (11, 0)dt
h

which helps in obtaining the inequality (3.1).
Rearranging symmetrically the representation (3.5), we can similarly obtain

d—c
0,1 k(s) 0,1
o, +0) = Sar, 2] < G | ablo) & (oi0.) 4 [ 8 (0, 5)as
n

The main moment in the estimations is to find the corresponding splitting which
allows to derive the best information in each variable and not losing the corresponding
information in another variable. The suggested splitting runs as follows

1,1 1,1 9
( Any f) (z,y) = ( Ahpy ¢) (2,y) = ZTk
k=1

/ / (A s 9) (wr, w2)k(t + h)k(s + n)dtds

—h—7

r1—a Trg—cC

+/ / (Zl‘t"‘“’g) (w1, 22)[k(t) = k(h + )][k(s) — k(s + n)]dtds
C c1+h—a zatn—c

+g(z1,22) / / k(t)k(s)dtds

+ /O 7C<X—t,—s g) (@1, z2)k(h + t)[k(s) — k(s + n)]dtds
“ho 0
z1—a 0
+ 0/ /<A t—s g) (z1,22)[k(t) — k(h + t)]k(s + n)dtds
z1+h—a 0
/ /[9(%1,932 —8) — g(x1,22)]k(t) k(s + n)dtds
mol_ﬂiZ‘H;i’C

+ / / [9(z1 — t,22) — g1, x2)|k(t + h)Ek(s)dtds

—h x9—cC
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r1+h—ax2—c
t [ [ latnma = 5)  glormn)b(e)k(s) — k(s +n)deds

T1—a 0

r1—a T2+n—c
+ / / [g(x1 — t,22) — g(z1, 22)][k(t) — k(t + h)]k(s)dtds.

0 xo—cC

So, we have

h m
1,1 1
‘(Ah,n f) (z, ‘ C{ w (p;t, s) —t)k(n — s)dtds
0/0/

—axa—c

+/ /t} ity 8) k() — k(h + £)][k(s) — k(s + n)|dtds

-

r1+h—a x24+n—cC
+ 0 (psz —a,y —c) / / E(t)k(s)dtds

h xzo—c

+ b/ O/ W (p;t,8)k(h —t)[k(s) — k(s + n)|dtds
ey 1,1

+ O/ 0/ W (it $)[k(t) — k(h + O]k — s)dtds
r1+h—a n

+ o (p; 21 — a, $)k(t)k(n — s)dtds
T1—a O/
h z2+m—c

+b/ -[c w (g;t,xe — c)k(h —t)k(s)dtds

z1+h—az2—c

+ Z 0/ W (w1 — a, $)k()[k(s) — k(s +n)]dtds
r1—ax2+n—c

+ / / L (p3t,my — ) [k(t) — k(t + h)]k(s)dtds}.

0 To—cC
Estimating the obtained terms in the standard way, we arrive at inequality

a

B W (it d— ot

‘ ( Any f) (x,y)‘ <Gy {hnk(n)k(h) & (01 hom) + hk(n) Ko 4

T—~7
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c b—ad—c

%‘9)1@1(4,0;1) ds+hn/ /k 11
n

+ hk(h)n

s—

which gives (3.3).

Main Theorem. Let k(z;) € Vi, 0 < A\; <1, i = 1,2 be a function satisfying

€r1— ax211

/ / t(s )dtd <C’w (1, 22),

—ad— 011
1

/ / Ve(s)dtds < Ch(x1 k() & (1, 22).

Xy T2

Then the Volterra convolution type operator fﬂp is bounded from ﬁg’

characteristics wg(h,n) = hnk(h)k(n)w(h,n).

285

into HZ* with

Proof. Let f(xz1,33) = (K@)(x1,2), where ¢ € HF(Q). Next, we prove that the

function f(x1,x9) € I;T(?" (Q) if f(xl,xg)‘ =0,4i=1,2 and
Jli:O
Lo 0,1
(f;,0) w (£30,s)
sup 7<oo, sup —————~ < 00,
o<t<b—a th(t)wi(?) 0<s<d—c sk(s)wa(s)
Ly
N S

p
0<t<b—a; 0<s<d—c th(t)sk(s)wi1(t, s)

Since o(x1,22) belongs to the space HF (Q), it follows that Theorem 2 is applicable.
By virtue of Theorem 2, estimates of the Zygmund type (3.1), (3.2) and (3.3) hold for

the integral K ©.
Using these estimates and the condition of the theorem, we have

k(1) 1,

t

w (f;h,0) & (o3 h,0) 1
<Q(cum T R ()

0,1 0,1
w (f;0,m) (;0,m) 1
S@( o) R(m)wa(n)

2 (s, 0)d )<CﬂHm

1
¥ (10,95 ) < Cllolgs
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1,1 1,1 b—a
w (f;h,m) < (@3 h,m) 1 / k(t) 1.1
<C + ) -t,m)d
R ) R R R M Pt e B
dfck
—i— (p; hys)ds
wl 1 h 77 / cp )
n
7adfck
11
t,8)dtd
+k(n)k(h Yoo () / / (3t,5) s)
h n
SCHSD“HSV'

Taking into account the inequality (2.7), it is easy to prove (3.6) and (3.7).
The equality f(x1,x2) =0, i = 1,2 follows from equality (1.1). After replacing

x,::O
t=x1— (x1 —a) and s = 9 — (x2 — ¢)7, we have

f(@y) = (@1—a)(z2—c / / (@1 — (21— )€, 2 — (19— )T k(€1 —a) (7 (2 — ) .
0 0

If 1 — a or xa — ¢, then f(z1,22) =0, 1 = 1,2 becomes obvious.

Z; =0

Further, since ¢(x1,x2) =0, i = 1,2 from equality (3.4), we have

mi:()
Ifllew@ =, max k(z1 — t)k(z2 — 5)[e(t, ¢) — @(a, o)]dids
+ k(xy — t)k(za — s)[p(a, s) — p(a, c)|dtds
i 1,1
+ / / k(zq — t)k(ze — s)( At—as—c >(a, c)dtds

< C( max (p;21 — a,0)(z1 — a)k(z1 — a)

a<z1<b
0,1 'O k
+ max W (0,22 —¢)(w2 — )klzz — )
1,1
D (321 — a, 9 — — k(a1 — — k(s —
agwlgf?éngdw(%fl a,x2 — c)(x1 — a)k(r1 — a)(v2 — c)k(x2 C)>

< Ollgll - (3.8)
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It follows from inequalities (3.6), (3.7) and (3.8) that

& (f:4,0) W (f:0,5)
w Uy w U, 8
g=k = + su —— + su _
Il = lle@ + | swp @ ot Sh(s)wa(s)
1,1
ot
P W (fits)

0<t<b—a; 0<s<d—c LR(t)sk(s)wi1(t, s)

< Cllgllz-

Hence, the theorem is proved. (I

4. Acknowledgements

The authors pay their sincere thanks to the anonymous referee(s) for his/her critical
remarks and suggestions which have improved the paper significantly.

[1]

[11]

[12]

References

M. A. Baba-Zade, On a class of continuous functions of two variables (Russian),
Uch. Zam. MV i SSO AZSSR, Ser. Fiz-Mat Nauk, 3(1973), 32-41.

S. G. Samko, A. A. Kilbas, O. I. Marichev, Fractional integrals and derivatives-
Theory and Applications, Gordon and Breach, New York, 1993.

S. G. Samko and Z. Mussalaeva, Fractional type operators in weighted generalized
Holder spaces. Proc. Georgian Acad.Sci., Mathem., 1(1993), no. 5, 601-626.

N. G. Samko, Singular operator and operators with a weak singularity in weighted
generalized Holder spaces, Isv. Sev. Kavk. Nauchn. Tsentra Vyssh. Shkoly, Ser.
Estestv. Nauk., 3(1990), 46-49.

T. Mamatov, Weighted Zygmund estimates for mixed fractional integration, Case
Studies Journal, 7(2018), no. 5, 82-88.

T. Mamatov, Mixed fractional integration in mixed weighted generalized Holder
spaces, Case Studies Journal, 7(2018), no. 6, 61-68.

T. Mamatov, Mixed fractional integration operators in mixed weighted Ho&lder
spaces, Monograph, LAPLAMBERT Academic Publishing, p. 73.

T. Mamatov, Mixed fractional integro-differentiation operators in Holder spaces,
The latest research in Modern science: experience, traditions and innovations,
Proceedings of the VII International Scientific Conference, Section I, North
Charleston, SC, USA, 20-21 June, 2018, p. 6-9.

T. Mamatov, D. Rayimov and M. Elmurodov, Mixed fractional differentiation
operators in Holder spaces, Journal of Multidisciplinary Engineering Science and
Technology (JMEST), 6(2019), no. 4, 9855-9857.

T. Mamatov, Fractional integration operators in mixed weighted generalized Holder
spaces of function of two variables defined by mixed modulus of continuity, Journal
of Mathematical Methods in Engineering, 1(2019), no.1, 1-16.

T. Mamatov, Mapping properties of mixed fractional integro-differentiation in
Holder spaces, Journal of Concrete and Applicable Mathematics (JCAAM),
12(2014), no. 3-4, 272-290.

T. Mamatov, Mapping properties of mixed fractional differentiation operators in
Holder spaces defined by usual Hélder condition, Journal of Computer Science &
Computational Mathematics, 9(2019), no. 2, 29-34.



288

[13]

[14]

[15]

[16]

Tulkin Mamatov

T. Mamatov, F. Homidov and D. Rayimov, On isomorphism implemented by
mixed fractional integrals in Holder spaces, International Journal of Development
Research, 9(2019), no. 5, 27720-27730.

T. Mamatov and D. Rahimov, Some properties of mixed fractional integro-
differentiation operators in Holder space, Journal of Global Research in
Mathematical Archives, 6(2019), no. 11, 13-22.

T. Mamatov, A. Umarov and L. Rustamova, Mixed fractional differentiation
operators in mixed weighted Holder spaces, Case Studies Journal, 8(2019), no.
11, 113-118.

T. Mamatov, R. Sabirova and Z. Hamraeva, The isomorphism realized by mixed
fractional integrals in Holder classes, Journal of Computer Science & Computational
Mathematics, 10(2020), no. 2, 35-40.

(Tulkin Mamatov) BUKHARA TECHNOLOGICAL INSTITUTE OF ENGINEERING,
DEPARTMENT OF HIGHER MATHEMATICS
E-mail address: mamatov.tulkin@mail.ru



