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Abstract . In this paper we have obtained the degree of approximation of conjugate

functions of periodic continuous functions. The results are expressed in terms of
modulus of continuity and via a mediate function.

1. Introduction

Let f(x) be a 2π- periodic continuous function and ω(δ) = ω(δ, f) its modulus of
continuity defined by

ω(δ, f) := sup
|x−y|≤δ

|f(x)− f(y)|.

Denote by A := (an,k) (k, n = 0, 1, . . . ) a lower triangular infinite matrix of real numbers
and the A-transform of {Sn(f ;x)} by

Tn,A(f ;x) :=

n∑
k=0

an,kSk(f ;x), (n = 0, 1, . . . ),

where

Sk(f ;x) =
a0
2

+

k∑
j=1

(aj cos jx+ bj sin jx)

are partial sums of the Fourier series of f(x) at x,

f(x) ∼ a0
2

+

∞∑
k=1

(ak cos kx+ bk sin kx).

We write u = O(v) if there exists a positive constant C such that u ≤ Cv, and ‖f‖
denotes the norm of f :

‖f‖ = max
0≤x≤2π

|f(x)|.
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By Gn(t) we denote the matrix kernel

Gn(t) =

n∑
k=0

an,k
cos
(
k + 1

2

)
t

2 sin t
2

,

and by H(t) a non-negative mediate function.
Firstly, was P. Chandra [1]–[2] who estimated the deviation ‖Tn,A(f) − f‖, in sup-

norm, when {an,k} is a monotonic sequences with respect to k.
Let us recall Chandra’s results proved in [2].

Theorem 1.1. Let {an,k} satisfy the following conditions:

an,k ≥ 0 and

n∑
k=0

an,k = 1, (1.1)

an,k ≤ an,k+1 (k = 0, 1, . . . , n− 1;n = 0, 1, . . . ). (1.2)

Suppose ω(t) is such that∫ π

u

t−2ω(t)dt = O (H(u)) (u→ +0), (1.3)

where H(u) ≥ 0 and ∫ t

0

H(u)du = O (tH(t)) (t→ +0). (1.4)

Then
‖Tn,A(f)− f‖ = O (an,nH(an,n)) .

Theorem 1.2. Let (1.1), (1.2) and (1.3) hold. Then

‖Tn,A(f)− f‖ = O (ω(π/n)) +O (an,nH(π/n)) .

If, in addition, ω(t) satisfies (1.4) then

‖Tn,A(f)− f‖ = O (an,nH(π/n)) .

Theorem 1.3. Let us assume that (1.1) and

an,k ≥ an,k+1 (k = 0, 1, . . . , n− 1;n = 0, 1, . . . ) (1.5)

hold. Then

‖Tn,A(f)− f‖ = O

(
ω(π/n) +

n∑
k=1

k−1ω(π/k)

k+1∑
r=0

an,r)

)
.

Theorem 1.4. Let (1.1), (1.3), (1.4) and (1.5) hold. Then

‖Tn,A(f)− f‖ = O (an,0H(an,0)) .

Years later, Leindler [7] replaced the monotonicity condition with the so-called rest
bounded variation sequences and head bounded variation sequences.

A sequence c := {cn} of non-negative numbers tending to zero is called of Rest
Bounded Variation, or briefly c ∈ RBV S, if it has the property

∞∑
n=m

|cn − cn+1| ≤ K(c)cm

for all natural numbers m, where K(c) is a constant depending only on c.
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A sequence c := {cn} of non-negative numbers will be called of Head Bounded
Variation, or briefly c ∈ HBV S, if it has the property

m−1∑
n=0

|cn − cn+1| ≤ K(c)cm

for all natural numbers m, or only for all m ≤ N if the sequence c has only finite nonzero
terms, and the last nonzero term is cN .

It is clear that condition 0 < K(c) ≤ K needs to be assumed, where K is a positive
constant. Supposing that for all n and 0 ≤ m ≤ n

∞∑
k=m

|an,k − an,k+1| ≤ Kan,m (1.6)

and
m−1∑
k=0

|an,k − an,k+1| ≤ Kan,m (1.7)

hold, where K is a positive constant, Leindler proved the following:

Theorem 1.5 ([7]). The statements of Theorems 1.1, 1.2, 1.3 and 1.4 hold with (1.7)
in place of (1.2), and with (1.6) in place of (1.5), respectively; naturally maintaining all
the other assumptions.

In his paper, he summed up all results in one theorem, but their proofs were given
separately. Indeed, he generalized Chandra’s results using a broader class of matrices
(an,k). These results are extended further in [3], they are generalized in [4], and are
treated in [14] as well, where some assumptions are removed, but the obtained results
have a weaker degree of approximation. Very recently, see [5], [6], we have studied
the same topic, proving similar but different results, using the so-called the generalized
deferred Voronoi-Nörlund means of partial sums of their Fourier series. Also we have to
mention the results of Németh [12] who, in the sense a slightly wider class of functions,
generalized Chandra and Leindler’s results. Moreover, he considered the limit missing
case α = 0 (giving a very good answer) using a specific modulus of continuity. Once
again Leindler [9] showed, as an example, that integral-type conditions can be replaced
by sequence-type assumptions to Chandra‘4s theorems and its generalizations. So, such
conditions can be assumed in the results of present paper, as well. To my best knowledge,
we do not encounter so far such results (in accessible literature) regarding to a conjugate
function of a 2π periodic continuous function.

The conjugate series of the above Fourier series is defined to be

∞∑
j=1

(bj cos jx− aj sin jx)

with their partial sums S̃kf :

S̃n(f ;x) :=

n∑
j=1

(bj cos jx− aj sin jx).
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It is a well-known fact that if f ∈ L, then

f̃(x) := − 1

2π

∫ π

0

ψx(t) cot
t

2
dt = lim

ε→0
f̃(x, ε),

where

f̃(x, ε) := − 1

2π

∫ π

ε

ψx(t) cot
t

2
dt

with

ψx(t) := f(x+ t)− f(x− t),
exists for almost x (see [15, Theorem (3.1), Chapter IV]).

Another class of sequences, important in applications, has been introduced in [8].
The sequence c of non-negative numbers tending to zero is called the Mean Rest

Bounded Variation Sequence, or briefly c ∈MRBV S, if it has the property

∞∑
k=m

|ck − ck+1| ≤
K(c)

m+ 1

m∑
k=m

2

ck (1.8)

for all natural numbers m, where K(c) is a positive constant depending only on c.
Th sequence c of non-negative numbers is called Mean Head Bounded Variation

Sequence (see [13]), or briefly c ∈MHBV S, if it has the property

n−m−1∑
k=0

|ck − ck+1| ≤
K(c)

m+ 1

n∑
k=n−m

ck (1.9)

for all positive integers m < n, the sequence c has only finite nonzero terms and the last
nonzero term is cn, where positive constant depending only on c.

We see that in the above inequalities a positive constant K(c) is appearing, and we
have to assume it to be a finite one i.e., we need to assume 0 < K(c) ≤ K, where K > 0
is a real number.

It was pointed out ([13], see also [11]) that

RBV S (MRBV S and HBV S (MHBV S. (1.10)

In the sequel we suppose that for all n and 0 ≤ m ≤ n
∞∑
k=m

|an,k − an,k+1| ≤
K

m+ 1

m∑
k=m

2

an,k (1.11)

and
n−m−1∑
k=0

|an,k − an,k+1| ≤
K

m+ 1

n∑
k=n−m

an,k (1.12)

hold true, where K is a positive constant.
As we said above, there are no counterparts of Theorems 1.1–1.4 in the case of

conjugate series of a Fourier series. Taking into account this gap, we will prove some
corresponding theorems when condition (1.2) is replaced with condition (1.12) and
condition (1.5) with that of (1.11), which indeed is the main aim of this paper. In
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fact, we will estimate the deviation T̃n,Af − f̃ in the norm ‖ · ‖, and for a wider range
of matrices (because of the inclusions (1.10)), where

T̃n,Af(x) :=

n∑
k=0

an,kS̃k(;x) (n = 0, 1, . . . ).

In the second section we are going to recall some lemmas and in last section we
formulate and prove the main results.

2. Lemmas

For m = 0, 1, . . . , n, let

An,m :=

m∑
k=0

an,k, An,m :=

n∑
k=m

an,k and D̃◦k(t) :=
cos
(
k + 1

2

)
t

2 sin t
2

.

Lemma 2.1 ([2]). If (1.3) and (1.4) hold, then∫ v

0

t−1ω(t)dt = O (vH(v)) (v → +0).

Lemma 2.2 ([11]). If {an,k} ∈MHBV S, then∣∣∣∣ n∑
k=0

an,kD̃
◦
k(t)

∣∣∣∣ = O
(
t−1An,n−2τ

)
,

and if {an,k} ∈MRBV S, then∣∣∣∣ n∑
k=0

an,kD̃
◦
k(t)

∣∣∣∣ = O
(
t−1An,τ

)
,

for 2π
n ≤ t ≤ π, (n = 2, 3, . . . ), where τ = [π/t].

Now we pass to our main results.

3. Main Results

The first result is the following.

Theorem 3.1. Let {an,k} satisfy the following conditions (1.1), and (1.12). Suppose
ω(t) is such that (1.3), and (1.4) are satisfied, and

An,n−2τ = O (τan,n) (3.1)

holds, then

‖T̃n,A(f)− f̃‖ = O (an,nH (an,n)) . (3.2)

Proof. We easily find that

T̃n,Af(x)− f̃(x) =
1

π

∫ π

0

ψx(t)

n∑
k=0

an,kD̃
◦
k(t)dt,

where ψx(t) = f(x+ t)− f(x− t).
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Onward, we decompose the above integral into sub-integrals as follows

‖T̃n,A(f)− f̃‖ = O

(∫ an,n

0

|ψx(t)||Gn(t)|dt+

∫ π

an,n

|ψx(t)||Gn(t)|dt

)
, (3.3)

The well-known inequality sin θ ≥ 2
π θ for 0 ≤ θ ≤ π

2 , | cos θ| ≤ 1, θ ∈ R, and Lemma
2.1, we have∫ an,n

0

|ψx(t)||Gn(t)|dt = O(1)

∫ an,n

0

t−1ω(t)dt = O (an,nH (an,n)) , (3.4)

since |ψx(t)| ≤ 2ω(|t|).
Using Lemma 2.2 and (1.12), we have∫ π

an,n

|ψx(t)||Gn(t)|dt = O (1)

∫ π

an,n

t−1An,n−2τω(t)dt

= O (an,n)

∫ π

an,n

t−2ω(t)dt = O (an,nH (an,n)) . (3.5)

Inserting (3.4) and (3.5) into (3.3) we obtain (3.2).
The proof is completed. �

Note that if {an,k} satisfies condition (1.7), then condition An,n−2τ = O (τan,n) is
satisfied automatically (see the proof of Lemma 2, in [10]).

Corollary 3.2. Let {an,k} satisfy conditions (1.1) and (1.7). Suppose ω(t) is such that
(1.3) and (1.4) hold, then

‖T̃n,A(f)− f̃‖ = O (an,nH (an,n)) .

Remark 3.3. We also note that if {an,k} is a non-decreasing sequence with respect to
k, (k = 0, 1, . . . , n − 1; n = 0, 1, . . . ), then conditions (1.7) and (1.12) are satisfied as
well. So, Theorem 3.1 and Corollary 3.2 hold true even with one of these two conditions.

Theorem 3.4. Let the conditions (1.1), (1.3), (1.4), and (1.12) be satisfied. If condition
(3.1) holds, then

‖T̃n,A(f)− f̃‖ = O
((

1

n+ 1
+ an,n

)
H

(
π

n+ 1

))
. (3.6)

Otherwise, if we remove condition (3.1), then we have

‖T̃n,A(f)− f̃‖ = O

(
1

n+ 1
H

(
π

n+ 1

)
+

n∑
v=1

π

v
ω
(π
v

)
An,n−2v

)
, (3.7)

with agreement An,n−2v := 0 whenever n− 2v < 0.

Proof. It is clear that

‖T̃n,A(f)− f̃‖ = O (1)

∫ π

0

|ψx(t)||Gn(t)|dt

= O (1)

(∫ π
n+1

0

|ψx(t)||Gn(t)|dt+

∫ π

π
n+1

|ψx(t)||Gn(t)|dt

)
. (3.8)
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Once again, using inequalities sin θ ≥ 2
π θ for 0 ≤ θ ≤ π

2 , | cos t| ≤ 1, and (1.4), we
have ∫ π

n+1

0

|ψx(t)||Gn(t)| = O(1)

∫ π
n+1

0

ω(t)

t
dt = O

(
π

n+ 1
H

(
π

n+ 1

))
. (3.9)

Moreover, our assumptions, Lemma 2.2, and (1.3) imply∫ π

π
n+1

|ψx(t)||Gn(t)|dt = O (1)

∫ π

π
n+1

t−1ω(t)An,n−2τdt

= O (an,n)

∫ π

π
n+1

t−2ω(t)dt = O
(
an,nH

(
π

n+ 1

))
.(3.10)

Putting (3.9) and (3.10) into (3.8) we obtain (3.6).
We have proved (3.7) showing that∫ π

π
n+1

t−1ω(t)An,n−2τdt =

n∑
v=1

∫ π
v

π
v+1

t−1ω(t)An,n−2τdt

= O(1)

n∑
v=1

(v + 1)ω
(π
v

)∫ π
v

π
v+1

n∑
k=n−2τ

an,kdt

= O(1)

n∑
v=1

π

v
ω
(π
v

) n∑
k=n−2v

an,k

= O(1)

n∑
v=1

π

v
ω
(π
v

)
An,n−2v,

where we have agreed that An,n−2v = 0 whenever n− 2v < 0.
The proof is completed. �

Theorem 3.5. Assume that (1.11) and An,τ = O (τan,n) hold true. Then

‖T̃n,A(f)− f̃‖ = O
(
an,nH

(
π

n+ 1

))
. (3.11)

Otherwise, if we remove condition An,τ = O (τan,n), then we have

‖T̃n,A(f)− f̃‖ = O

(
an,nH

(
π

n+ 1

)
+

n∑
v=1

v−1ω
(π
v

)
An,v

)
. (3.12)

Proof. Again, we start from (3.8). For its first integral we use (3.9) :∫ π
n+1

0

|ψx(t)||Gn(t)| = O
(

π

n+ 1
H

(
π

n+ 1

))
.

Condition (1.11) implies

an,m − an,r ≤
r−1∑
k=m

|an,k − an,k+1|

≤
r−1∑
k=0

|an,k − an,k+1| ≤
K

n− r + 1

n∑
k=r

an,k, (0 ≤ m < r ≤ n).
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Hence, for r = n, we have

1 =

n∑
m=0

an,m ≤ K(n+ 1)an,n =⇒ 1

n+ 1
= O(an,n).

So, we get ∫ π
n+1

0

|ψx(t)||Gn(t)| = O
(
an,nH

(
π

n+ 1

))
. (3.13)

Our assumptions, Lemma 2.2, and An,τ = O (τan,n) imply∫ π

π
n+1

|ψx(t)||Gn(t)|dt = O (1)

∫ π

π
n+1

t−1ω(t)An,τdt

= O (an,n)

∫ π

π
n+1

t−2ω(t)dt = O
(
an,nH

(
π

n+ 1

))
.(3.14)

Therefore, putting (3.13) along with (3.14) into (3.8), we obtain (3.11).
Further, the use of Lemma 2.2 gives∫ π

π
n+1

|ψx(t)||Gn(t)| dt = O

(
n∑
v=1

∫ π
v

π
v+1

t−1ω(t)An,τdt

)

= O

 n∑
v=1

(v + 1)ω
(π
v

)∫ π
v

π
v+1

τ∑
j=0

an,jdt


= O

(
n∑
v=1

v−1ω
(π
v

)
An,v

)
. (3.15)

Thus, (3.13) and (3.15) imply (3.12).
The proof is completed. �

Theorem 3.6. Let (1.1), (1.3), (1.4), and (1.11) hold. If An,τ = O (τan,0) holds, then

‖T̃n,A(f)− f̃‖ = O (an,0H (an,0)) . (3.16)

Proof. Firstly, we write

‖T̃n,A(f)− f̃‖ = O

(∫ an,0

0

|ψx(t)||Gn(t)|dt+

∫ π

an,0

|ψx(t)||Gn(t)|dt

)
, (3.17)

The use of inequalities sin θ ≥ 2
π θ for 0 ≤ θ ≤ π

2 , | cos θ| ≤ 1, θ ∈ R, and Lemma 2.1,
imply ∫ an,0

0

|ψx(t)||Gn(t)|dt = O(1)

∫ an,0

0

t−1ω(t)dt = O (an,0H (an,0)) . (3.18)

Lemma 2.2 and (1.11) imply∫ π

an,0

|ψx(t)||Gn(t)|dt = O (1)

∫ π

an,0

t−1An,τω(t)dt

= O (an,0)

∫ π

an,0

t−2ω(t)dt = O (an,0H (an,0)) . (3.19)

Putting (3.18) and (3.19) into (3.17) we get (3.16).
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The proof is completed. �

If {an,k} ∈ RBV S, then condition An,τ = O (τan,0) is satisfied (see the proof of
Lemma 2, in [10]). Whence, Theorem 3.6 implies the following.

Corollary 3.7. Let (1.1), (1.3), (1.4), and (1.6) hold. Then

‖T̃n,A(f)− f̃‖ = O (an,0H (an,0)) .

Remark 3.8. We also note that if {an,k} is a non-increasing sequence with respect to
k, (k = 0, 1, . . . , n − 1; n = 0, 1, . . . ), then conditions (1.2) and (1.6) are satisfied too.
So, Theorem 3.6 and Corollary 3.7 hold true even with one of these two conditions.

Remark 3.9. One have to note that our results contain seven well-known important
particular cases of matrix means: (C, 1) means, harmonic means, (C,α) means, (H, p)
means, Nörlund means, Riesz means, and Generalized Nölund means. So, a lot of
corollaries can be derived from our relults. Also, if the mediate function or ”the aid-
function” H(t) is chosen to be of the form

H(u) =

{
uα−1, 0 < α < 1,

log
(
π
u

)
, α = 1,

we can obtain several specific results.
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Mat. (N.S.), (accepted to appear in forthcoming issues).

[6] Xh. Z. Krasniqi, On the degree of approximation of continuous functions by a linear
transformation of their Fourier series, Communications in Mathematics, (accepted).

[7] L. Leindler, On the degree of approximation of continuous functions, Acta Math. Hungar.,
104(2004), 105–113.

[8] L. Leindler, Integrability conditions pertaining to Orlicz space, JIPAM. J. Inequal. Pure
Appl. Math., 8(2007), no. 2, Art. 38, 6 pp.

[9] L. Leindler, Replacing integral-type conditions by sequence-type ones, Acta Math.
Hungar., 149(2016), no. 1, 143–148.

[10] W.  Lenski and B. Szal, Approximation of functions belonging to the class Lp(ω)β by linear
operators, Acta Comment. Univ. Tartu. Math., 13(2009), 11–24.

[11] W. Lenski and B. Szal, Approximation of functions from Lp(ω̃)β by linear operators of
conjugate Fourier series, Function spaces IX, 237–247, Banach Center Publ., 92, Polish
Acad. Sci. Inst. Math., Warsaw, 2011.

[12] J. Németh, A remark on the degree of approximation of continuous functions, Acta Math.
Hungar., 106(2005), no. 1-2, 83–88.



184 Xhevat Z. Krasniqi

[13] B. Szal, A note on the uniform convergence and boundedness of a generalized class of sine
series, Comment. Math., 48(2008), no. 1, 85–94.

[14] B. Wei and D. Yu, On the degree of approximation of continuous functions by means of
Fourier series, Math. Commun., 17(2012), 211–219.

[15] A. Zygmund, Trigonometric series, Cambridge, 2002.

(Xhevat Z. Krasniqi) Department of Mathematics University of Prishtina ”Hasan
Prishtina” Faculty of Education Ave. ”Mother Theresa”, 10000 Prishtina
Republic of Kosovo

E-mail address: xhevat.krasniqi@uni-pr.edu


