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Abstract. In this work we study the existence of solution and the asymptotic
behaviour for a nonlinear coupled system of wave equation of the p-Laplacian type
given by
W = Aputaf ol - A
v — Apv + |o]" " tfu|m T — A

(u(z,0),v(z,0))

in@Q=Qx(0,7T),
in Q=Qx(0,T),
uo(@),v0(a)) in
(v (2,0),v'(z,0)) ui(z),vi(z)) in Q,
u(z,t) = v(z,t) inX=Tx(0,T),
where 2 C R™ is a bounded open set with sufficiently smooth boundary TI'.
Existence of solution is made by using Faedo-Gallerkin approximations. We prove

the exponential stability when p = 2 and polynomial decay if p > 2 based on M.
Nakao [15, 16].
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1. Introduction

Throughout this paper, we omit the space variable x of u(z,t) and simply denote
u(zx,t) by u(t) when there are no conflicts in the notation. C denotes various positive
constants depending on the known constants and may be different at each appearance.
Let T > 0 be a real number, 2 C R" be a bounded open set with sufficiently
smooth boundary I'. We denote by @ = Q x (0,7 the cylinder with lateral boundary

1 1
¥ =T x(0,T). Here we consider 2 < p < oo and ¢ such that — + — = 1. The duality
p g
pairing between the space Wy () and its dual W~19(£2) will be denoted using the form
(-,-). According to Poincaré’s inequality, the standard norm || - ||W01,p (@) Is equivalent to

the norm ||V - ||, on Wy (Q). Henceforth, we put || - HWOLP(Q) = ||V - ||,. We denote
|l - llz2@) = | - |2 and the usual inner product by (-,-). We denote the p-Laplacian
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operator by A,u = div (|Vu\p_2Vu)7 which can be extended to a monotone, bounded,
hemicontinuous, and coercive operator between the spaces VVO1 P(Q) and its dual by

—A,: WP (Q) — Wh(Q), <7Apu,v>p:/ |Vu|P~2Vu - Vo da.
Q

The existence of a global solution for wave equation of the p-Laplacian type
u' —Apu=0 (1.1)

without any additional dissipation term is an open problem. For n = 1, Derher [14]
proved the local-in-time existence of solution and demonstrated by using a generic
counter example that the global-in-time solution cannot be expected. Adding a strong
damping —Au’ in (1.1) the well-posedness and asymptotic behavior was studied by
Greenberg [9]. Weak solutions and blow-up for wave equations of the p-Laplacian type
with supercritical sources was considered in [18]. Ma and Soriano [22] gave the weak
solution for the problem with a dissipative source term g(u) where g(u)u > 0 has growth
bound. Nevertheless, if the strong damping is replaced by a weaker damping v/, then
global existence and uniqueness are only known for n = 1,2, see the works of Chueshov
and Lasiecka [8] and Zhijian [23]. In the manuscript [7], Gao and Ma analyzed the
existence of solution with the damping (—A)*u’ with 0 < @ < 1 and extended the result
of [22] for g(u) without the sign condition g(u)u > 0. In fact, the authors deal with the
following formulation

u — Apu+ g(z,u) — (A)* = f(x,t) in Q,
u(z,0) = up(x) in Q, (1.2)
uw'(z,0) = uy(z) in ’
u(z,t) =0 in X,

where f € L?(0,T; W~=14(2)) being g : 2 xR — R a continuous function satisfying the
growth condition

lg(z,u)| < alu|""' +b for all (z,t) € Q xR,
with a,b as positive constants and
p

n
l<r<
n—p

ifn>pand 1<r<+oo if n<p. (1.3)

Coupled wave system has been considered in various contexts. In [10], both wave
equations are damped on the boundary and the coupling is effected by compact operator
and exponential stability is obtained when the boundary damping is linear. Boundary
damping is also considered in [1]. On exact boundary controllability for linearly coupled
wave equations, we cite [4]. For weak damping acting, only one equation, the optimal
polynomial decay to coupled wave equations, was studied in [13]. In [5], it was proved
that the energy of weakly dissipative associated coupled system decays polynomially with
explicit polynomial decay rates for sufficiently smooth solutions. Exponential decay for
wave equations coupled with locally distributed damping was given in [21]. Uniform
exponential stability was given in [17] for wave equations coupled in parallel with
coupling distributed springs and viscous dampers due to different boundary conditions
and wave propagation speeds. Lack of exponential decay of a coupled system of wave
equations with memory was treated in [2].
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The damping term —Aw’ plays an essential role in order to obtain global solutions.
For instance, the problem

u — Apu+ ul""u— Au =0 in Q,

u(z,0) = up(x) in Q,

uw'(2,0) = uy(z) in 9,

u(z,t) =0 in %,

can be derived from (1.2) and it has a global solution u € L*(0,T; WOIP(Q)) when

up(z) € WyP(Q), ui(z) € L*(Q) and the condition (1.3) holds. In this work we are

interested in proving the existence and energy decay to the following nonlinear coupled
system

(1.4)

u” — Apu A+ [ul "o — Aw =0 in Q,

V" = Apv + v ou| T — Av' =0 in Q,
(u(w, 0), (z,0)) = (o (), vo(x)) in (15)

(W' (z,0),v'(2,0)) = (u1(x),v1(z)) in Q,

u(z,t) = v(z,t) =0 in X.

The mathematical structure of the paper is organized as follows. In section 2, the
global solutions are constructed by means of the Galerkin approximations while in
section 3 we apply the results due to M. Nakao [15, 16] to prove the exponential stability
when p = 2 and polynomial decay if 2 < p.

2. Existence of Solution

Theorem 2.1. Let us assume 1 < r < ifn>pand 1l <r < +o00 if n < p,

with 741 < p. Then given (ug,vo) € [WyP(Q) N L™HH(Q)]2, (u1,v1) € [L2(Q)]2, p > 2,
there exist functions u,v: Q@ x (0,T) = R such that,

(u,v) € [L(0, T3 Wi () 0 L (0,75 L ()2,

(u',0") € [L(0,T; L*(2)) N L*(0,T; Hy (2))]?, (2.2)
%(u',w) + (= Apu,w) + (Ju]" " tulv|" T w) + (Vi Vw) = 0, (2.3)
%(v’, 2) + (=D, 2) + ([v]" " tofu|™, 2) + (V/, Vz) =0, (2.4)

Y w,z € Wy P(Q) in D'(0,T),
(u(0),v(0)) = (uo,vo), (u'(0),v'(0)) = (ur,v1). (2.5)

Proof. From Sobolev immersion, we have

1 1k
WiQ) — WY (Q), — ==~ =,
FU@) o Wy (@), =
Choosing g, = p, v — k=1, and ¢ = 2, we get
-2
po14 oo =2
2 p 2p

and we obtain a Hilbert Space Hj(£2) such that
Hy () = W5 (Q) = Wy (Q).
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Let s an integer for which s > v. We have
H(Q) < Wy P(Q) < Hg(Q) — L*(Q).
According to the Rellich-Kondrachov theorem, H{(2) < L?(Q) is compact, so is also
the immersion H§(Q) < L2?(Q2). From spectral theory, there exists an operator defined
by
{HOS(Q)7 L2(Q)a ((7 ))HS(Q)}

and a sequence of eigenvectors (v;);jen of this operator such that

(v, V) Ez ) = Aj(vj,v), for all v € Hy(Q)

with A\; > 0, A; < A\j41, and A\; — 400 as j — +oo. Moreover (v;);en is a complete

vj

orthonormal system in L?(£2) and (wj = \ﬁ) is a complete orthonormal system
9/ jeN

in H3(Q). Then (w;)jen yields a “Galerkin basis” for both W,*(€2) and L*(Q). For
each m € N| let us put V,,, = Span{w;,ws, ..., w,}. We search for functions

U () =Y kjm(B)wj, om(t) =D hym(t)w;,
J=1 J=1

such that any w, z € Vi, u,(t) and vy, (t) satisfies the following approximate problem

(2 (£), ) (= At (£), 1) - ([t (O]t (8) [0 ()7, w) + (Vi (8), Ve
(U (£), 2) (=B (8), 2) + ([0m (O] 0 (8) lum ()], 2) + (Vy,, (1), V2
(tn (0), 91 (0)) = (wom, vom) — (uo, vo) in [Wy ()],
(u!,(0),2,(0)) = (Ui, Vim) — (u1,v1) in [L2(Q)]%. (2.9

Putting w = z = w;, multiplying (2.6) by kj,,(t), and (2.7) by hjm(t), and adding
with j from 1 to m, we observe that (2.6)-(2.7) is a system of ODEs in the variable ¢
and has a local solution w,,(t), vm(t) in a interval [0,¢,,) by virtue of Carathéodory’s

theorem. In the next step, we obtain the a priori estimates for the solution u, (t), v, (t)
so that it can be extended to the whole interval [0,T), T > 0.

A priori Estimates
We consider w = u},(t) and z = v, (¢) in (2.6) and (2.7), respectively, we obtain
d |1 1
S OB+ LIV O]+ (O s o O, 0) + 9, 0 =0
(2.10)
and
d 1 / 2 1 r—1 r+1 / / 2
ar |2/ O+ JIVem @I +([om O om () [um (6)["H, 0], (8)) +[Vop, ()5 =0.
(2.11)
Adding (2.10) and (2.11) and noting that
1 d
I r+1 r+1) _— r—1 r+1 ./
3 (O o) = (O (om0, (1)
+ ([om O om () [um (D], 07, (1))
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we obtain that

d |1 1 1 1
G |31 @B+ S OB + - Va5 + [ Tea (@)

1
g (O Jom OF ) |+ Ve, (O + Ve, (0)]3 = 0.

Considering the approximate energy

Bnlt) = 5 (Wn®B + [ OB) + 5 (IVun () + V0 (02

1
- m(t r+1 (¢ r+1
= (O, b,
we have
d
g Em(®) = =V, (D) — Vo, (t)]3. (2.12)
Integrating (2.12) from 0 to ¢, t < t,,,, we obtain
t
Enlt)+ [ [V () + V05, (6) ] ds = Enl0) < €, (213)
0
C > 0 constant independent of m and ¢. Then we have
(), (V) are bounded in L>®(0, T; W, *(Q)), (2.14)
(ul,), (v),) are bounded in L>°(0,T; L*(Q)) N L(0,T; H} (Q)), (2.15)
(=Aptm), (—Apv,y) are bounded in L9(0, T, W~14(Q)), (2.16)
(Umvm) is bounded in L>(0,T, L""(Q)) (2.17)

Since our Galerkin basis was taken in the Hilbert space L?(£2), we can use the standard
projection arguments as described in Lions [12]. Then, the approximate equations and
the estimates (2.14)-(2.17) we get

(ulr), (vl))) are bounded in L7 (0,T; W ~"9(Q)) . (2.18)

m

Passage to the Limit

From (2.14)-(2.17), there are subsequences of (uy,), (vm,) still denoted by (um ), (V)
such that

(U, V) = (u, ) in [L=(0,T; Wy*(2))]?, (2.19)

(uh, vh) = (u/,0") in [L2°(0,T; L3(Q)) N L2(0,T; Ho )], (2.20)
(= Aptm, =Apvim) = (x1,x2) in [LI(0, T; W~ H1(Q))]%, (2.21)
() = (uww) in L>(0,T; L"TH(Q)). (2.22)

[}

Applying the Lions-Aubin compactness Lemma [12], we get from (2.19), (2.20) an
(2.18), (2.20), respectively,
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(W, vm) — (u,v) in [L*(0, T; L*(Q))]* = [L*(Q)], (2.23)
(o) — (u',0") in [L2(0, T L2 ()] = [L*(Q)]*. (2.24)
Whence
(U, V) — (u,v) ae. in [Q]?
and

[t |" Y [0y " T — " o] ace. in Q,
[Um " Lo [um [T — o[ olu|" T ae. in Q.

Since p > r + 1, we have u,, vy, bounded in L>(0,T; L™ () € L"™1(Q) and vy,
bounded in L*®(0,T; Wy (Q)) € L™1(Q).

Consider S + —— = 1. Applying Holder’s inequality we obtain
r+1 r+4+1

1

/|um\7"71um|vm|r+1dxdtS/ [t U ||V | ez dt
Q Q

. T =
[/ (|tmm|7) T dxdt} U vm|”1dxdt}
Q B Q .
1 1
_ [/ (|umvm|)’“+1dxdt} U vm|r+1dxdt}
Q Q

= |umvm|£T+1(Q) |’Um|Lr+1(Q)

<C.

IN

Therefore, from Lions [12] Lemma 1.3, we infer that

[t " i [ [T = Jul " o] i Q) (2.25)
and
(O] v [ | = o ol in LY(Q). (2.26)
Finally, since we have the strong convergence (2.23), we can use a standard
monotonicity argument as proposed by Lions [12] to show that x1 = —A,u and
X2 = —Apv.
Now, with the convergences (2.19)-(2.21) and (2.25), (2.26) we have
ol
7 (@ (0, 0) + (=Apu(t),w) + (@ u@) @) w) + (V' (1), w) =0 (2.27)
and
d
7V ®):2) + (=8p0(), 2) + (v o®u@), 2) + (VU'(),2) =0 (2.28)

for all w,z € W, P(Q) in D'(0,T), at the sense of distributions.
The verification of the initial data is a routine procedure. The proof of existence is
complete. Il
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3. Asymptotic Behavior

In proof of Theorem 3.2, we use the following result due to M. Nakao.

Lemma 3.1. Suppose that ¢(t) is a bounded nonnegative function on RT, satisfying

supess ¢' 7 (s) < Co[p(t) — o(t +1)],
t<s<t+1

Vit >0, where § > 0 and Cy are positive constants. Then,
(a) If B =0 then ¢(t) < Ce 7',V ¢t >0,
(b) If B> 0 then ¢(t) < C(1+t)" 7,V ¢ >0,
where C' and 7y are positive constants.
Proof. See, theorem 1 of [15] and lemma 2 of [16]. O
The main result of this paper is
Theorem 3.2. Under the hypotheses of Theorem 2.1., the solution of system (1.5)
satisfies:
(a) E(t) < C(E(0)e, ifp =2,
(b) B(t) < C(E(0)(1+t) 72, ifp>2,
YV t > 0, where C(E(0)) and v are positive constants.
Proof. Replacing w, z in (2.26), (2.27) by u/(¢), v'(t), respectively, and adding the

equations we have

d
T EO+ VYO + V' @) =0

where
B(0) = 51 @O + 510 (OB + IV} + 1900l + — [ @ oo da.
2 2 D Py Prr4+1 Jq

Integrating from ¢ to t + 1, ¢ > 0, we obtain

t+1
Eit+1)= / (|Vu’(s)\§ + \Vv’(s)|§) ds = E(t) (3.1)
t
so,
t+1 t+1
/t (' ()3 + /() 3) ds < C / (Ve ()3 + [V (5)[2) ds
= CIE(t) — E(t+1)] ¥ F2t) (3.2)
thus, there exist t; € [t,¢t+ 1], t2 € [t + 3, + 1] such that
W' (t:)] < 2F(t), [v'(t:)| < 2F(t), i =1;2. (3.3)

Replacing w, z in (2.27), (2.28) by u(t) and v(t) respectively, and adding the equations
we have

% [(w/(2),u(®) + (' (), v(E)] = [/ (D5 = [v' (O + Va5 + Vo)

(3.4)
+2/Q lu(®)|" o ()" do + (V! (2), Vu(t)) + (V' (t), Vo(t)) = 0.
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Integrating (3.4) from ¢; to t2 and using (3.2) and (3.3) we obtain
[ [roung - iveig 2 [ o ad o
1
< [l (t) 2l Vut)[lp + v/ () Vult2)ll] + F2(t) (3.5)
+/:2 1V ()2 Fu(s)l2 + [V (5)[2]Vo(s) 2 ds.
Now using Young’s irllequality, we have

/ [V 5 alPute)la + [0 (5) T}l ds

ta

<c [ [IVe@RIVal, + 90 RIV),] s
. " " . (3.6)
<3 [ [vueg 1o g as+ o ([ 9008 + 1960 as)
t1 - t1
1 to
< 5/ IVu(s) [+ [Vo(s)]5] s + CLPo(e).
t1 -
From (3.5) and (3.6), we get
t2 1 T (s
J (= 3) i+ 9oz + 2 [ ol o)+ aefas
t p Q (3.7)
< Oy [F?(t) + Fa(t) 4+ F(t) supess E(s)] 2.
t<s<t+1
From (3.2) and (3.7), it follows that
to
E(s)ds < F2(t) + G*(t).
ty
Then, there exists t* € [t1, 2] such that
E(t*) < 2F2(t) + 2G*(t).
From (3.1) we have
ta
supess E(s) < E(t") +/ [|Vu’(s)|§ + |Vv’(5)|§] ds
t<s<t+1 t
S0,
supess E(s) < C3[F?(t) + G*(t)]
t<s<t+1
< Cy [FQ(t) + Fi(t) + F(t) supess {/E(s)
. t<s<t+1
< Cs[F%(t) + FI(t)] + - supess E(s).
D t<s<t+1
Therefore,
supess E(s) < CgF(s) [F*79(t) + 1] . (3.8)

t<s<t+1
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By (3.2) we have

t+1 t+1
2(t) = u' ()| v'(s)2] ds u'(s)|? v'(s)2] ds
F (t)—/t [V (5)[5 + [V (s)[3] d g/0 [[Vd/(5)[5 + Vo' (s)[3] d

= FE(0)—E(t+1) < E(0).
Whence,
Fo(t) = (F2(1) * < (B(0)F = C(B(0)). (3.9)
From (3.8) and (3.9), we get,

ol

supess E(s) < C(E(0))F? = C(E(0)) (F*(t))

t<s<t+1

and

supess E1(s) < C(E(0))F(t).

t<s<t+1

Thus, by (3.2) we have

supess E(s) < C(E(0))[E(t) — E(t +1))].

t<s<t+1
Therefore, applying lemma for ¢(t) = E(t) we have:
(a) If p=2 then ¢ = 2 and
E(t) < C(E(0)e™ ™, ¥t>0
where <y is a positive constant.

2 -2
(b)pr>2thena:1+p and so

E(t) < C(E(0)(1+t)" 72, V¢ >0.

The proof of Theorem is complete. O

Final comments

Results on existence of solutions to problem with the p-Laplacian operator has a non-
trivial history. Only the subcritical case (r < p) was considered in this work. In the
supercritical scenario (r > p), we have a global solution just under a small assumption
on the initial data. It should be noted here that the presence of the damping mechanism
was also essential for stabilization of the system. For instance, the presence of the source
|u|"~'u in (1.4) alone should drive the solution to blow-up in finite time, as seen, for
example, in the work of Glassey [19]. However, when both damping and source are
present, the analysis of their interaction and their influence on the global behavior of
solutions become more difficult and have served as a motivation for this study, see
[11, 3, 6, 20] and the references therein.
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