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Abstract. In this paper, we obtain common fixed points for two self maps
satisfying a general rational contraction conditions in the frame work of extended
rectangular B-metric spaces. In order to justify our results, we have provided some
examples. Our results improve and extend the results of Alqahtani et al. [2] and
Asim et al. [3]. We apply our results to examine the existence of common fixed
points in extended rectangular B-metric spaces equipped with a directed graph.

1. Introduction

Generalization of metric spaces in diverse structures have drawn the attention of
scientists due to the development and generalization of many results in fixed point
theory. In continuation, Branciari [6] introduced the concept of generalized metric space
(rectangular space) as a generalization of metric space and obtained Banach contraction
mapping principle in the setting of generalized metric spaces.

Definition 1.1. [6] Let A be a non-empty set. A mapping v: Ax A — [0, 00) is said to
be a rectangular metric on A if, v satisfies the following (for all x,77 € A and all distinct

r,s € A\ {p,n}):
(1) v(p,n) =0 if and only if p =,
(2) v(p,n) = v(n, p),
(3) v(p,m) < v(p,r) +v(r,s) +v(s,n).
Then the pair (A4,v) is said to be a rectangular metric space.
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George et al. [9] introduced the notion of rectangular B-metric space as a
generalization of rectangular metric space and they presented some fixed point results
for contractive mappings.

Definition 1.2. [9] Let A be a non-empty set with the parameter B > 1. A mapping
oc: Ax A — [0,00) is said to be a rectangular B-metric on A if there exists B > 1 such
that vy satisfies the following (for all u,n € A and all distinet r, s € A\ {p,n}):

(1) vp(p,m) = 0 if and only if u =7,
(2) Ub(p’a 77) = Ub(777 H“)a
(3) vo(p,m) < Bluow(p,7) + vp(r, 8) + vp(s,n)]-

Then the pair (A, vp) is said to be a rectangular B-metric space.

Recently, new type of generalized B-metric space namely extended B-metric space is
introduced Kamran et al. [13].

Definition 1.3. [13] Let A be a non-empty set and ¢ :AxA— [1,00). A mapping
o¢ :AxA— [0,00) is said to be an extended B-metric space, if o, satisfies the following
for all pu,m and p€ A

(Do¢(p,n) =0 if and only if 4 =n,
(2)ac(p,n) = ac(n, p);
(3) oc(p,m) < C(w,m)loc(m, @) + aco,m)]-

Then the pair (A, o¢) is said to be an extended B-metric space.

Using the notation of extended B-metric spaces Alqahtan et al. [2] proved the
following theorems.

Theorem 1.4. [2] Let (A, o) be an extended B-metric space with the function { :Ax A—
[1,00) and T : A — A be a continuous mapping such that, for all distinct p,n € A

oc(Tp,Tn) < kR(p,n) (1.4.1)
where k € [0,1) and

— g Twli+oc(mTn)] ocmTn)i+oc(w,Tr)] oc(mTn)oc(n,Th)
Rl m) = maz{ =<5 liac(ujz)n =, liac(ufn)u =, nacn(#fn)ﬂ = oc(p )}

Also suppose that, for each ﬁo €A, limn,mﬁ+m9(ﬁn,ﬁm) < % where
ﬁnf T"ﬁ(], n € N. Then T has a fized point u. Moreover, for each ho € A, we have
T"hg — u.
Theorem 1.5. [2] Let (A, o¢) be an extended B-metric space with the function ( :Ax A—
[1,00) and T : A — A be a mapping such that, for all distinct p,n € A
pTp)oc(p, Tn) +oc(n,Tn)oc(n, T
(1, Tp)oe(p, Tn) + o¢(n, Tn)oc( ),Uc(uﬂ?)} (15.1)

oc(p, Tn) + o¢(n, Tp)

oc(T, Tn) < kmaa{ %
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where k € [0,1).

Also suppose that, for each ho €A, lim, m_>+009(ffvzn,% )< 1 where
ﬁn =T ho n € N. Then T has a fized point u. Moreover, for each ﬁo € A, we have
Tnho —u€A.

Influenced by the concepts of rectangular B-metric spaces and extended B-metric
spaces, Asim, Imdad and Radenovic [3] introduced the concept of extended rectangular
B-metric spaces and obtained fixed points.

Definition 1.6. [3] Let X be a non-empty set and ¢ : X X X — [1,00). A mapping
QR xR — [0,00) is said to be an extended rectangular B- metric on X if Q¢ satisfies
the following(for all i, 7, € X and all distinct p, g € R\ {u,n}) :

(1) Qc(py,m) = 0 if and only if u =7,
(2) Q< (p’v 77) = QC (777 .u)a
(3) Q) < <, m) Q6 (s p) + L (py ) + (g, m)].

Then the pair (X, Q) is said to be a extended rectangular B-metric space.

Definition 1.7. [3] Let (X, Q) be an extended rectangular B-metric space with .

(1) A sequence {ﬁn}jn (N, €) is called Q. convergent to R if B
lim,, 4 o0 (ﬁn,%) = 0.In this case we write lim,,_, | %n =h.

(2) A sequence {hy,} in (X,Q,) is called Q. Cauchy if
it s 400 QL (i, T ) = 0.

(3) (N, ) is said to be a Q¢ complete if every Q. Cauchy in (X, £)) is Q¢
convergent to some point in N.

Lemma 1.8. [3] Let (R,€X) be an extended rectangular B-metric space with respect to
¢, {An} in X such that hy, # Ry, whenever m # n. Then {h,} converges to at most one
point.

The authors Asim, Imdad and Radenovic[3] proved the analog of Banach contraction
type principle in the context of extended rectangular B-metric space.

Theorem 1.9. [3] Let (N, Q) be a extended rectangular B-metric space and T : X — V.
Suppose that the following conditions:

(¢) for all u,n € R, we have
Qo(Tr, Tn) < A% (1, m) (1.9.1)
where A € [0,1)
(11) iy nos oo S (on, Bin) < 3
(7i1) (X, Q) is T- orbitally complete.

(i) T is orbitally continuous.
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Then T has a unique fized point in N.
The following lemma is useful to prove our main results.

Lemma 1.10. [14] Let (X,Q.) be an extended rectangular B-metric space and if there
exists £ € [0,1) such that for ho € N, the sequence {h,} satisfies
lmy, n—s 400 S(Fn, hm) < % and 0 < Qc(hp, Bny1) < €Qc(hy, Bin—1) then for any n € N,

the sequence {ﬁn} is a Q. Cauchy sequence in N.

Inspired, the results of Alqahtan et al. [2] and Asim, Imdad, Radenovic [3], Algahtani,
Fulga, and Karapinar [1] and some other similar results, we obtain common fixed point
theorems for a pair of selfmaps in the frame work of extended rectangular B-metric spaces
by employing more general rational contraction conditions than (1.4.1) and (1.5.1). In
order to justify our results, we have provided some examples. Our results improve and
extend the results of Alqahtani et al. [2] and Asim et al. [3]. We apply our results to
examine the existence of common fixed points in extended rectangular B-metric spaces
equipped with a directed graph.

2. Main Results

In this section we prove common fixed point theorems for a pair of selfmaps by
employing general rational contraction conditions in rectangular B-metric spaces as
follows.

Theorem 2.1. Let (X, Q) be an extended rectangular B-metric space with the function
¢: N XN —[1,00). Suppose that S,T : X — N satisfies:

()Y u,neN, Irel0,1) and L > 0 such that

Qe (S, Tn) < rP(p,m) + LQ(p,m) (2.1.1)
where

Qc (1,5 Q(n,Tn)] Q(n,T Q(1,51)] Qe (p,Sp)Q (0, T
P(p,m) = max{Q (1, 1), (e 1i)§[21j(_u«,7]()n wl L@ 11)}21:%77()# Wl (ﬁ+53<u,(77> .

Qe (n,Sm)Qe (1, Tn) Qe (p,Sp) Qe (n,Tn) }
148 (1sm) 7 14+Q¢ (1, S )+ (1, Tn)

and Q(p, ) = min{Q(p, Sp), e (p, Tn), A (0, Sp) }-
(i4) Suppose that, for each ?‘zo €N, limy, s too g(ﬁn,ﬁm) < %
(#9t) One of S and T is continuous.
Then S and T have a unique common fixed point in N.
Proof. Let hy € N we define a sequence {f,,} in N such that
hons1 = Shon and Thopy1 = hon4o (2.1.2)

for all n € N.



Common fized points for a pair of generalized rational... 243

First, we suppose that %n #* %n+1 for all n € N. Inversly, if ﬁno = ﬁnoﬂ for some
ng € N, then k = h,,, is a common fixed point of S and T which completes the proof.
To show k is common fixed point of S and T', we will consider the following two cases.

If k£ = 2m, we have B B N B
hom = homy1 = hom = Shom,
ﬁgm is a fixed point of S. We assert that
Thom+s1 = Shom.
Suppose that Qg(Sﬁgm, Tﬁ2m+1) > 0.
By letting p = hay and 1 = Rym41 in (2.1.1), we have

Qc(S}iQmaT}iQm-&-l) S Tp(ﬁ2m7ﬁ2m+1) + LQ(%Zma%Qm-&-l) (213)

~ ~ ~ =~ Q (Egm,SEzm)[1+Q(ﬁ2m+17T7~12m+1)]
P(hom, h = mazx{Q(hom, h < -
( 2m 2m+1) { g( 2m 2m+1)7 14 (Fram fzm+1) 3

Q (Rzmi1 7Tﬁ2mil ) [1irQ; (F2m,Sham)] Q(hzm,Sham )~Qg (%3m+1 Tham1)
14+Q¢ (h2m,hamy1) ’ 14+Q¢ (h2m,hamy1) ’

Qg (%2771,«#17SEZZL)QQ’V(ﬁ2nL7TE2nL+I) Qg (h:?'nus;i:?'rn)gg (E22‘+1’Tﬁ22L+1)
14+Q¢ (h2m ,ham+1) 7 149 (A2m,Sham )+ (R2m41, T ham41)

= {0, (ham+1, hom2)} (2.1.4)

and Q(,ﬁ2ma ﬁQm—i—l) = mln{Qg (,ﬁ2ma S,ﬁ2m)a Qq (’ﬁme T’ﬁ2m+1)7 Q§ (,ﬁ2m+17 S’ﬁQm)}

= min{0, Qe (hom, ham+2), Qe (Aamas1, hams1)} = 0. (2.1.5)
Therefore from (2.1.3) and (2.1.4), we have
Qg(%2m+17%/2m+2) < TQQ(%2m+17%2m+2) < Qq(ﬁZm-&-laﬁZm-&-Z);
a contradiction. Therefore
h2m+1 - h2m+2. (216)
This in turn yields
h?m = Sh27n = h27n+1 = Th27fb+2'

Thus ﬁgm = ﬁgm_H = k is a common fixed point of T"and S. Similarly, when ng = 2m—1
then the following on the same steps of above case we get k = fiop_1 = higg is a fixed
point of S and T.

Thus ﬁn #* %n+1 for all n € N. We now show that the sequence {ﬁn} is a Cauchy.
For this purpose, we consider the two cases as below.

Case(1): Let p = hyy, and 1 = fignyq in (2.1.1), we have

€ (%2n+1;%2n+2) = Qg(S%?n; Tﬁ2n+1) < TP(Flszﬁan) + LQ(%zn,%2n+1) (2.1.7)

where
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77 77 Q¢ (han,Shan) 1+Q (hant1,Than
P(h2n7h2n+1) = max{Q<(h2n7h2n+l)v =(ha 20) (148 (Rans1,Thy +1))7
14+Q¢ (h2n,hant1)

Q (h2n+17Tﬁ2n+l)(1+Q (R2n,Sh2n)) Q (7127“55271)9 (h2n+1,Tﬁ2n+1))
14+Q¢ (R2p Bz +1) ’ 14+ (h2p,h2n 1) ’

Qc (han41 73ﬁ2w)9<£ﬁ2n Thant1)) Qe (;Lgn 75%371 )2 (ﬁ2n~+1 7Tﬁ2n~+1 )
14+Q¢ (h2n hant1) ? 14Q¢ (hon ,Shan )+ (han+1,Thant1)

. T 3 Qc (h2n, h2n+1)[1+9 (hany1,hani2) 7 7
= max{Qc(hon, fz2nt1), O o o) , Qc(hont1, Font2),

Qg(ﬁ2’7L5g27L+llQ§@27L+17E27L+2) 0 Qg (h2n7h2n+l)ﬂ (h2n+1ﬁzn+2) }
14+Q¢ (h2n,hant1) 77 149 (Ron hong 1) F 0 (Rzn hzntt)

< maz{Q (ﬁzna ﬁ2n+1 ), € (ﬁ2n+1 ; ﬁ2n+2) ;

Q¢ (Azn hiznt 1) 149 (Ron1,hiznt2)
14Q¢ (Bzn,hon+1) } (218)

and Q(fizn, hant1)

= min{Q¢(hzn, Shan), U (han, Thani1), Qe (hons1, Shan)}

= min{Qc(hzn, hans1), U (hzn, hans2), 0} = 0. (2.1.9)
Hence from (2.1.7), (2.1.8) and (2.1.9), we conclude that

Q (hans1, hanso) < rmaz{Q (han, hiant1); Qe (Rant1, honta),

Qe (ﬁ2mﬁ2n+1)[1+ﬂ (h2n+1752n+2)]
14+Q¢ (hzn,h2n 1) s (2.1.10)

Case(a): If (ﬁ2n+1,ﬁ2n+2) is maximum in (2.1.10), we have
Oc(hant1, hanta) < 1Q(hant1, hanta) < Q(hans1, hona),
contradiction.
Case(b): If QO (Ran, hony1) is maximum in (2.1.10), we have
Qc(Rons1s hanga) < 10 (hon, hanit)- (2.1.11)

(Ron hzn 1) (149 (Bon+1,h2n12)]
Case If Selhon,honts + +
(c): 1+Qc (han hont1)

is maximum in (2.1.7), then

77 < (R2n,Bon 1) [14Q (Aznt1,h2n
maz{Q (han, han41), U (hant1, hanta)} < 202 j;&h; h(2j+1+)1 ant2)l(91.12)

Subcase(i): If max{Qg(ﬁgn,ﬁ2n+1),Qg(fﬁgn+1,7~ign+2)} = Qg(%2n7ﬁgn+1) then from
(2.1.12), we have

Qg(ﬁ2n7ﬁ2n+1) < Qc(ﬁ2n+1aﬁ2n+2)a (2113)

a contradiction to our assumption.
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Subcase(ii): If max{Qg(%2n7ﬁ2n+1),Qg(ﬁ2n+1,ﬁ2n+2)} = Qg(%2n+1,%2n+2) then from
(2.1.12), we have

Qc (higns1, hansa) < Q(ign, Bant1), (2.1.14)
a contradiction to our assumption.

Thus from (2.1.10), Case(a), Case(b) and Case(c), we conclude that

Qc (hans1, hiansa) < 7 (A, Boni)- (2.1.15)
Similarly by choosing u = %Qn, n= ﬁgn_l in (2.1.1), we have

Qe (han, hant1) < % (ign, fign—1), (2.1.16)

Thus from (2.1.15) and (2.1.16), we can conclude that

Qc (s Bng1) < 79 (B, Bn1) < 17"Q (Ro, hy) (2.1.17)
hence
limy, 400 € (Fin, fins1) = 0. (2.1.18)

In view of Lemma 1.10, condition (i) of our assumption and condition (2.1.18), we
have {h,} Cauchy sequence in X, By considering the assumption of completeness of the
space N, we can conclude that

[ 4 00fin = . (2.1.19)

By virtue of (ii¢) of our assumption suppose that S is continuous. Since ﬁn — T as
n — 400, we have

Sg = S(lzmnﬂ+wﬁ2n) = llmn*H,ooS’ﬁQn = ll’mn*}+oo’ﬁ2n+1 = %

We now show that T% = k. On using (2.1.1) with g = 7 and n=nh
O(Sh,Th) < rP(h, k) + LQ(h, h) (2.1.20)
where

P(h,7) = maz{S (5, 7), SSDUL0 TR 2 (ID0(R.5R)] 0,057 (LTh)

14Q. (h,h) ’ 14+Q. (h,R) T 11 (RR)
©EIRORSE) O RSNRTID_y _ o (FTh)  (2.1.21)
1+Q. (h,h) 1+Q. (h,8h)+9. (h,Th)
and
Q(h, ) = min{Qc(h, Sh), Qc(h, Th), Qc(h, Sh)} = 0. (2.1.22)

Thus from (2.1.20), (2.1.21) and (2.1.22), we have

Qc(h, Th) < rQc(h, Th) < Qc(h, Th), since r < 1, yielding & = Th
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Hence T% = S% = % Thus S and T have a common fixed point % eN.

Finally, we prove that Fis a unique common fixed point of S and T'.

For, let hi=Sh=Thand v = Sv = Tw. Now, let p = Fand v = %7 in (2.1.1) then
Oc(h,7) = Q(Sh, T7) < rP(h,7) + LQ(h, 7)

Q. (h,7)Q% (h,D) = ; = _
< —a e s 5
< rmaz{0,0, +o.Gm) Q. (h, D)} + Lmin{0,0,Q.(h,7)}

< rQ (g, ) < £ (g, 7), a contraction, thus h=7.

Thus S and T have a unique common fixed point in X. This completes the proof of
this theorem. (]

By relaxing the condition (iii) i.e., one of S and T is continuous of Theorem 2.1, we
have the following theorem.

Theorem 2.2. Let (X,Q) be an extended rectangular B-metric space. Suppose two
selfmaps S and T on W satisfy the conditions (i), (ii) of Theorem 2.1. Then S and T
have a unique common fized point in N.

Proof. By Theorem 2.1., for any ho € N the sequence {%n} in N defined by (2.1.2) is a

Cauchy sequence in X and converges to hen.

We now show that Tg = %
Indeed,

Oc(Shan, Th) < 7P (hian, h) + LQ(hion, 1) (2.2.1)
with

P(n, h) < maa{Q (Fan, h), Q<(ﬁamifi;nz%12+%(ﬁ7‘ﬁ)], Qq(ﬁT?g&(ﬁ%sﬁzn)]

)

Qg(”ﬁmsﬁzn)ni(ﬁ,:rﬁ) Qg(ﬁ,sﬁgn)ﬂg(ﬁznfﬁ) Qg(ﬁm,sﬁz")ﬂg(ﬁ,@ﬁ)i}
149 (Ran,h) ’ 149, (han,h) " 14 (han,Shan)+Q6 (B, TH)

= a7 = N e (o T = =
= max{Qg(h2n7 h), Qe (h2n7h2n+1)~[1+gg(h7Th)]’ [14+Q. (hzmﬁzyffﬂ]iﬂg(h,Th)
1+Q¢ (h2n,h) 14+Q (han,h)

Qo (Ran hont 1) (B,TR)  Qc (A, honi1)Q (A2n,TR) Qo (Ran,honi1)Qe (A, TH) }
e , e , e =——=1.
1+Q¢ (han,h) 149 (han k) 149 (han hon41)+Qc (B, TH)

On taking limits as n — 400, using (2.1.19) and (2.2.1), we have

lim P(fian, h) < Qc(h, Th) (2.2.2)

n—-+o0o

and

Q(han, h) = min{ (han, Shan), U (han, Th), Q. (B, Shan)},
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which on making as n — 400, and using (2.1.19), we have

lim Q(hgn,h) = 0. (2.2.3)

n—-+oo

Thus from (2.2.1), (2.2.2) and (2.2.3), we have

lim Qc(Shan, TH) < Q. (b, TH). (2.2.4)

n—-+oo

By condition (2.2.4), we conclude that
O.(h, Th) = lim O (Fani, Th) < rQc(h, Th) < rQc(h, Th),
n—-+0oo

which implies that ¢ (g, T%) = 0. Hence we obtain Th = h.

We now show that S% = %
Qg (Sﬁ, Tﬁgn_H) < ’I“P(ﬁ, ﬁgn_;,_l) + LQ(%,, ﬁgn_,_l) (2.2.5)
with

il il Q. (hang1.h 149 (h,SR)] 149 (ani1,h Q. (h,Sh
P(h, hani1) < maz{Q (R, onyi1), <(ﬁ2n+1752n;2~)[ + <(515ﬁ)]’ 1+ <(h2n+1,7i23+2)] < (h,Sh)
1+Q¢ (A, hizn 1) 14+Q¢ (R, hzan41)

)

Qg(ﬁ,Sﬁ)Qdﬁanﬁznu) Qg(%znﬂvs@gdﬁﬁznu) Q<(ﬁ15%)9<(ﬁ2n+17ﬁ2ni2)7}
1+Q¢ (R, han41) ’ 1+Q¢ (R, han41) ’ 1+Q¢ (hant1,h2nt2)+Q: (h,Sh)

which on making limits as n — 400, using (2.1.18) and (2.1.19), we have

lim P(h, honi1) < Q. (B, SH) (2.2.6)

n—-+oo
Q(h, hon 1) = min{Q (R, Sh), Q(hani1, Sh), (R, hont2) }-
On taking limits as n — +o00, we get

lim Q(fgn, h) = 0. (2.2.7)

n—-+oo

Thus from (2.2.5), (2.2.6) and (2.2.7), we have

lim Qc(Sh, Thansr) < rQ(h, Sh). (2.2.8)
n——+00o

Hence from (2.2.8), we conclude that

Q.(h, Sh) = lim QO (Sh, Thapsr) < rQc(h, Sh) < Q. (h, Sh),

which implies )¢ (?, S%) = 0. Hence
Sh=h. (2.2.9)
Thus S and T have a common fixed point % € N. Hence
h=Th=Sh. (2.2.10)

Uniqueness of common fixed point of S and T follows on the same lines of Theorem 2.1.

This completes the proof of this theorem. Il
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By taking L = 0 in Theorem 2.2, we have the following corollary.

Corollary 2.3. Let (X, §2.) be an extended rectangular B-metric space and S, T : X — X.
Suppose that the following conditions hold.

(i) for all u,n € N, there exists r € [0,1) we have

Qo (Sp, Tn) < rP(p,m) (2.3.1)
where
Qe (p,Sp)[14+Qc (n, T Qe (m,T)[1+Q (1, S Qe (1, Sp)Qc (n, T
P(u,n) = maz{Q(u,n), ( lcr)g[zj(rum()n n)]’ (n li)f[liu,n()u x)]’ (ll+élz(u,(r7) 77)’

Qe (n,Sp) Qe (1, Tn) Qe (p,Sp)Q(n,Tn) }
14+ (psm) 1406 (1, S )+ (1, Tn)

(1) Suppose that, for each pg € N, limyy, -y 400 g(ﬁn,ﬁm) <1

Then S and T have a unique common fixed point in N.
By choosing S = T in Theorem 2.2, we have the following corollary.

Corollary 2.4. Let (R, Q) be an extended rectangular B-metric space and T : X — .
Suppose that the following conditions hold.

(i) for all u,n € N, there exists r € [0,1) and L > 0 we have

Q(Tp, Tn) < rP(u,n) + LQ(k;n) (24.1)
where

Q(, T 1+ (0, Tn)] Qe (n,T)1+Q (11, Ti)] Qe (1, Tp)Q (0, T
P(p,n) = maz{Q (11, 1), (p 1i)s[zfp,n§" n)]’ (n 1Z)S[LJEIW()M ;)]7 (ll+53(u,(nn) n)7

Qc(n,Tp) Q% (1, T1) Q¢ (1, Tp) (n,Tn) }
O om0 THOL (i, Tu)+§2 m,Tn)

and Q(u,n) = min{Q(p, Tp), Qe (12, ), Qe (1, Tp) }

(1) Suppose that, for each ho € R, My, s 100 S (P Bim) <

S =

Then T has a unique fixed point in N.
By choosing ¢(i,7) = B > 1 in Theorem 2.2, we have the following corollary.

Corollary 2.5. Let (X, Q) be a complete rectangular B-metric space and S, T : X — N,
Suppose that the following conditions hold.

(i) for all p,n € N, there exists r € [0, 5) and L > 0 we have
Qc(Sp, Tn) < rP(psn) + LQ(k,n) (2.5.1)

where

Qc (1, S+ (n,Tn)] Qe (n,T Qc(1,S)] Qe (1, S1)Q (0, T
P(u,n) = maz{Q (1, m) (e 11)5[2:{“,”()71 n)]7 (n 1?}3{[21:@,77()11 u)]7 (#{Jrgz(m(:) n),

Qe (.S (1, Tn) Qe (p,Sp)(n,Tn) }
1+Qc (1,m) > 1+Qc (g, S p) +826 (1, )
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and Q(p,n) = min{Q(k, Sp), Qe (1, Tn), QA (n, Sp)}.

Then S and T have a unique fixed point in Y.

The following is an example in support of Theorem 2.1.
Example 2.6. Let X = [0,1]. We define the functions ¢ : X x X — [1,00) by
c(pu,m) =2(up+mn)+ 3 and Q¢ : X x X — [0, 00) by

0 if p=mn
Qc(p,m) =
(m+n)? ifu#n,

Clearly, §d(u,n) forms an extended rectangular B-metric space. But (R,(2) is not a

rectangular metric space at =1, n = %, h= i and v = 1—14, since
1 27 1 11 11 4424
Q1,2)=— £ Q0,-)+ Q% (-, =)+ Q(—=, =) = ——.
<( 72) 8 ﬁ <( 74)+ <(4716)+ §(1652) 2048

We now define

o

if welo,1,/{3}
T,S:X—=Rby Tp=4 forall pel0,1] and Sp =

if,u:%.

ool

When hg = 1or ho € [0,1] /3, we have B =0, s0

- 1
lim (A, hm) =3 < o= 64,

m,n—+00

so condition (i) of our assumption is satisfied. We now verify the inequality (2.1.1)
withr:6—14 and L = 0.

Case (1): When p = 1, n = 1 then Q.(Su,Tn) = 0, so that the inequality (2.1.1)
holds.

Case (2): When p = 3, # 3, we have

Qo (S, Tn) = (5 + 1)°* < g1 (5 +m)° <rQ(p,n) < rP(u,m) + LQ (1, 1),
so that the inequality (2.1.1) holds.

Case (3): When p # 3, 7 = 3, we have

QS Tn) = (5)° < gz(5 + 1) <1Q(psm) < P (p,m) + LQ(1,m),
so that the inequality (2.1.1) holds.

Case (4): When p # 3, n # 3, we have

Qc(Sp, Tn) = (3)° < g +n)* < rQc(p,m) < rP(p,n) + LQ(u,m),

so that the inequality (2.1.1) holds. Also, we note that 0 is a unique fixed point of S
and T.

Now, we provide an example which shows the validity of our results.
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Example 2.7. Let R =[0,3] , S =[2,1] and R = RUS. We define
Qe : R xR —[0,00) by

0 if p=mn
% Z'f,uER,
Qc(p,n) = 1 if nes

(u—mn)? otherwise

and ¢ : N x X — [1,00) by <(p,m) = 2(pn +n) + 1. Clearly, Q.(u,n) forms an extended
rectangular B-metric space with the function .

We define S and T on X by

o=

if pueRr 0 ifueRr
Su = and Ty =
& pes, wes.
If ?7:0 € R then ﬁ2n~= 0 and ﬁgn = %Qn_l, thus ﬁn =0.

Thus limy, s 400 §(Fin, Frn) = 1 < 3 when r = 2.

wl=

If ﬁo € S then ﬁgn = Ognd ﬁgn = ﬁgn_l, then ﬁn =0.
Therefore lim,, oo ¢(Fin, Airm) =1 < %

Case (1): If p € R and 1 € R then
Q§(5M7T77) = Qc(%vo)

Qe (1, ) 14+02:(7,0)] Qe (7,0)[1+26 (1, 8)] Q6 (15 5)2 (1,0)
1+Q¢ (p,m) ) 1+Q¢ (1,m) b 14+ Qc(pm)

< rmax{Q (1, ),

Qc(ﬂvo)ﬂs‘("]:%) Qc(ﬂ:%)ﬂc(mo) }
1+Qc (1) 7 142 (1, §)+Q6 (1,0)

+Lmin{Q(u, §), A0, §), A (p, 0)}
Subcase(a): When p =0, then Q. (Su, Tn) =0 < rP(u,n) + LQ(1,n),
so inequality (2.1.1) hods for any L > 0.
Subcase(b): When = n # 0 then
080 =4 <3+ &)+ 2,

so inequality (2.1.1) holds for any L >

N

Subcase (c): When p#n#0
0(8,0)=4 <2} + 1}
so inequality (2.1.1) holds for any L > %

Case (2): If p € [2,1] and 5 € [2,1] then
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Qc(Sp, Tn) = Q(4, %)
Qe (1, )40, 3)] ()42 (1, 5)] Qe (1, 5)2% (0, 4)
Srmax{Qg(u,r]), 1iﬂg(u,n) = liﬂg(u,n) =, 1+3§2g(u,n)3 ’

Qe () () Qe (s 5)Q (n,g) }
1+Q§(Pﬂ77) 7 148 (:“‘74)""9 (77 )

+Lmin{Q<(ﬂ> %)7 Qc(na %)7 QC(:“‘? %)}

Subcase(a): When p = 7, we have

2m)2 2m)2 22223_24_2 902 (3n—mn)2
§ < rma{0, 01+ G, GOy 4 98), @00 Qo Gno? Gyt

+ Lmin{% e (3;@77)27 (477176u)2}

9 4
S |yt £
the minimum value of RHS attains at p = %, therefore

97 16
i< tLs,

so inequality (2.1.1) holds for any L > 0.
Subcase(b): When u # 7, we have
1<3+L,

so inequality (2.1.1) holds for any L > 0.

Case(3): When p € [0, £] and 5 € [2, 1], we have

Q(Sp, Tn) = Q5 3)

Qe (1, )14+ (0, 9)] Qe P[1+2 (1, 8)] Qe 5)% (0, 7)
< rmap{Q(p,n), liﬂg(u,n) =, likﬂg(um) = 1+5g(um)3’

Q§(I‘L7%)Q§(T,’S) Q2 (Hfg )2 (1, 3) }
1+Qc(l"777) 7 148 ('“‘78)"’_9 (77 )

+Lmin{Q (p, %)7 Qe (n, %)7 Qe (ps g)}
Subcase(a): When p = 0, we have
Qc(Sp, Tn) = 1 < 30,
so inequality of (2.1.1) holds for any L > 0.

Subcase(b): When p # 0, we have

2 202 2

_ 944
Qc(Sp, Tn) = i < rmaz{(p — 77)27 36(1_,_(;;7_”)2)7 36(1+(Z—77)2)’ (1_,_(2_77)2)7

(8n—p)? 3602 r1
4096(11(12777)2)’ 37+71772} + Lmin{g, (n — %)2)7 (1 — %)2)}

the minimum value of RHS attains at u = % and n = %, therefore
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Q. (S, Tn) = i < %% + Li thus inequality (2.1.1) holds for any L > %

Case(4): When p € [2,1] and 7 € [0, ], we have

VD2 (1,0)] Qc(0,0)[1+Q (1, 5)] Qe (1, 5)Q(n,0)
148 (psm) ’ 148 (1,m) b 14+Qc(pm) 7

(1,002 (n,5) (1, 5)0(n,0) }
1+Qc(pm) 7 14+Qc (1, 5)+92:(n,0)

+Lmin{Q< (/J, %)7 Q (N? 0)7 Q (77» %)}

The minimum value of RHS is at y = % and 1 = 3, in this case we have

1
3

1 3 1
1<3+Lg,

hence inequality (2.1.1) holds for any L > 0.

Here we observe that inequality (2.3.1) fails to hold for any r € (0,1) at p = 1/3,
n = 1/3 since
Ly _l,21
2477 47 347
Hence Theorem (2.2) generalizes Corollary(2.3).

Q(

The following example shows that when S = T satisfies contractive condition (2.1.1)
but fails to satisfy contractive conditions (1.4.1) and (1.5.1) (which is that of [2]).

Example 2.8. Let R = {0, %, 1, %}, S = [%, 2] and R = R|JS. We define the functions

¢:R XN = [1,00) by ¢(u,n) =p+n+1and Q. : R x N — [0,00) as follows:

Qs (p,m) = Qc(n, ) for all p,n €N,

Qc(p,m)

I
©)
sl
—
o=
—_
S~—
Il
\]
®)
A
—
jen)
—
N
|
(S

8if unes

(u —n)? otherwise.

Then clearly, (X,Q.) forms an extended rectangular B-metric space. But, it is not
rectangular metric space, at p=1n = %, since

1 11 11 1

Q(1,2)= Q(1, =)+ Q(—= =

(15) =T £ (1 15) + (15,0 + (0,5

WenowdeﬁneT:N%beTO:leT%:O,T%:landTu:%forall,uGS.

) =68

If ﬁo € R then ﬁglzg and ﬁgn = ﬁgn,l, thus ﬁn =0.
Thus limy, 400 §(Ain, i) =1 < g when r =

'S

g.
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If ﬁo € S then ﬁgn = ONang %gn = ?Lgn,l, then %n = 0.
Therefore lim,, oo ¢(Fn, him) =1 < %.

. . . . _ 4
We now verify the inequality (2.5.1) with r = .

Case (1): If u € {0, 1
(2.1.1) is satisfied.

5,1} and n € {0, 4 5,1} we have Qc(T'u,Tn) = 0, so the condition

Case (2): If 4 =0 and n = 15, we have

0(0,1) =2 < 3r =24
so condition (2.1.1) is satisfied for any L > 0.

Case (3): If p=0or [3,2] and n = [2,2] or n = 0, we have

Q.(0,4)0.(n,0 Q.
(0, 1) < rmaz{Q(0,7), BO%R0O o Qeln)

the minimum value of RHS is at n = %, therefore
% < r% = 1.8, so the inequality (2.1.1) is satisfied for any L > 0.
Case (4): If u = § and 1 = 1}, we have

Qs‘(oa 1) =2< % +L%7
so condition (2.1.1) is satisfied for any L > 0.
Case (5): If p= 4 or p=1[3,2] and n = [3,2] or n = %, we have
2,0, 1)

Ly 20D mD)] 2m DI 0.)] 22 0.2) ) (3.0)
< rmaz{Qc(g,m), = Hia Ty 0 e 0 e 10 Lo (1o

the minimum value of RHS is at n = %, therefore
4 4
5S35
so the inequality (2.1.1) is satisfied for any L > 0.

Case (6): f u=1and n =

10 , we have

Q.(0,1) = 2 < 3r = 2.4,
so condition (2.1.1) is satisfied for any L > 0.

Case (7): If p =1, n=[2,2], we have

2 (0,3) 1 o
Q(n,3)[1+9:(1,0)] 2 (1L,0)[14+Q: (1, 3)] 2 (n,3)2:(1,0) Q. (1,3)Q(n,0)
< rmaﬂc{Qc(l 77) 1iszc(1,n) ’ 1+Q.(1,9) =, 1+521<(17n) 14+Q. (;,1)+Q (n,o)}

+Lm7’n{Qs(17O)a Q§(17 %)7 Q{(na 0)}7

the minimum value of RHS is at n = %
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3 <r(12.6) + L3,
so the inequality (2.1.1) is satisfied for any L > 0.
Case (8): If 4 = 35 and n = 0, we have

Q.(0,1) = 2 < 2r + L2,
so condition (2.1.1) is satisfied for any L >

Case (9): If 4 = 35 and n = 3, we have

Q.(0,1) = 2 < 2 + L2,
so condition (2.1.1) is satisfied for any L > 1.

Case (10): If 4 = I+ and 7 = 1, we have

Q.(0,1) = 2 < 3,
so condition (2.1.1) is satisfied for any L > 0.

Case (11): If y= 3 or p=[3,2] and n = [3,2] or n = 1}, we have
Qg(l’ %) =7 11 11 1
11 Qe(n, )14+ (1, 15)] 2 (1, 15) (140 (1, 3)]
< Tm(ISC{QC(Toan)a 13_9 (10 ) = ) 11)5%(%7”) 2 )
Qs(n)%)ﬂs( 10) Q (777 ) g(%7%) QS(%))QS("]:%) }
1+Q<(% n) ’ 1+ (11 \1) 1+Q§(1$%) Q<(7],%)

+Lmin{Q(1,18), % (15, 2), Q(n, 1},

the minimum value of RHS is at n = %

100 1
<5 t1Llg,
so the inequality (2.1.1) is satisfied for any L > 17.

Here, we note that the inequality (1.4.1) fails to hold for any k € [0,1) at p = I, n =
, since

wb—‘

Q (T, Ty) =2 £ k2
o Tpi+oc(n,Tn)] ocnTntoc(wTr)] o Tnoc(wTh) ()}

= kmax{ Ttoc (o) ’ 14o¢(u,m) ’ ¢ (k1)

Also, we note that at = 15, n = 3, the condition (1.5.1) fails hold, since

o¢(m, Tr)oe(p, Tn) + oc(n, Tn)oc(n, Tp)
yoc(p,m)}s
o¢(p,Tn) +o¢(n, Tn)
it follows that r > 1, contracting the fact that < 1. Thus there does not exist r € [0, 1)
such that r < 1.
Thus contraction condition (2.1.1) is more general than (1.4.1) and (1.5.1).

O (Tx, Ty) = 2 < rmax{

3. Applications

Let X be a nonempty set and A := {(u, 1) : p € R}, Let G be a directed graph such
that its vertex V(G) coincides with X, and E(G) contains all loops, that is, A C E(G).
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Assume that G has no parallel edges. We can identify G with the pair G(V(G), E(G)).
By G~! we denote the conversion of the graph G, that is, the graph obtained from G
by reversing the directions of edges. In 2008, Jachymski [12] opened a new direction
of obtaining fixed points in metric spaces endowed with a graph. For more results on
graphs we refer [4, 5, 8, 10, 11].

Recall some definitions of Chifu [7].

Definition 3.1. [7] Let (X, {)) be an extended rectangular B-metric space with a graph
G and let S and T be a self maps on N. Then

(¢*) The pair (T,5) is G — orbital — cyclic pair, if for any p € N,

(1, Tn) € E(G) = (T'n, STp) € E(G) and (u, Sp) € E = (Sp, T'Sp) € E(G).
(#*) If the pair (S,T) is G-orbital-cyclic pair, then

RT = {u e N: (u,Tp) € B(G)} # ¢ and RS = {n € X: (4, Sp) € E(G)} # .

We now give the existence theorem for a pair of self maps (S, T) satisfying in extended
rectangular b- metric spaces equipped with a directed graph.

Theorem 3.2. Let (X, Q) be an extended rectangular b metric equipped with a directed
graph G and S,T : X — RN satisfying the following conditions

(i) X" # ¢
(i1) for all p € RT and n € XS | T there exists v € [0,1) and L > 0 such that
Qc(Sp, Tn) < rP(p,m) + LQ(1,m),
where P(p,n) and Q(u,n) defined as in condition (2.1.1) of Theorem 2.1
(#i1) The pair (S,T) forms a G-orbital-cyclic pair.
(iv) For any sequence By C R with (ﬁn,ﬁn+1) € E(G), ho € N,
limy, n—s 400 g(ﬁn,ﬁm) < %
(v) S or T is continuous.
Then S and T have common fixed point in N.
Proof. Proof follows from Theorem 2.1. O
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