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Abstract. In this paper we wish to prove some results relating to the growth rates
of maximum modulus and maximum terms of composition of two entire functions
with their corresponding left and right factors on the basis of their generalized order
(a, B) and generalized lower order (o, 3) where o and S are continuous non-negative
functions on (—o0, +00).

1. Introduction, Definitions and Notations

We denote by C the set of all finite complex numbers. Let f be an entire function
defined on C. The maximum modulus function M¢(r) and the maximum term p¢(r)

+oo
of f = Y anz™ on |z| = r are defined as M; = Im‘ax|f(z)| and pr(r) = m%((|an|r”)
=0 Z|=r n

respectively. We use the standard notations and definitions of the theory of entire
functions which are available in [10] and [11], and therefore we do not explain those in
details. For z € [0,+00) and k € N where N be the set of all positive integers, define
iterations of the exponential and logarithmic functions as exp®l z = exp(exp*~1z)
and log®' z = log(logl* =Y 2), with convention that logl”z = z, loglm"z = expa,
explfz = 2, and expl~lz = logz. Now considering this, let us recall that Juneja
et al. [3] defined the (p,q)-th order and (p,q)-th lower order of an entire function,
respectively, as follows:
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Definition 1.1. [3] The (p,¢)-th order p®9)(f) and (p,q)-th lower order AP9(f) of
an entire function f are defined as:

pPD(f) _ sup log” My (r)

)\(p,q)(f) B r_}IJPoo inf 1Og[LJ] r
where p and ¢ always denote positive integers with p > q.

Extending the notion (p, ¢)-th order, recently Shen et al. [4] introduced the new
concept of [p,q]-¢ order of an entire function where p > ¢. Later on, combining the
definition of (p, ¢)-order and [p, ¢]-p order, Biswas (see, e.g., [1]) redefined the (p, q)-th
order of an entire function without restriction p > q.

However the above definition is very useful for measuring the growth of entire
functions. If p = [ and ¢ = 1 then we write p-D(f) = p®(f) and XED(f) = AO(f)
where p(l)( f) and /\(l)( f) are respectively known as generalized order and generalized
lower order of entire function f. For details about generalized order one may see [5].
Also for p = 2 and q = 1, we respectively denote p(>1) () and A2V (f) by p(f) and \(f)
which are classical growth indicators such as order and lower order of entire function f.

Now let L be a class of continuous non-negative function a on (—oo,+00)
such that a(z) = a(xg) > 0 for © < zo with a(z) T +o0 as ¢ — +oo and
a((1+o(1)z) = (1 4+ o(1))a(z) as * — +oo. We say that a € L°, if « € L and
alcr) = (1 + o(1))a(z) as zg < z — oo for each ¢ € (0,+00), i.e., a is slowly
increasing function. Clearly L° C L.

Further we assume that throughout the present paper «, oy, as, 8, 51 and (s
always denote the functions belonging to L° unless otherwise specifically stated. The
value ( )

. oflog My (r
2= ™ 5 log )
is called [8] generalized order (a, ) of an entire function f.

In order to keep accordance with Definition 1.1, here we rewrite the definition
of the generalized order («,3) and generalized lower order («, 3) of an entire function
after giving a minor modification to the original definition of generalized order («, 3) of
an entire function (e.g. see, [8]).

(aeL, BeL)

Definition 1.2. The generalized order («, §) and generalized lower order («, 8) denoted
by pa,s)[f] and X z)[f] respectively of an entire function f are defined as:
paplfl _ ,, swp aMy(r)

)‘(a,,B) [f} r—+oo 1nf ﬁ(r)

Definition 1.1 is a special case of Definition 1.2 for a(r) = logl r and B(r) =

log['ﬂ r.
Since for 0 < r < R,

py(r) < My(r) < =g (R){ef. 7 ),

it is easy to see that
Paplfl _ o, swp als(r)
)\(a,B) f] r—+oo inf (r) ’
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In this paper we wish to prove some results relating to the growth rates of
maximum modulus and maximum terms of composition of two entire functions with
their corresponding left and right factors on the basis of their generalized order («, )
and generalized lower order («, 8) which considerably extend some earlier results of [9].

2. Known Results
In this section we present some lemmas which will be needed in the sequel.

Lemma 2.1. [2] Let f and g are any two entire functions with g(0) = 0. Also let B

satisfy 0 < B <1 and ¢(B) = (125)2. Then for all sufficiently large values of r,

My (c(B)My(Br)) < Myog(r) < Mp(Mg(r)).
In addition if B = %, then for all sufficiently large values of r,
1 T
2 (130 5))

Lemma 2.2. [6] Let f and g be entire functions. Then for every § > 1 and 0 < r < R,

ro0(r) < =g (0 ().

Lemma 2.3. [6] If f and g are any two entire functions. Then for all sufficiently large

values of r,
1 1 r
Iifog(r) = *Hf< 6”9(4»
3. Main Results

In this section we present the main results of the paper.

Theorem 3.1. Let f and g be any two entire functions such that 0 < A, ,)[f] <
Plar,p)lf] < +00. and Na, p,)lg9] > 0. Also let v be a positive continuous function on
[0, 4+00) increasing to +o00 and A > 0 be any number.

(i) If Br(ay ' (logr)) > r and lim % =0, then

. a1 (Myog (B85 (logr)))
oo {ay (M (B ((r)))) } 14

(i) if either B1(r) = B(aa(r)) where B is any positive constant and lim

r——4o0
0 logy(r) _ _
Bi(ayt(r)) € L° and 11141_1 ARTTD)) =0, then

im exp(a1 (Mfog (ﬁ;l (lOg T))))
rotoo {on (Mg (By ! (7(r)))) A

Proof. From the definition of p(4, g,)[f], it follows for all sufficiently large values of r
that

= +o00 and

log~y(r) _
logr 0 or

= 400

a1 (Mg (BT (7(1)))) < (p(arp0Lf] +)7(r). (3.1)

Further it follows from Lemma 2.1 and for all sufficiently large values r that

al(Mfog(ﬁgl(logT)))>a1(Mf<8 (52 (;Ogr))»
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i.e., ar(Msoq(By ' (logr))) >

By “(logr
(14 (1) oy ] — )5 (1, (202D, (32)
Case I. Let f1(as *(logr)) > r. Now from (3.2) it follows for all sufficiently large values

of r that
a1 (Myog(By ' (logr))) >

(14 o) i ] — 2161 (07 (a2 (11, (225 ))) (33)
i.e., al(Mfog(Bgl(logr))) >
(14 0(1)) Moy 0 [f] — )81 (07 (log 1+ Cieasm =) (3.4)

Case II. Let f31(r) = Bas(r) where B is any positive constant. Then from (3.2) it
follows for all sufficiently large values of r that

a1(Mjog(By  (logr))) >

B+ (1)) (i [F] — 2o (34, (P2 0ED)) (3
0. 01 (Mpog (85 log ) > log 0000 N 1= s =2
i.e., exp(ai(Moq(By (logr)))) > pBA+o(1) Aoy s [F1-8)(Aay,8)[9]—2) (3.6)
Case III. Let f;(a; '(r)) € L°. Then from (3.3) we obtain for all sufficiently large
values of r that
a1(Myog (B3 ' (log))) = (1 + 0(1))(A(ay,p0)[f] = €)Br(az ' (log))
., exp(ar(Myoq(By " (logr))) =

exp((1+ 0(1))(Aay,)[f] = €)1 (" (log))). (3.7)
Now combining (3.1) and (3.4) of Case I it follows for all sufficiently large values
of r that

a1 (Myoq(B; ' (logr)))
{ar(My(By  (y(r) }1+A —
(1+0(1)) Ay, [f] — €)B1(ag L (log (10 Aoy ) l81-0) ) )
(P(ar,p0)[f] + €)1 TA{y(r)}1HA )

B1(a5 ! (log r 2D Pz ) 91=9)

)

Since lim 22X — 0 and B (o '(log 7)) > r, therefore

r—+400 logr
400 as r — +00, then from above it follows that

i 1 (Mrea (82 087))
P T (M (B (1)) 1A

from which the first part of the theorem follows.
Again combining (3.1) and (3.6) of Case II, we get for all sufficiently large values
of r that

exp(on (Myog(85 ' (logr)))) FBAF+0(1) Aay 1) [ =€) A(ag ) [9]—2)
{ar(Mp BT (Y E)IDHFA T (pransn [FT+ ) A {y(r) 314

{v(r}+A

= 4009,

—



Generalized growth properties of composite entire functions 261

. logv(r) PBAHeN X ay,p) 1) A (ag,89) [91-2)
As rginooilogr =0, so LA — 400 as r — 4o00.

Thus it follows from above that

. exp(ar (Mpog(B; ' (logr))))
r=-too {ag (My(By ' (y(r)))) 14

Further combining (3.1) and (3.7) of Case III it follows for all sufficiently large
values of r that

exp (a1 (Myoy (55 ' (log7)))) 5 exp(1 +0(1)) (Ao ) [f] — £)pi(a; ' (logr))

{on (My (B (v (r)))}A — (Pl ) [+ &) FA{(r) 114
—1
Since lim log v(r) -0, so cxp(1+o(1))(A(a{l&l(g;))g];f)ﬁl(a2 (logr)) s 400 as

r——+o0 B1 (agl(log 7))
r — +00. Thus from above we obtain that

. exp(a1 (Myog(B; ' (logr))))
oo fan (Mg (B ' (y(r))) }1+A

Hence the second part of the theorem follows from (3.8) and (3.9).
Thus the theorem follows . O

Remark 3.2. Theorem 3.1 is still valid with “limit superior” instead of “limit” if we
replace the condition “0 < A, g)[f] < Par,8)[f] < +00" by “0 < A(q, g [f] < +00”.

In the line of Theorem 3.1 one may state the following theorem without proof:

Theorem 3.3. Let f and g be any two entire functions such that 0 < X4, g,)[9] <
Plas,p)lg] < 00 and N, g)[f] > 0. Also let v be a positive continuous function on
[0,4+00) increasing to +oo. For any number A > 0,

N 1 > iy logy(r) _
(@) if B1(ag ~(logr)) > 7 and TETOO 0, then

logr

. a1 (Myog(By H(logT)))
r=too {an (My (B3 (4(r)))) H1+4

(49) if either B1(r) = B(aa(r)) where B is any positive constant and lim % =0or

r—>+00 log
_ . 1 r
Bulaz"(r) € L° and lim 5ot =0, then

. exp(ai(Myoq(B3 ' (logr))))
r=too {ag(My(By ' ((r)))) 14

Remark 3.4. In Theorem 3.3 if we take the condition A(4, g,)[g] < +oo instead of
0 < Mas,82)9] < Pras,pe)lg] < 400, then also Theorem 3.3 remains true with “limit
superior” in place of “ limit ”.

= +o0 and

= +o09,

In the line of Theorem 3.1 and with the help of Lemma 2.3, one can easily proof
the following theorem and therefore its proof is omitted:

Theorem 3.5. Let f and g be any two entire functions such that 0 < A, ,)[f] <
Plarp)f] < +00 and Aa, p,)lg] > 0. Also let v be a positive continuous function on
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[0,400) increasing to +00 and A > 0 be any number.
(i) If B1(ay *(logr)) > r and Tiiglmbﬁ)& =0, then

gr

a1 (Hpoq(By " (log)))

im — = 400 and
r=too {an (up (87 (v(r)))) 314
(i) if either B1(r) = B(aa(r)) where B is any positive constant andrgglm% =0 or

-1 0 : logy(r)  _
Bi(ay " (r)) € LY and rgl}:looﬁl(agl(logr)) 0, then

- exp(ar(f5og(By ' (logr)))) _
r=oo {on (g (By  (v(r)))) 1A

Remark 3.6. Theorem 3.5 is still valid with “limit superior” instead of “limit” if we
replace the condition “0 < A, g)[f] < Pas,p1)[f] < +00” by “0 < Aq, g [f] < 00",

Theorem 3.7. Let f and g be any two entire functions such that 0 < X(a, g,)[g] <
Plas,B2)9] < 00 and A, ,)[f] > 0. Also let v be a positive continuous function on
[0, +00) increasing to +oo. For any number A > 0,
(1) if Br (g *(logr)) > r and TETOO% =0, then

a1(pog(By ' (logr)))
oo {an (g (By H (v(r)))) 14
log y(r)

(i9) if either B1(r) = B(ag(r)) where B is any positive constant and ligl - =0or
r—r+00

log
-1 0 : logy(r)  _
Bi(ay " (r)) € LY and rhgrn Bl T(log ™)) 0, then

‘m eXp(Oll(,Ufog(ﬂgl(lOgr)))) —
r=too {az(pg(By 1 (v(r)))) 314

The proof of the above theorem can be carried out in the line of Theorem 3.3
and with the help of Lemma 2.3 and therefore its proof is omitted.

= 400 and

Remark 3.8. In Theorem 3.7 if we take the condition A(4, g,)[g] < +oo instead of
0 < AMas,82)9] < Pras,p)lg] < 400, then also Theorem 3.7 remains true with “limit
superior” in place of “ limit ”.

Theorem 3.9. Let f and g be any two entire functions such that 0 < A, ,)[f] <
p(al’gl)[f] < 400 and p(a2ﬁ2)[g] < 4o00. Also let v be a positive continuous function on
[0,4+00) increasing to +00 and A > 0 be any number.

(i) If (e (logr)) < and  lim 9810) — 40, then

lim {or (Myog(By ' (logr)))}1+4
e e (My(B ()

(i) if either B1(r) = Bag(r) where B is any positive constant andrginm% = 400

=0 and

-1 0 : log y(r) —
or Bi(ag " (r)) € LY and Tlir-&{loo Br(as "(log ) —+o00, then

i LeXP(01 (M oy (85 (l0g 7))}

AT 0L )
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Proof. From the definition of A, s,)[f], we get for all sufficiently large values of r
that

a1 (My (BT (v(1)))) = Moo [F] = )7 (r).- (3.10)
Further it follows from Lemma 2.1 for all sufficiently large values of r that
a1 (Myoq(By " (log))) <

(P(an, ) Lf] + €)B1(My (B3 ' (log 1)) (3.11)

Now the following cases may arise :
Case I. Let (1 (ay '(logr)) < 7. Now we get from(3.11) for all sufficiently large values
of r that

a1(Myog(B5 ' (logr))) <
(Par,s)lf] + €)B1(ag (2 (Mg (B3 ' (log 7)) (3.12)
ie., ar(Myog(By ' (logr))) <

(Pl o) ] + )81 (0 (log Ptz lolH9))) - (3.13)

Case II. Let 51(r) = Bas(r) where B is any positive constant. Then we have from
(3.11) for all sufficiently large values of r that

a1 (Myog (B ' (10g7))) < B(p(ay,60) [f] + €)az(My (B (log 7))
i-e., a1(Myog(By ' (10g7))) < B(p(ay,p)[f] + ) (P(as,02)l9] +€) log
i.e., exp(on(Myog(By  (logr)))) < By ) f14€) (P(ag .8 l9]4E) (3.14)
Case IIIL Let B1(o;'(r)) € L° and lim —82") _ — 40 Then we have from

r—+oo B (a;1(108 r))
(3.12) for all sufficiently large values of r that

a1 (Myog (85 ' (10g7))) < (14 0(1))(p(ay, o) [f] + €)B1 (e ' (logr))
i.e., exp(al(Mfog(ﬁgl(logr)))) <

exp((1+ 0(1))(P(ay o) [f] + €)B1 (03 (log 7)) (3.15)
Now when B;(a;*(logr)) < r and 1ir+n % = 400, we obtain from (3.10)
r—>+00

and (3.13) of Case I for all sufficiently large values of r that

s (Myog (85 (log )4 _
o (M (57 (4()
(Ptar)[f] + ) A[B1 (o (log r(Piea swo+2)) i
Naw s T = (7)
e im0 My (35 (log )} 44

oo an(Myp(Br (v(r))))
This proves the first part of the theorem.

Again combining (3.10) and (3.14) of Case II, we get for all sufficiently large
values of r that

{exp(al(Mfog(ﬁgl(logr))))}l+A < rBPay,p1) [f1+E)(P(ag,82) [9]+€) (1+A)
ar (Mg (87 (v(r)))) h (Aar,0)[f1 = e)v(r)

)
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Bp(ay,p) 1) (P(ag,py) [91+e) (14+4)

o logy(r) T
As lim = +00, so )

T—+00 log
Thus it follows from above that

L fep(an (Myey (55 Hlog )Y+
T (M (50 ()

Further combining (3.10) and (3.15) of Case III it follows for all sufficiently large
values of r that

{exp(on (Mo (B3 (logm)))}+4
a1 (Mg (B (7(r)))) h
[exp((1+ 0(1)) (p(ay.p0) [f] +€)Br (e " (log D)) e

(/\(ou,ﬁl)[f] - E)’Y(T)
[exp((1+0(1)) (p(ay .81 [F]+E)B1 (e * (log 7)) T4

— 0 as r — +oo.

(3.16)

log ()

Since lim ——=1"~— = 400, so —0
r—+ooBi(ay (logr)) V()
as r — +o00. Thus from above we obtain that
M o -1 1 1+A
oo oy (My(By " (v(r))))
Hence the second part of the theorem follows from (3.16) and (3.17).
Thus the theorem follows . O

Remark 3.10. In Theorem 3.9 if we take the condition p(, ,)[f] > 0 instead
of 0 < Nay,80)[f] < Pras,p)lf] < 400, the theorem remains true with “ limit inferior”
in place of “limit ”.

Theorem 3.11. Let f and g be any two entire functions such that 0 < Aa, 8,)[9] <
Plas,p) 9] < 400 and pia, p,)[f] < +00. Also let v be a positive continuous function on
[0,400) increasing to +00 and A > 0 be any number.
(i) If Bi(oy ' (logr)) < r and riirfm% = 400, then
o o (M ey (8 log r)) 14
rotoeap(My(By (v(r))))
logy(r) _

(ii) if either B1(r) = Bag(r) where B is any positive constant andrgrfmw = 400

=0 and

—1 0 : log y(r) —
or f1(az *(r)) € L° and TEIEOO Biles M(log ™) +o0, then

L exp(on (Myog (85 M(log ) )P4
P (M, (B (1)

The proof of Theorem 3.11 would run parallel to that of Theorem 3.9. We omit
the details.

Remark 3.12. In Theorem 3.11, if we take the condition p(a, g,)[g] > 0 instead of
0 < Mas,g) 9] < Plas,ps)lg] < +00, the theorem remains true with “limit replaced by
limit inferior”.

Theorem 3.13. Let f and g be any two entire functions such that 0 < A, g)[f] <
Plar,p) [ f] < 00 and pa,.,)[9] < +00. Also let v be a positive continuous function on
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[0, +00) increasing to +o0o and A > 0 be any number.

(i) If B1(ay *(logr)) < 7 and TETOO% = +o0, then

lim {o (MfOQ(Bg_l(log r))) A
r—-4o00 al(uf(ﬁl_l(’}/(r))))
log v(r)

(73) if either $1(r) = Baa(r) where B is any positive constant andrgrfoow = +00

=0 and

-1 0 ; logy(r)  _
or B1(ag " (r)) € LY and 'rgrj{loo Br(os T(log ")) ~+o0, then

L {expln (geg (B logr))}HA
oo ar(pg (B (v(r)))
Theorem 3.14. Let [ and g be any two entire functions such that 0 < A(a, 8,)[9] <

Plas,8a)]g] < 00 and pea, p,)[f] < 400. Also let v be a positive continuous function on
[0,4+00) increasing to +00 and A > 0 be any number.

(3) If B1(ay *(logr)) < r and Llrf % = +o00, then

lim {1 (prrog(By H(logr)))}1H4
r—+oo O‘Q(‘Lg(ﬁz_l(’y(r))))

(13) if either $1(r) = Bag(r) where B is any positive constant andrginoo% = 400

=0 and

—1 0 ; logy(r)  _
or Bi(ag " (r)) € LY and TEI_POO Br(as "(log ) ~+o0, then

L explon (ageg (55 log )+
oo az (kg (B (1(r))))
A similar arguments in the proofs of Theorem 3.9 and Theorem 3.11 respectively

will establish the results in Theorem 3.13 and Theorem 3.14 by the help of Lemma 2.2.
Therefore we omit the details.

Remark 3.15. In Theorem 3.13 if we take the condition pa, g,)[f] > 0 instead
of 0 < Aay,8)[f] < Prar,p)lf] < 400, the theorem remains true with “ limit inferior”
in place of “limit ”.

Remark 3.16. In Theorem 3.14, if we take the condition p(a, g,)[g] > 0 instead of
0 < Aas,82)19] < Pas,pa)lg) < 400, the theorem remains true with “ limit replaced by
limit inferior”.
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