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Abstract. In this article we introduce the notion of J-fusion frame for a Krein
space K. We prove some basic results regarding J-fusion frame. We also relate this
concept with fusion frame for Hilbert spaces and also with J-frame for Krein spaces.
Further, we prove that J-fusion frame is actually a generalization of J-frames and
we also explore some basic properties of J-fusion frame operator.

1. Introduction

The frame theory was introduced by Duffin and Schaeffer [1] in the year 1952.
But after the work of Daubechies et al. [2], frame theory developed rapidly. Now a
days frame theory has major applications in signal processing, image processing, data
compression, sampling theory and many more. One of the most important applications
of frame theory is to calculate the effect of losses in packet-based communication system
and in data transmission. In order to tackle this problem fusion frame theory was
introduced. The idea behind fusion frame is to construct local frames and add them
together to get the global frame. Fornasier [8] used this idea to quasi-orthogonal
subspaces. Casazza et al. [5] formulated a general method to introduce fusion frame in
Hilbert spaces.

Since fusion frame in Hilbert space has such huge applications, so it is a natural
demand to extend these ideas in Banach space frame theory and also in Krein space
frame theory. Some works had already been done in this direction [9, 10]. In this article
we are interested to extend the idea of fusion frame in Krein spaces. Krein space has

some interesting applications in modern analysis. The theory of frame for Krein spaces
can be found in [11, 12, 13, 15, 16]. Acosta-Humdnez et al. [14] first defined fusion
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frame in Krein spaces. They found a correspondence between fusion frame in Hilbert
spaces and fusion frame in Krein spaces. But their definition involves fundamental
symmetry in Krein spaces which is not unique.

In this article we define fusion frame for Krein spaces in a more geometric setting
motivated by the work of Giribet et al. [12]. We also relate this concept with fusion
frame for Hilbert spaces and also with .J-frame for Krein spaces. Further, we prove that
J-fusion frame is a generalization of J-frame and we also explore some properties of
J-fusion frame operator.

2. Preliminaries and some basic definitions

In this section we briefly recall some basic notations, definitions and some important
properties useful to our further study. For more detailed information we refer

3, 4,5, 7,11, 12, 15].

2.1. Hilbert space frame theory. A family of vectors { f,, }nen is said to be
a frame for a Hilbert space (H, <-, >), if there exist positive real numbers A and B
with 0 < A < B < 00 such that

AIFIP < D IF f)lP < BIFIP (2.1)

neN

for all f € H, where A, B are respectively known as the lower and upper frame
bounds. If A = B, then the frame is known as A-tight frame while for A = B =1,
the frame is known as Parseval frame.

Let {fn}nEN be a frame for the Hilbert space H and {en}nEN be the natural
orthonormal basis of KQ(N). An operator 7' : H — fg(N) defined by T(f) =
Zn€N<f’ fn>6n, for all f € His known as analysis operator and its adjoint operator
defined by 7% (e,,) = f, is known as synthesis operator for the frame { f,, } nen. The
operator S (= TT™*) : H — H given by S(f) = Zn€N<f’ fo)fn, for all f € His
called the frame operator. A mapping G : l3(N) — l5(N) defined as G = T*T
is known as the Gramian operator. It is clear that S is a selfadjoint, positive and
invertible operator and A.] < S < B.I .

Definition 2.1. Let H be a Hilbert space. A sequence { f,, }nen is said to be
a frame sequence in H if it is a frame for the Hilbert space span{f, : n € N}.

2.2. On Krein spaces. An abstract space K that satisfies the following is called
a Krein space.

(i) K is a linear space over the field F', where F is either R or C.
(ii) there exists a bilinear form [+, -] € F" on K such that
[y7 I] = [JZ J y]
jaz + by, 2] = alw, 2] + by, ]

for any x,y, z € K, a,b € F, where [-, -] denotes the complex conjugation.
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(iii) The vector space K admits a canonical decomposition K = K¥ [—i—]K— such
that (K+, [~, ]) and (K_, —[-, ]) are respectively the Hilbert spaces relative to the

norms ||z|| = [z, 2]z (z € KT) and |z = (=[z, 7])2 (z € K").

Now, every canonical decomposition of K generates two mutually complementary
projectors Py and P_ (P, + P_ = I, the identity operator on K ) mapping K
onto K* and K~ respectively. Thus, for any £ € K, we have Py = :Ei, where
2t € K" and = € K~. The projectors Py and P_ are called canonical projectors.
The linear operator J : K — K defined by the formula J = P, — P_ is called
the canonical symmetry of the Krein space K. The J-metric is defined by the formula
[m, y]J = [l‘, Jy], where x, 9y € K. The vector space K associated with the J-metric
is a Hilbert space, called the associated Hilbert space of the Krein space K.

Definition 2.2. Let M be a subspace of a Krein space K, then M is said
to be projectively complete if K = M + M.

The J-adjoint of an operator T in Krein spaces, denoted by T# . satisfies
[T(2), y] = [z, T* (y)].

Definition 2.3. A linear operator on a Krein space K is said to be J-
selfadjoint if T = T7.

A J-selfadjoint projection is called a J-projection.

Definition 2.4. [18] A subspace M is said to be regular if it is the range
of a J-projection.

Every regular subspace is closed. If M is regular with J-projection (), then its
J-orthocomplement MM with J-projection (I — Q) is also regular.

Let ]\4(7é {O}) be a subspace of K. Then the operator Gp; defined by Gy =
Tard ’ M is the Gram operator of M, here 7y is the orthogonal projection from K onto
M (in Hilbert space sense).

Theorem 2.5. [15] For a subspace M(# {0}) C K with a Gram operator
Gy the following are equivalent:

(1) M is projectively complete.

(17) M 1is regular.

Definition 2.6. Let (K, [-,-],J) be a Krein space. Then a collection of

vectors F = {f, : n € N} is said to be a Bessel sequence of vectors in
K if it is a Bessel sequence in the associated Hilbert space (K, [-,-];) i.e.

> nen LS fnls]? < oo, for all f € K.

2.3. J-frames in Krein Spaces. Let (K, |-, ], J) be a Krein space. Suppose
F = {f, : n € N} is a Bessel sequence in K and 7' € L(EQ(N),K) (EQ(N) =
{(Cn) : ZnGN |Cn‘2 < Oo}) is the synthesis operator for the Bessel sequence IF.
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Let [y = {i € N : [fi,fsi] > 0} and I = {i € N : [f;, fi] < 0},
then fg(N) = 62(_[4_) @D 62(]_). Also let Py denote the orthogonal projection of
05(N) onto lo(Iy). Let Ty = TPy, My = span{f; : i € I} then we have
R(T) = R(Ty) 4+ R(T-), where R(T) represents the range of the operator 7T'.

Definition 2.7. [12] A Bessel sequence F is said to be a J-frame for K
if R(T}) is a maximal uniformly J-positive subspace of K and R(T.) is a
maximal uniformly J-negative subspace of K.

2.4. On Hilbert space fusion frame. Here we briefly mention some
definitions and results from Hilbert space fusion frame theory. Let s be the orthogonal
projection from the Hilbert space H onto the subspace M of H. Then R(my) = M

and the null space i.e. N(mys) = M+,

Definition 2.8. Let I be some index set and {W; : i € I} be a family
of closed subspaces in H. Also let {v; : i € I} be a family of weights i.e.
v; > 0, Vi € I. Then {(W;,v;) : i € I} is a fusion frame if there exist
constants C, D with 0 < C' < D < oo such that

CIFIP < 3 llmunf, fll < DIFIE, forevery fEH (22
iel

where C' and D are known as the lower and upper bounds respectively for
the fusion frame. If C' = D then the fusion frame is known as C-tight
fusion frame and if C'= D = 1 then the fusion frame is known as Parseval
fusion frame. Moreover, a fusion frame is called v-uniform, if v := v, = v,
for all 4, j € I. The family of subspaces {W; : i € I} is an orthonormal
basis of subspaces if H = @;c;W;.

Definition 2.9. A family of subspaces {W; : i € I} of H is called complete,
if S, W, = HL.

Theorem 2.10. Let {(W;,v;) : @ € I} is a fusion frame for H, then it
is complete [3]. The converse of the above theorem holds if H is finite
dimensional.

The following theorem provides a nice interaction between frames in Hilbert spaces
and fusion frames in Hilbert spaces.

Theorem 2.11. [3] For each i € I, let v; > 0 and let { fi;}jes be a frame
sequence in H with frame bounds A; and B;. Define W; = spam;c ;. { fi;}
for all i € I and choose an orthonormal basis {e;;};cs, for each subspace
W;. Suppose that 0 < A = infic;A; < B = sup;e;B; < 0o. The following
conditions are equivalent:
(0) {vifijtierjes, is a frame for H.

(i1) {vieij}ierjes; s a frame for H.
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(113) {(Wi,v;) 2 i € I} is a fusion frame for H.

For a family of subspaces {Wi}ig of HI, we define the space (Zz‘el EBVVZ-)Z2 in the
following way

(oW, = {{fikier s fi e Woand 3 |Ifill* < oo}

i€l 1€18
with inner product given by <{fi}ie[; {g¢}¢€1> = Zig(fi, gi>.

Let {(W;,v;) : i € I} be afusion frame for H. Then Ty, : (Ziel @Wi)& —H

defined by T, (f) = Yicpvifi, forall f = {fitier € (X, ®Wi),, is the
synthesis operator for {(W;,v;) : @ € I'}. The adjoint of this operator Ty, H —

(ZieI @W,)@ defined by ;Kv(f) = {v;mw, (f) }ier is the analysis operator for
{(W;,v;) : i € I'}. The fusion frame operator Sy, for {(W;,v;) : i € I} is defined
by Swu(f) = Two Ty, (f) = Two({vimw, (f)}ier) = Dicp vimwi(f)- Ttis a

positive, selfadjoint and invertible linear operator on [H.

3. Main results

3.1. On orthogonal and J-orthogonal projection on Krein spaces.
Let M be a closed subspace of a Krein space K and m)s be an orthogonal projection
from K onto M. Then it is an orthogonal projection in the associated Hilbert space
(K, [-, ]]) Thus, we have W%/[ = 7 and Ty, = Tpy. Here range of the projection
i.e. R(mp) = M and Null space of Ty i.e. N(my) = ML, Now if M is a
projectively complete subspace of IK then the J-orthogonal projection from K onto M
exists. Let (Qys be the J-orthogonal projection from K onto M. Here range of the
J-projection Qs is R(Qpr) = M and Null space i.e. N(Qyr) = M.

Let 71'#/[ be the J-adjoint of 7. Then we have ﬂé = JmyJ and since
Ty = JmyJ, thus we have Ty = Wﬁ.

Let W be a closed subspace of M, where M is a uniformly J-definite subspace of
K. Then W is a regular subspace of K. Hence, the J-orthogonal projection from K
onto W exists, let it be Q7. We have the following important result.

Lemma 3.1. [17] Let M be a uniformly J-definite subspace for the Krein
space K. If W is a closed subspace of M then Qwl,, = 7w/,

Since (M, [-, ]) is itself a Hilbert space, so if Py be the orthogonal projection from
M onto W, then the above lemma states that Py = QW‘M = 7TW|M.

Let W be a subspace of a Krein space K. Also let us assume that P*" denotes
the set of all J-positive subspaces of K while PT denotes the set of all J-non-negative
subspaces of K. Similarly, let P™™ and P~ respectively denote the set of all J-negative
and J-non-positive subspaces of K. Also let IP be the set of all J-indefinite subspaces
of IK. We note that the set of all neutral subspaces sometimes referred as PO satisfies
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PO Cc Pt orP' C P~. Then W € PYUP~ UP. Throughout in our work we
consider either W € PYT UP™ or W € P™" UP~. Without any loss of generality,
we assume W € PT U P~ to establish our results.

Let {Wz ciel } be a collection of subspaces of the Krein space K such that W; €

Pt UP~—, Vi € I. We consider the space (Zie[ @m) If f e (Zie[ @Wi)
then f = {f;}icr, where f; € W, foreach i € I. Let I, = {i € I : [f;, fi] >
0forall f e W;}and I_ = {i € I : [f;, f;] <O forall f; € W;}. We define
[f,g] = Zie[[fiv gi], where f g € (Zie[ @Wi). If the series is unconditionally
convergent then [-, ] defines an inner product on (Zze I @Wi).

Definition 3.2. Let I be some index set and let {v; : ¢ € I} be a family
of weights i.e. v; >0, Vi€ I. Let {W;: 7 € I} be a family of subspaces
of a Krein space K. Then the collection F = {(W;,v;) : i € I} is said to be
a Bessel family of subspaces in K if Y., v?[mw, (f), fls < C[f, f],, for all
f € K, where C' > 0.

3.2. Definition of J-fusion frames for Krein spaces. Let F =
{(VVZ-,UZ-) 1€ I } be a Bessel family of closed subspaces of a Krein space
K with synthesis operator Twﬂ, € L((Zie[ @VV})%,K) such that W, €

PrUP—, Viel Letl, ={i €l : [fi,f] > 0forall f; € W;} and
I ={iel:|[fi,fi] <O0forall f; € W;}. Now consider the orthogonal
decomposition of ( Zie I @VV,) 4, 8iven by

(Z ewi),, = (Z o), D (Z i),

and denote by P4 the orthogonal projection onto (Z
TwoPy. It My = Zieli W;, notice that
R(Tw,) = R<TW,U+) + R(Tw,_).

iels ®W;)e,. Also, let Twe, =
W, C R(TW,vi) C My and

i€y

Definition 3.3. The Bessel family of closed subspaces F = {(W;,v;) : i €
I} is a J-fusion frame for K if R(Ty, ) is a maximal uniformly J-positive
subspace of K and R(Tw,,_) is a maximal uniformly J-negative subspace
of K.

Let {(W;,v;) : i € I} be a J-fusion frame for K then (Zz‘el ew;, [, ]) is a
Krein space. The fundamental symmetry, denoted by Js, is defined as JQ(f) = {fZ :
i€ Ly U{—firiel }torall f. Also [f,gly, = D icq, [fir 9] = 2oicr S 9il-

Now we consider the following space which is useful in our work

(D), ={fe (X aw): D IAl < oo}

iel iel el
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Let H be a finite dimensional Hilbert space. Then from Hilbert space fusion frame
theory we know that any complete family of subspaces is a fusion frame for H with
respect to any arbitrary weights {vl} But similar to the J-frame theory of Krein
spaces, any complete family of closed non-neutral subspaces in a finite dimensional
Krein space may not be a J-fusion frame for that Krein space.

Example 3.4. Consider the vector space R*(R). Let {e,es,e3} be the
standard orthonormal basis for R®. Define [e1,e1] = 1, [es, 9] = 1 and
les, e3] = —1. Also [e;,e;] = 0 for i # j, 4,5 € {1,2,3}. Then (R3[,]) is
a Krein space.

Now let W = {Wy, Wy, W5} be a family of closed uniformly J-definite
subspace of R3, where W, = span{e; + \/Lieg}, Wy = span{ey +
\/Lﬁeg} and W3 = span{ez}. Then for any family of weights {v; : ¢ €
{1,2,3}}, the collection TV is not a J-fusion frame of R®. But it is a fusion
frame for (R?, [-,+];), considered as a Hilbert space.

IflF = {(WZ, UZ-) 11 E I} is a J-fusion frame for K then R(Twﬂ,_‘_) is a maximal
uniformly .J-positive subspace of K and R(va_) is a maximal uniformly J-negative
subspace of K. So R(TW,vi) is closed and we have R(TW,vi) = M. Thus, we have

K=M,®M_ and F = {(W;,v;) : i € I} is a fusion frame for the associated
Hilbert space (K, [~, ]J) So, in terms of the frame inequality we have

AIFIG <D v lmw, (ON5 < BIIFIS, for all feK
iel
where 0 < A < B < 00. Let TIjV,v be the analysis operator for the above fusion
frame, then TI;kV,v(f) = {vimw, (f) }ier, for all f € K.

The following theorem is a generalization of a theorem in [12] in J-fusion frame
setting.

Theorem 3.5. Let F = {(W;,v;)}ier be a J-fusion frame for K. Then
Fo = {(W;,v;) biery is fusion frame for the Hilbert space (My, %[, -]), i.e.
there exist constants, —oo < B_. < A_ <0< A, < B, < o0, such that

Al 1) <D0 lmw g, (), F1I < Bilf, f], for every f € My, (3.1)

i€l
Proof. 1t is clear that F. = {(W;,v;)}icr. is a fusion frame for
the Hilbert space (My,=£[]). Without any loss of generality
we only consider the positive part. So, we have AL[f,f] <

Yier, |[vilw,(f), viPw, ()]l < Bxlf, f], for all f € M., where Py, is
the orthogonal projection from the Hilbert space (M, +[-,:]) onto W;.
Now from lemma (3.1) we have [Pw,(f), f] = [mw[y, (f), f]. So, we are
done. 4
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Remark 3.6. Let {f; : i € I} be a J-frame for the Krein space K. We
assume that M is a uniformly J-definite subspace of K. Then we know
that {m(f;) : i € I} is also a J-frame for the subspace M. But since M is
uniformly J-definite hence (M, |-, -]) is a Hilbert space. So {mp(f;) : i € I}
is also a frame for the subspace M in Hilbert space sense.

Definition 3.7. A sequence {f; : i € I} in K is said to be a J-frame
sequence in K if span{f; : i € I,} and span{f; : i € I_} are uniformly
J-positive and uniformly J-negative subspace of K respectively.

Let F = {f; : i € I} be a J-frame for K, then there exist constants B_, A_,
Ay and By such that, —oo < B. < A_ < 0 < A, < B, < 0. These
constants are the J-frame bounds for the J-frame [F. Now for every JJ-frame sequence
such constants exist. But if the J-frame sequence consists of only positive or negative
elements respectively then the positive or negative parts of the constants redundant
accordingly.

Theorem 3.8. For each i € I, let v; > 0 and {f;j};es, be a J-frame
sequence in K with J-frame bounds B;_, A;_, A;y and B;, for each i € I,
such that, —oo < sup ;B;— < inf ;Ai_ <0 <inf ;A < sup ;B;y < 0.
Let Wi = 3pan,e ; { fij} for each i € I. If W; is J-definite for each i € I,
then the following conditions are equivalent:

(1) {vifijtierjes is a J-frame for K.

(17) {(Ws,v;) 1 i € I} is a J-fusion frame for K.

Proof. Let {v;fij}icr, jes, be a J-frame for K. So, let I, = {(4,j) :
[fij,fij] > O} and I_ = {(Z,]) : [fij,fij] < 0} AISO let MJr = span{fij :
(i,7) € I+} and M_ =Span{f;; : (i,5) € I_}. Also we have

ALlf 1<) NIfoifill? < Belf f], forall f e M,

(i,5)€lx

Now, {fij};jes; is a J-frame sequence in K and W; = span{fi;}jcs,. But
W, is a J-definite subspace of K, so either W; C M, or W; C M_ for each
i. Hence, {fij};es, is a J-frame for K. Here these J-frames either consist
of only positive elements or only negative elements. Without any loss of
generality, we choose the pair (i, ), such that, (i,j) € I, then W; C M,.
So we have

A [mw, | a, (f), f] < Z 7w, f, fii]]? < Biy[mw,

Jje€J;

M+(f)7f]7 v f € M—I—‘
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Now, let us assume 0 < Ay = inf;A;y < By = sup;B;; < o0, then

A1ZU Tw; <2Az+v mw,|ar, (f), f]
SZZHWWJMJf)wainQ
(f), fl

< Z Biy[mw,

<B ZUZ‘Q[WWi|M+<f)’ f]

We observe that 7, 3., |[mw; |, (), vifis]|* = 22,22,
Since [mw, |a, (f), f] > 0 for all f € M, then

Alzv TW; <ZZ|f>UZfU

i jeJ;

SB-F[fa f]

So, we have 3=, o7 |[mw |ar, (f), fIl < ZES, f1.

Similarly, we can show that ). v [WW2|M+( ). LI < 4 51 1.
When W; C M_ for some i, then we can proceed as above ThlS proves
that {(W;,v;) i € I} is a J—fusion frame of subspaces for K. A careful
investigation of the above implications reveal that they are vice versa. So,
we prove that (i) < (i4). O

[ Uifij]|2‘

3.3. The J-fusion frame operator. Let {(WW;, v;)}ics be a J-fusion frame
for the Krein space K. Then I, = {i € I : [f;, f;] > 0 for all f; € W;} and
I_={iel:|[fi,fi]<0forall f; € W;}.

Definition 3.9. The linear operator Sy, : K — K defined by Sw,,(f) =
> i1 OV sy (f) is said to be the J-fusion frame operator for the J-fusion
frame {(W;,v;) }ier. Here oy, =1ifi€ I, and oy = —1ifi € [_.

From the definition it readily follows that Sy, = TWWT#,U. Also Sy, is

the sum of two J-positive operators. The statement also easily follows from the
definition. Let Sw,er : K — K is defined by SW7U+(f) = Zieu U??U(Wi)(f).

Then [Swo, (f), f] = Dicr, vimoowy () f1 = Yicr, vilmw, (), fls. So,
Swiw L s a J-positive operator and also Sy, L= T +TI/I#/,v+' Similarly, let
Swaw_ = _TW,U_TV[#/ﬂ)_' Then Sy, is also a J-positive operator. We have
S = S, — S -
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Theorem 3.10. If {(W;,v;)}icr is a J-fusion frame for the Krein space
K with synthesis operator Ty, € L((Zie[ @Wi)&,K) then the J-fusion

frame operator Sy, is bijective and J-selfadjoint.

Proof. Let Sw,(f) = 0 then Sw,, (f) = Sw,_(f). Again R(Sw,,) = My
and R(Sw, ) = M_. But My N M_ = {0}. These together implies that
f = 0. Hence, Sw, is injective. To prove the surjectivity of Sy, we
consider the oblique decomposition of K. We can write K = MJ[FL] o M.
Now, N(Sw.,) = M), So, Swu(M:') = Swe (M) and R(Sw,) =
Swo_ (M) + S, (M) = R(Sw, ) + R(Sw_) = My + M, = K. So,

Sw 1s bijective. Since, Sy, = TwvaV#}’E,’U therefore Sy, is J-selfadjoint. [

Theorem 3.11. If {(W;,v;) }ier is a J-fusion frame for the Krein space K
with J-fusion frame operator Sy, then {(S‘,_V}U(I/Vi),vi)}iel is a J-fusion
frame for K with J-fusion frame operator SI;/,IU'

Proof. We observe that the operator S;V,IUTWW € L((Zie[ EBWi)e2,K)
is the synthesis operator of {(S‘,_V?U(I/Vi),vi)}ie[. Furthermore we have
Siro(Mz) = M[;]_ So, {Sy!, (Wi) Yier, is a collection of uniformly J-definite
subspace of M. Similarly, {S;Vlv(W/Z)}ZE 1 is a collection of uniformly

J-definite subspace of M. Also, R(Sy'Two,) and R(Sy! Tw, ) is
maximal uniformly J-positive and J-negative subspace respectively. So,
from the definition of .J-fusion frame we have that {(Sy!,(W;),v;) }ies is a

J-fusion frame for K. {(Sy!,(W;),v:) }ier, is fusion frame for the Hilbert
space (Mz, %[, -]). Since (S‘,_V}UTWW)(TV#[EUS;V}U) = Sy}, therefore Syy!, is the
required J-fusion frame operator. {(Sy;},(W;), v;) }ier is called the canonical
J-dual fusion frame for {(W;,v;) }ier in K. O
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