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Abstract. In the present paper, we introduce and study weighted g—Banach
frames in Banach spaces. Examples and counter examples to distinguish various
types of weighted g—Banach frames in Banach spaces have been given. A necessary
and sufficient condition for a weighted g—Banach frame to be an exact has been
given. Also, the construction of weighted g—Banach frames from bounded linear
operator has been discussed. Finally, we study the finite sum of weighted g—Banach
frames and give a sufficient condition for the finite sum of weighted g—Banach frames
to be a weighted g—Banach frame.

1. Introduction

Frames are main tools for use in signal processing, image processing, data compression
and sampling theory etc. Today even more uses are being found for the theory such
as optics, filter banks, signal detection as well as study of Besov spaces, Banach space
theory etc. Frames for Hilbert spaces were introduced by Duffin and Schaeffer[14]. Later,
in 1986, Daubechies, Grossmann and Meyer [13] reintroduced frames and found a new
application to wavelet and Gabor transforms. For a nice introduction to frames, one
may refer [6].

Coifman and Weiss [12] introduced the notion of atomic decomposition for function
spaces. Feichtinger and Grochening [16] extended the notion of atomic decomposition
to Banach spaces. Grochening [18] introduced a more general concept for Banach spaces
called Banach frame. He gave the following definition of a Banach frame:

Definition 1.1. ([18]) Let X be a Banach space and X, an associated Banach space
of scalar-valued sequences indexed by N. Let {f,} € X* and S : Xy, — X be given.
Then the pair ({f,},S) is called a Banach frame for X' with respect to Xy, , if

(1) {fu(x)} € Xy,, for each x € X.
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(2) there exist positive constants A and B with 0 < A < B < oo such that
Allzllx < [{fn(@)}x, < Bllzlx, =€ X, (1.1)
(3) S is a bounded linear operator such that S({fn(x)}) =z, =€ X.

The positive constants A and B, respectively, are called lower and upper frame bounds
of the Banach frame ({f,},S). The operator S : Xy, — X is called the reconstruction
operator ( or the pre-frame operator ). The inequality (1.1) is called the frame inequality.

Banach frames and Banach Bessel sequence in Banach spaces were further studied in
[5, 19, 20, 21].

Over the last decade, various other generalizations of frames for Hilbert spaces have
been introduced and studied. Some of them are bounded quasi-projectors by Fornasier
[17]; Pseudo frames by Li and Ogawa [22]; Oblique frames by Eldar [15]; Christensen
and Eldar [7]; (p;Y)-Operators frames by Cao et.al [4]. W. Sun [25] introduced and
defined g—frames in Hilbert spaces and observed that bounded quasi-projectors, frames
of subspaces, Pseudo frames and Oblique frames are particular cases of g—frames in
Hilbert spaces. G—frames are further studied in [8, 9, 10, 11, 23, 26].

In practice, the ratio of frame bounds for a given non-tight frame can be reduced by
multiplying the elements by suitable weights. In 2005, Bogdanova et.al [3] introduced
and defined weighted frames to get a numerically more efficient approximation algorithm
for spherical wavelets. Thus, by weighting the elements, we can improve the numerical
efficiency of iterative algorithm like ”frame algorithm” [6] for the inversion of the frame
operator. Weighted frames are further studied in [2, 27].

In the present paper, we introduce and study weighted g—Banach frames in Banach
spaces. Examples and counter examples to distinguish various types of weighted
g—Banach frames in Banach spaces have been given. A necessary and sufficient condition
for a weighted g—Banach frame to be an exact has been given. Also, the construction of
weighted g—Banach frames from bounded linear operator has been discussed. Finally,
we study the finite sum of weighted g—Banach frames and obtain a sufficient condition
for the finite sum of weighted g—Banach frames to be a weighted g—Banach frame.

2. Preliminaries

Throughout this paper, X will denote a Banach space over the scalar field K(R or
C), X, is an associated Banach space of vector valued sequences indexed by N. H is a
separable Hilbert space, B(X,H) is the collection of all bounded linear operators from
X into H and span{A,} is closed linear span of {A,} in the strong operator topology
in B(X,H). A weight w = {w,} is a sequence of positive real numbers.

A Banach space of vector valued sequences (or BV-space) is a linear space of sequences
with a norm which makes it a Banach space. Let X be a Banach space and 1 < p < o0,

then
Y = {{xn} ST € X, (Z |xn||p>1/p < oo}

neN
and

0 ={{x,} :sup ||zn]| < 00, z, € X}
neN

are BV spaces of X.
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Abdollahpour et.al [1] generalized the concepts of frames for Banach Spaces and
defined g—Banach frames in Banach spaces. They gave the following definition:

Definition 2.1. ([1]) Let X be a Banach space and H be a separable Hilbert space.
Let X; be an associated Banach space of vector-valued sequences indexed by N. Let
{An}nen C B(X,H) and S : X; — X be given. Then the pair ({A,},S) is called a
g—Banach frame for X with respect to H and Xy, if

(1) {An(x)} € Xy, for each z € X.

(2) there exist positive constants A and B with 0 < A < B < oo such that

Allzflx < [{An (@)} 2, < Bllzfx, ©e X (2.1)
(3) S is a bounded linear operator such that S({A,(z)}) =z, x € X.

The positive constants A and B, respectively, are called the lower and upper frame
bounds of the g—Banach frame ({A,},S). The operator S : X; — X is called
the reconstruction operator and the inequality (2.1) is called the frame inequality for
g—Banach frame ({A,}, S).

The following lemma, proved in [24], is used in the sequel:

Lemma 2.2. Let X be a Banach space and H be a separable Hilbert space. Let
{A.} C B(X,H) be a sequence of non-zero operators. If {A,} is total over X, i.e.,
{r e X : Ay (z) =0,n € N} = {0}, then A= {{A,(x)} : x € X'} is a Banach space with
the norm given by |[{An(z)}|a = ||z||x,z € X.

3. G— Weighted Banach Frames

We begin this section with the following definition of weighted g—Banach frames in
Banach spaces.

Definition 3.1. Let w = {wp}neny be a weight. A pair ({w,A,}Y) ({A,} C
B(X,H)), th: Xy — X) is called a weighted g—Banach frame (or wg—Banach frame)
for X with respect to H and Xy , if

(1) {(wnAp)(z)} € Xy, for each z € X.

(2) there exist constants C' and D (0 < C' < D < o0) such that

Cllzllx < [{(wnAn)(@)H 2y < Dllz|x, 2 € X. (3.1)
(3) $4is a bounded linear operator such that U({(w,An)(z)}) =2, z € X.

The positive constants C' and D, respectively, are called the lower and upper frame
bounds of the weighted g—Banach frame ({w,A,},4). The operator 8 : Xy — X is
called the reconstruction operator and the inequality (3.1) is called frame inequality for
weighted g—Banach frame ({w, Ay}, 40).

Definition 3.2. A weighted g—Banach frame ({w, A, }, i) for X with respect to H and
Xy with frame bounds C and D is called
e Tight, if it is possible to choose C = D satisfying (3.1).
e Normalized tight, if it is possible to choose C'= D =1 satisfying (3.1).
e Fzxact, if atleast one of the conditions in Definition 3.1 is not satisfied whenever
WA, m € N is removed from {w,A,}.
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Definition 3.3. Let w = {wp}nen be a weight. A sequence of operators {w,A,} C
B(X,H) is said to be a weighted g— Banach Bessel sequence for X with respect to Xy, if

(1) {(wnAp)(z)} € Xy, for each z € X.
(2) there exist a positive constant M such that
{(wnAn) (@) }Hlxy < Mljz]lx, @€ X. (3.2)
The positive constant M is called a Bessel bound (or simply, a bound) for the weighted
g—Banach Bessel sequence {w,A,}.

Regarding the existence of various type of weighted g—Banach frames, we have the
following examples:-

Example 3.4. Let H be a separable Hilbert space. Let E = £°(H) = {{zp} : z, €
H; SUDj < <00 |2l < 00} be a Banach space with the norm given by

Henble = sup ol {zn} € B

<n<oo
and Eg = (>(H).
Now, for each n € N, define A,, : £ — H by
Ap(z) =20, 2 ={x,} € E.
Then, for each x € E, {A,(x)} € E4 such that

{An (@)} e, = 2]l = € E.
Now, define S : E; — E by S({A,(2)}) = z, « € E. Then, ({A,},S5) is a g—Banach
frame for E with respect to Ey.

1
(1) Weighted G—Banach Frame. Let w = {wn == be a family of weights. Let
n

neN
x € E be an element such that (w,A,)(z) = 0, for all nee N. This gives = 0. Thus
{wnA,} is total over E. Then, by Lemma 2.2, there exists an associated Banach
space A = {{(w,An)(z)} : © € E} with the norm given by |{(wn,An)(z)}|a =
lz|lg, * € E. Define i : A — E given by U({(wpAn)(x)}) = x, x € E. Then
({wnAp}, 4) is a weighted g—Banach frame for E with respect to A.

(2) Tight and Exact Weighted G—Banach Frames. A pair ({w,A,}, ) in (1) is a
weighted g—Banach frame for F with respect to A with bounds C' = D = 1. Also,
there exists no reconstruction operator ly such that ({wnAn}nstm, o), (m € N) is
a weighted g—Banach frame for E. Indeed, if z = (0, ...,0, \1/_/ ,0,...) be a non

mthplace
zero element in F, then (w,A,)(z) =0, for n #m, m € N.

(3) Non-Exact and Non-Tight Weighted G—Banach Frames. Let w = {wy, }nen
be weights defined as

1
wgziandwnzl, n#3, neN.

Now, define a sequence of operators {%,} C B(E,H) as

‘31($> = Al(l‘)
Tn(@)=Ap_1(x), n>2, neN, z={z,} € E.
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Then, for each x € E, {(w,%,)(z)} € E4 such that

1
Slzlle < HweEn) @)}z, < llzlle, © € E.

Also, there exists a bounded linear operator 4y : E; — F such that ({w,T,}, ;) is
non-tight weighted g—Banach frame for F with respect to E4. Further, by Lemma
2.2, there exists an associated Banach space A1 = {{(w,%,)(z)}nx1, © € E} and
an operator i : A; — E defined by §({(wn%,)(x)}nz1) = @, @ € E such that
({wn‘Zn}n?ﬂ,ﬁ) is a weighted g—Banach frame for E with respect to A;. Hence
({wnZn},41) is non-tight and non-exact weighted g—Banach frame for E with
respect to Ejy.

(4) Not a Weighted G—Banach Frame. Let w* = {w} = n},en be a weight. Then,
there exists no reconstruction operator iy : Eq — E such that ({w}A,},8) is a
weighted g—Banach frame for F with respect to Eg.

Remark 3.5. However, there are some other associated Banach space of vector valued
sequences with respect to which ({w*A,},{;) forms a weighted g—Banach frame for
E. Thus, various types of Banach space of vector valued sequences involved in the
definition of weighted g—Banach frame. This leads us to study the weighted g—Banach
frame for a Banach space X with respect to various types of Banach space of vector
valued sequences Xy.

Now, we give the necessary and sufficient condition for exactness of a weighted
g—Banach frame.

Theorem 3.6. Let w = {w,} be a weight and let ({w, Ay}, 8) be a weighted g— Banach
frame for X with respect to Xq. Then ({wnAn}, ) is an exact if and only if w;A; ¢
span{wnAp fnzi, for all i € N.

Proof. Let ({wnAn},4) be an exact weighted g—Banach frame for X and let w;A; €
span{wn Ay }ni, for some i € N.
Then (w;Ai)(2) = im0 32F _ al (wnhn)(2)), @ € X

Thus, by frame inequality of ?\izveighted g—Banach frame ({w,An} ), {wnAn}ne is
total over X. So, by Lemma 2.2, there exists an associated Banach space A =
{{(wnAn)(x) e : @ € X} with the norm given by ||{(wnApn) (@)} nzilla = ||z]|x, € X.
Let {o : A — X be given by Uo({(wnAp)(2)}nzi) = 2, € X. Then ({wnAp}nri, o) is
a weighted g—Banach frame for X with respect to A, which is a contradiction to given
hypothesis.

Conversely, let w;A; ¢ span{w, Ay }nzi, for all i € N. Let ({w,An},4) be not an
exact weighted g—Banach frame for X'. Then, there exists a positive integer m and a
reconstruction operator £l; such that ({wn Ay }nzm, ) is a weighted g—Banach frame
for X with respect to Ay, where A; is some associated Banach space of vector valued
sequences indexed by N. Let C; and D, be choice of bounds for ({wnAs }rstm, ). Then

Cillzllx < [{(wnAn)(@)}nzmlla, < Dill]lx, = € X. (3.3)

This gives {wpAp }ntm is total over X, since otherwise there exists a non-zero element
x € X such that (w,A,)(z) =0, n € N, n # m. Then, by frame inequality (3.3), x = 0.
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Which is a contradiction.

Therefore, span{w, Ay, }nzm = B(X,H). This gives wy, Ay, € Span{w, Ay, }rnzm. Which
is again a contradiction to the hypothesis. Hence ({wnAy},4) is an exact weighted
g—Banach frame for X O

Now, the next result provides the condition under which the Banach space possesses
a weighted g—Banach frame, when it is related in some sense to another Banach space
which is having a weighted g—Banach frame.

Theorem 3.7. Let w = {wy,} be a weight and ({w,An}t,4) {An} C B(X,H),U: Xy —
X) be a weighted g— Banach frame for X with respect to X4. Let Y be another Banach
space and {T,} C B(Y,H) be a sequence of operators. Let T be a continuous linear
operator from X onto Y such that (w,T,)oT = wpM,, n € N. Then Y has a weighted
g—Banach frame with respect to some associated Banach space A.

Proof. For each y € ), there exists © € X such that T'(z) = y. Let (w,%,)(y) = 0, for
all n € N. Then (wp,Ay,)(z) =0, for all n € N. Then, by frame inequality of weighted
g—Banach frame ({w,A,}, ), © = 0. Therefore {w,%,} is total over ). Hence, by
Lemma (2.2), there exists an associated Banach space A = {{(w,%»)(y)} : y € YV} with
the norm given by [{(wnT.)()Hla = lylly- Define &: A — ¥ by 4({(@aTu)(1)}) =
Yy, y € Y. Then 4 is a bounded linear operator such that ({w,%,}, ) is a weighted
g—Banach frame for )} with respect to A. O

Next, we give a result which shows that the weighted g—Banach frames are invariant
under linear homeomorphism.

Theorem 3.8. Let X and Y be two Banach spaces and let ({w, Ay}, 40) be a weighted
g—Banach frame for X with respect to Xq and with best bounds Cp, Dy. LetU : X — Y

be a linear homeomorphism. Then ({(wnAn)U_l}, Uil) is a weighted g— Banach frame
for YV with respect to Xy and its best bounds C, D satisfy the inequalities
CAllUl™" < C < CallUTH| and DA||U||™" < D < Da[[UTH.
Proof. By hypothesis
Callzllx < [{(wnhn)(@)}H|x, < [lzllx, 2 € X (3.4)
Let y € Y be any arbitrary. Then

IvT=t)lly
IUIHIT= ()]

lylly

IN

Then, by using (3.4), we have

ColUI M ylly < CalUw)llx

I (@nA) (T ()}l
DAllU™ (y)lx

DAllU= Iyl

Now, {(wnAp) (U™ (y))} € Xy, for all y € Y and U (U({(wnAr) (U~ 1(y))})) = v, for all
y € Y. Hence ({(w,An)(U™1)},UL) is a weighted g—Banach frame for ) with respect

(VAN VAN VAN VAN
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to X; and with bounds Cy ||U||=1, DA||UL|.
Let C and D be the best bounds for ({(w,A,)(U~1)},UL), then

CA|lU||7Y < C and D < Dy ||UTY. (3.5)
Now, for all z € X, we have
lzll2 = IUTTU (@) 2 < NUTHIU ()]l

Therefore
ClU M zlla < ClU@) |y
< (@A) U (U)} 2, ( - ||{<wnAn><x>}||xd)
< D|U(z)|ly
< DUzl x-
By using the fact that Cy and Dj are the best bounds for ({w, Ay}, 4), we get
C|lU|7! < Cp and Dy < D||U]|. (3.6)
Hence, by combining (3.5) and (3.6), we get
CAllU|7 < € < Co|lUY| and DA||U||"Y < D < Da||UTY. O

4. Construction of Weighted G—Banach Frame for a Banach Space X from
Bounded Linear Operators on X

Let ({wnAn}, i) be a weighted g—Banach frame for X with respect to X; and
let {%,} € B(X,H). Let W : X3 — Xz be a bounded linear operator such
that W({(wnAn)(@)}) = {(wn%n)(x)}, € X. Then, in general, there exists no
reconstruction operator i : X; — X such that ({w,T,},4) is a weighted g—Banach
frame for X’ with respect to Xjy.

In this regard, we give the following example:

Example 4.1. A pair ({w,Ap},4l) is a weighted g—Banach frame for E with respect
to Eq (Example 3.4(1)). Define W : E; — E4 as W({(wnAp)(2)}) = {(wnln) (@)} st
for some ¢ € N. Then W is a bounded linear operator on F,;. But, there exists no
reconstruction operator 8 : Eq — E such that ({wnAn nzi, 4)(i € N) is a weighted
g—Banach frame for E with respect to Fg.

Indeed, if possible ({wnAy}nsi, 8)(i € N) is a weighted g—Banach frame for E with
respect to Ed; Let Cy and D; be the choice of bounds for weighted g—Banach frame
({wnAptnzi, 1) (i € N). Then

Cillz|le < {(wnAn) (@) }nzill B, < Dillz||E, v € X, for some i € N. (4.1)
Let x = (0,...,0, 1 ,0,...) be any non-zero element in E. Then (w,A,)(z) =0 for
ithplace
n # i, ¢ € N. Thus, by frame inequality (4.1), we get x = 0. Which is a contradiction.

In view of the Example 4.1, we give the following result:

Theorem 4.2. Let ({w,An}, ) be a weighted g—Banach frame for X with respect to
Xyg. Let {T,} C B(X,H) be such that {(w,%,)(z)} € Xy, v € X. Let W : Xy — Xy
be a bounded linear operator such that W ({(wnAn)(2)}) = {(wn%n) (@)}, © € X. Then,
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there exists a reconstruction operator {4 : X; — X such that ({wn‘In},ﬂ) s a weighted
g—Banach frame for X with respect to Xy if and only if

H{(wn%n) (@) }Hlxy = MIL({(wnTn)(@)}) |2, @ € X,

where, M is a positive constant and L : Xg — Xy is a bounded linear operator such that

L{(wnTn)(2)}) = {(wnAn)(2)}, = € X.

Proof. Let C; and Dy be the bounds for the weighted g—Banach frame ({w,A,}, ).
Then, for all x € X', we have

MCzllx < M[{(wnAn)(2)} |2,
= M|L{(wnTn) (@) Pllx,
< H{wnZn) (@)} 2,
= [W{(wnAn) (@)},
< AWK wnAn) (@)} 2
< WDl -

Therefore,
(MC)|zllx < {(wnTn) (@) Hlx, < (IWID1)l|lzl|lx, =€ X.

Put ¢ = {L. Then i : X; — X is a bounded linear operator such that U({(w, %, )(x)}) =
z, z € X. Hence ({w,%,},4) is a weighted g—Banach frame for X' with respect to Xj.

Conversely, let ({w,T,},4) be a weighted g—Banach frame for X' with respect to X,
and with frame bounds Co, Ds. Let T : X — Xy be the coefficient mapping given by
T(z) = {(waAn)(2)}, € X.Then L = T4l : Xy — X, is a bounded linear operator such

that L({(wn%n)(2)}) = {(wnApn)(2)}, € X. Thus, on writing M = %21, where Dj is
an upper bound for weighted g—Banach frame ({w,A,}, ), we have
{(wnTn)@)}Hlx, = Collwllx
MD:||z||x
M{|{(wnAn) (@) }H|x,
M| L({(wnTn) (@) })| 2,-

AV Y]

O

Next, we give the result which provide the better Bessel bound for the sum of two
weighted g—Banach frames.

Theorem 4.3. Let ({w,An},40) and ({wnS,},80) be two weighted g—Banach frames
for X with respect to Xq. Let L : X9 — Xy be a linear homeomorphism such that
L{(wnAp)(@)}) = {(wnTn)(2)}, x € X. Then {wply + w,Tn} is a weighted g— Bessel
sequence for X with respect to X; and with bound K = min{||U||||[I+L|, ||V |III+ L7}
where U,V : X — Xy are the coefficient mappings given by U(z) = {(wnAp)(x)} and
V(z) = {(wn%n)(x)}, x € X and I is an identity mapping on Xj.
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Proof. For each z € X', we have

[{(wnAn + wnTn) (@) }H 2 [{(wnAn)(@)} + {(wnSn) (@) ] x,

= [H({(wnAn)(2)}) + L (wndn) (@) D] 24

< I+ Lf[[{(wnAn) (@)}l &,
= [+ LU (),
< (L + LUl x-
Therefore
[{(wnhAn +wnTn) (@) Hlx, < (WU + LI ||zl 2z € X. (4.2)
Similarly, we have
H{(wnAn +wnZn)(@)}Hlx, < (VI + LDzl 2,z € X (4.3)

Using (4.2) and (4.3), it follows that {w,A, + w,T,} is a weighted g—Banach Bessel
sequence for X with respect to Xy and with bound K = min{|U|||I + L|, |[V|III{ +
L}, 0

Remark 4.4. One may observe that, if ({w,A,},4) and ({w,T,},40) are two weighted
g—Banach frames for X’ with respect to X, then {w, A, +w,T,} is a weighted g—Banach
Bessel sequence for X’ with respect to Xy with bound ||U|| + ||V, where U,V : X — X,
are the coefficient mappings given by U(z) = {(wnAn)(2)} and V(z) = {(wn%n)(x)},
reX.

Theorem 4.5. Let ({w,An}, ) be a weighted g—Banach frame for X with respect to
Xy and with bounds C,D. Let {w,%,} be a weighted g— Banach Bessel sequence for X
with respect to Xq with bound M. Then, there exists a reconstruction operator L such

that ({wn(An + ‘In)},ﬂ) is a weighted g— Banach frame for X, provided M < C.

Proof. Let U and V' be the coefficient mappings defined as U(z) = {(w,A,)(2)} and
V(z) = {(wn%n)(x)}, z € X. For each z € X, we have
[{(wn(An £ Fn)) (@)} x, 1U(z) £ V(2)]|x,
1U(@) |20, = IV ()| x,
(C = M)|z|x.

(A\VARAYS

Similarly, we have
{(wn(An = %)) (@) }Hlx, < (D + M)|z]lx, z€X.
Thus, we have
(€ =M)|zllx < [{(wn(An £ Fn))(@)}H|x, < (D+ M)|z|x, z € X. (4.4)

Let € X be any non-zero element such that (w, (A, £%,))(z) = 0. Then, by inequality
(4.4), z = 0. which is a contradiction. Therefore {w,, (A, £%,,)} is total over X'. Thus, by

Lemma 2.2, there exists an associated Banach space A = { {(w, (A, £%,))(x)} : z € X}

with the norm given by H{(wn(An + ‘In))(x)}H = ||z||x, x € X. Define an operator
A
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U: A= X by U{(wn(An £ %)) (@)}) = 2, © € X. Hence ({wn(An + ‘Zn)},ﬂ) is a
weighted g—Banach frame for X with respect to A.

Next, we give a necessary condition for a weighted g—Banach frame, in terms of
weighted g—Banach Bessel sequence.

Theorem 4.6. Let ({w, Ay}, ) be a weighted g— Banach frame for X with respect to Xy.
Let {%,} C B(X,H) be a sequence of operators such that {wn A, + w, Ty} is a weighted
g—Banach Bessel sequence for X with respect to Xy and with bound K < ||U||~t. Then
there exists a reconstruction operator  : A — X such that ({w,T,}, ) is a weighted
g—Banach frame for X with respect to A = {{(w,%,)(x)} : z € X}.

Proof. Since {wn A, +w, T, } is a weighted g—Banach Bessel sequence for X’ with respect

to Xy and with bound K, then
[{(wnAn) (@) iy = I (wn(An +Fn)) (@) H] 2,

(nun-l - K)nxu
I{(wn%n) ()}l x,, for all z € X.

Thus, {w,%,} is total over X. Therefore, by Lemma 2.2, there exists an associated
Banach space A = {{(w,%n)(x)}: © € X} with the norm given by [|[{(wn%n)(x)}]4 =
|z||lx, z € X. Define 1 : A — X by U({(w,T,)(2)}) =z, 2 € X. Then il is a bounded
linear operator such that ({wnin},ﬂ) is a weighted g—Banach frame for X with respect
to A. O

IN

IN

5. Finite Sum of Weighted G—Banach Frames

Let ({wnAin}, ), i =1,2,...,k be weighted g—Banach frames for X with respect
to Xy and H. Then, there exists, in general no reconstruction operator 4 such that

({Zfl wnAim},ﬂ) is a weighted g—Banach frame for X.
Regarding this, we have the following example:

Example 5.1. Let H be a separable Hilbert space and let £ = (> (H) = {{z,} : z, €
H;8UP; << o0 [ Znll < 00} be a Banach space with the norm given by

Hendlle = sup el fon} € B,

<n<oco

Let w = {w, = 217"} be weight and for each n € N, define Ay ,, : E — (?(H) by
Ay () =00 — 2"715;”;;_1, x=A{x,} €E,

where 62 = (0,...,0, _x ,0,...)foralln € Nand z € H.

nthplace
Then {w, A1 ,,} is total over E. Thus, by Lemma (2.2), there exists an associated Banach

space A; and an operator 4y : A; — FE such that ({wp, A1}, 4) is a weighted g—Banach
frame for F with respect to Aj.
Now, define a sequence of operators As,, C B(E, (?(H)) by

AQJ(.’E) = (5;1 - (511:1
Agn(z) =06n =27 1o, n>2, neN, z={z,} € E.
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Then, by Lemma (2.2), there exists an associated Banach space Az and an operator
o : Ay — E such that ({w, Mg}, Us) is a weighted g—Banach frame for E with respect

to As. But there exists no reconstruction operator {1 such that ({Zf_l wnAi,n},ﬂ>
is a weighted g—Banach frame for £ with respect to some associated Banach space A.
Indeed, let Cy and Dy be the choice of bounds for ({212_1 wnAi,n},ﬂ).

Then

< Dollz||g, = € E. (5.1)
A

Collall < H{ (gw)u}

Let + = (1,0,0,...) be a non-zero element in E. Then (Z?:l wplin)(x) = 0.
Thus, by frame inequality (5.1), we get © = 0. Which is a contradiction. Hence

{E?lenAm},ﬂ is not a weighted g—Banach frame for E with respect to some

associated Banach space A.

In view of example 5.1, we give a condition under which the finite sum of weighted
g—Banach frame for a Banach space X" is a weighted g—Banach frame for X.

Theorem 5.2. Let ({wn,Ain}, ), ¢ = 1,2,......,k be a weighted g—Banach frame
X with respect to Xy. Then, there exists a reconstruction operator A such that

({Zf_l wnAim},ﬂ) is a weighted g—Banach frame for X, provided

,x € X,
Xa

{(@nhp) (@)l < H{ (gwnm,n)@}

for some p € {1,2,....,k}.

Proof. Since for each i = 1,2,..... k, ({wnA; 5}, 44) is a weighted g—Banach frame for X
with respect to Xy. Then

el = 114 ({(wn Ay n) (@) 1)l 2

< s H(D"A) m} sex
Then )
Iyl ol < H{<§“A> (33)} e

Therefore, by Lemma (2.2), there exists an associated Banach space

A= {{(zf;wnAn)(m)} L T € x}
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with the norm given by H{ (Zf_l wnAim) (x)}H = ||z|lx, € X. Define £l : A — X
A

by ﬂ({ (Ef_l wnAm) (x)}) =z, z € X. Thus 4 is a bounded linear operator such

that ({ Zle wnAm},ﬂ) is a weighted g—Banach frame for X with respect to A. O

Remark 5.3. Towards the converse of the Theorem 5.2, we observe that
({ Ele wnAi7n},i~l> is a weighted g—Banach frame for X with respect to X;. Then,
there exists, in general, no reconstruction operators il;, for ¢ = 1,2...,k such that
({wnAi,n},MO, 1 =1,2,...,k is a weighted g—Banach frame for X with respect to
some associated Banach space Aj.

Regarding this, we give the following example:

Example 5.4. Let H be a separable Hilbert space and E = {*°(H) = {{zn} : =, €
H;8UD; << o0 [ Znll2 < o0} be a Banach space with the norm given by

Henble = sup Jlzalls, {on} € E.

<n<oo
1
Letw= {772 be weight and and for each n € N, define {A; ,},
wp=1,n>2neN
{A2.,} C B(E,(*(H)) as

Alyl(fﬂ) = 0, Al’n(l') = (Si", n>1
Aoq(x) =267, Aap(2)=0,n>1, z={x,} € E.

Then {Zf_l wnAi,n} is total over E. Therefore, by Lemma 2.2, there exists an

associated Banach space A = (Zf_l wnAim) (x)} € E} with the norm

given by H{(Zf_lwnmn)(x)}H = ||#|g, * € E. Define §f : A — E by
A

11 {<Zf=1 wnAi,n>(x)}) =z, x € E. Then {1 is a bounded linear operator such

that ({ 2?21 wnAiyn},{l) is a weighted g—Banach frame for E with respect A. But

there exist no reconstruction operators i; and iy such that ({wnALn},ih) and

({wnAg,n},Lb) are weighted g—Banach frame for E.
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