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Abstract. In this paper, we study certain classes of retro Banach frames, namely,
retro bi-Banach frame, retro Bessel sequences. In the sequel, we characterize retro
Bessel sequences with the help of examples and establish some relations between
retro Bessel sequence and retro Banach frame. Finally, results on the existence of
retro bi-Banach frames have been obtained.

1. Introduction

In 1952, frames for Hilbert spaces were introduced by Duffin and Schaeffer [5], in the
context of non-harmonic Fourier series. Nowadays frames play a crucial role in various
branches of pure and applied mathematics and engineering sciences. In 1988, Hilbert
frames were generalized to Banach spaces by Feichtinger and Grdochenig [6], called atomic
decomposition. For more on Banach frame literature one may refer to [2, 11, 3].

In 2004, Jain et al. [10] extended Banach frames to the conjugate Banach spaces and
introduced retro Banach frames. Recently, Shalu Sharma [15], introduced a notion of
the bi-Banach frame as a pair of Banach frame and retro Banach frame. Motivated by
the paper [15], Goswami et al. [7] defined the retro bi-Banach frame in conjugate Banach
spaces and established some relations of retro bi-Banach frame with some existing
notions in Banach frame theory. Bessel sequences, another important notion in the
frame theory were studied in [12, 13]. In this paper, we defined retro Bessel sequences
and obtained some results regarding construction of retro Bessel sequences and retro
bi-Banach frames. Our results extend some previous results proved for G-Banach Bessel
sequences [13] and strong retro Banach frames [9].
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2. Preliminaries

Throughout the paper, a Banach space and its first dual will be denoted by E and
E*, respectively, over the scalar field K(R or C). E; and (E*)y4 denotes the Banach
spaces of scalar valued sequences associated with E and E*, respectively. Also, [x,]
denotes the closed linear subspace of E, spanned by {z,}. The set of positive integers
will be denoted by N.

A sequence {z,} in F is said to be complete if [z,] = E and is said to be total
it {f € B : f(zn) = 0,¥n € N} = {0}. Also, if M C E*, then we define

v(M) = inf sup |f L.
wel jen |”\ ||
z#0
IFlI<1

Definition 2.1 ([8]). Let E be a Banach space and E4 be an associated Banach space
of scalar valued sequences, indexed by N. Let {f,} C E* and S : E; — FE be given.
The pair ({f.},S) is called a Banach frame for E with respect to Ey if
(i) {fn(x)} € Ey, for each z € E
(ii) there exist constants A; and Ay with 0 < A; < Ay < oo such that
Azl < {fn(@)}H e, < A2llzlle, z€E (2.1)
(iii) S is a bounded linear operator such that

S{fn(x)}) ==, reF.

The positive constants A; and Ay are called lower and upper frame bounds of
the Banach frame ({f,},S), respectively. The operator S : E; — FE is called the
reconstruction operator. The inequality (2.1) is called the Banach frame inequality.

Definition 2.2 ([10]). Let E be a Banach space and E* be its conjugate space. Let
(E*)4 be a Banach space of scalar valued sequences indexed by N associated with E*.
Let {z,} be a sequence in F and T : (E*)q — E* be given. The pair ({z,},T) is called
a retro Banach frame(RBF) for E* with respect to (E*)q if

(i) {f(zn)} € (E*)q4, for each f € E*

(ii) there exist constants A; and Ay with 0 < A; < Ay < oo such that

Al Alle- < [{f(@n)}l(ze)a < A2llflle-,  forall fe B (2.2)

(iii) T is a bounded linear operator such that

T f(xzx)}) =1, for all f € E*.

The positive constants A; and Ay are called, lower and upper frame bounds of the
retro Banach frame ({z,},T'), respectively. The operator T : (E*)q — E* is called the
reconstruction operator for the retro Banach frame ({z,},T). The inequality (2.2) is
called the retro frame inequality.

A retro Banach frame ({z,},T) is called tight if Ay = Ay and is called normalized
tight if A; = As = 1. If removal of one x,, renders the collection {z,,} C E no longer a
retro Banach frame for £*, then ({z,},T) is called an ezact retro Banach frame.

Definition 2.3 ([15]). Let E be a Banach space. A pair ({z,},{f.}) (where {f,} C E*
and {z,} C E) is called a bi-Banach frame for E if there exist associated Banach spaces
E; and (E*)4 and bounded linear operators S : E; — E, T : (E*)y — E* such that
({fn},S) is a Banach frame for E and ({z,,},T) is a retro Banach frame for E*.
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Definition 2.4. [7] Let FE be a Banach space. Let {z,} and {f,} be sequences in E
and E*, respectively. Then the system ({z,},{f.}) is called a retro bi-Banach frame
for E* if there exist associated Banach spaces (E*)y and (E**); and bounded linear
operators S : (E*)y — E*, T : (E**)y — E** such that ({z,},5) is a retro Banach
frame for E* with respect to (E*)4 and ({f,},T) is a retro Banach frame for E** with
respect to (E**)g4.

Definition 2.5. [9] Let {z,} C E be an exact retro Banach frame for E* with
admissible sequence {f,} C E*. Let F,, = [z1,%a,...,2,], n € N. If there exists a
sequence {v,}, where each v, : E, — E, is a continuous linear mapping, such that
= limyyoo Uy iy fi(z)zi, @ € E, then ({z,}, {fn}, {vn}) is called a strong retro
Banach frame (SRBF) for E*.

We finish this section with some key results that will be used in the subsequent part
of the paper.

Lemma 2.6 ([14]). If E is a Banach space and {f,} C E* is total over E, then E is
linearly isometric to the BK -space Eq = {{fn(x)} : © € E}, where the norm is given by

[{fn(@)}H s = ll2]le, = € E.

Lemma 2.7 ([10]). Let E be a Banach space. Then E* has a retro Banach frame if
and only if E is separable.

3. Retro Bessel sequence

In the last decade, Banach frames in conjugate Banach spaces have been studied
with various perspectives. One of them is due to Vashisht [18], where they studied
retro Banach frames consisting of eigenfunctions associated with a given boundary value
problem. Also, Chugh et al. [4] presented some duality properties of retro Banach
frames including appropriate applications. Besides, Rathore and Mittal [13], defined
g-Banach Bessel sequence in the context of the g-Banach frame, which was introduced
by Abdollahpour et al. [1] as a generalization of g-frames in Banach spaces. More
precisely, they discussed some characterizations of g-Banach Bessel sequences and gave
some methods regarding the construction of g-Banach Bessel sequences.

Motivated by Rathore and Mittal [13], in this section, we define and study retro Bessel
sequences in conjugate Banach spaces under some weaker conditions rather than retro
Banach frames. More precisely, in the definition of retro Banach frames, we focus to the
reconstruction of vectors of the underlying space by a pre-frame operator, on the other
hand, in the retro Bessel sequence, we do not reconstruct the elements of the space,
however, we just need to obtain an upper bound satisfying the inequality (3.1). Now,
it could be interesting to establish relations between retro Bessel sequence and retro
Banach frame. This thought leads us to the various characterizations of retro Bessel
sequences which shows the essence of the notion introduced as we discussed subsequently.

Let us define the notion of Retro Bessel sequence as follows.

Definition 3.1. Let E be a Banach space and E* the dual of E. Let (E*), be a Banach
space of scalar valued sequences associated with E* indexed by N. A sequence {x,} C F
is said to be retro Bessel sequence for E* with respect to (E*)g4 if

(a) {f(zn)} € (E")a, [ € E™.
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(b) there exists a positive constant M such that

I{f @)}l eeya < M f

The positive constant M is called retro Bessel bound for the retro Bessel sequence
Notice that the following observations shows the essence of retro Bessel sequences in
the study of frames in conjugate Banach spaces.

(01) If {zn},T) (where {x,} C E, T : (E*)q — E*) is a retro Banach frame for E*,
then {z,} is a retro Bessel sequence for E*.

(02) A sequence {z,} C E is a retro Bessel sequence for E* with respect to (E*)4 if
and only if the coefficient mapping T : E* — (E*)4 given by T(f) = {f(xn)},
f € E* is bounded.

(03) For each i € {1,2,...,k}, if {z;,} C E is a retro Bessel sequence for E* with
respect to (E*)y and with bound M;, then {Zle flax;n)} is also a retro
Bessel sequence for E* with respect to (E*)y with bound Zle |cav;| M;, where
@ €R,i=1,2 ..k

(04) Let {x,} be a retro Bessel sequence for E* with respect to (E*)g with bound
B. Let {y,} C E be a sequence in F such that {z, +y,} C E is a retro Bessel
sequence for E* with respect to (E*)q with bound K. Then {y,} is a retro
Bessel sequence for E* with respect to (E*)4 with bound K + B.

Remark 3.2. The converse of the observation (O1) need not be true. In this regard,
we give the following example:

Example 3.3. Let £ =1°(X) = {{zn} : 2 € X,sup ||zn||x < oo} equipped with the
norm

Henle = suwp Jlanlx,  {za} B,

<n<oco

where (X, |.]]) is a Banach space. Let {z,} C E be a sequence in E and f =
(f1, f2, f3,...) € E* such that

f(x1) = fa, f(@n) = foy1, n>2.

Then {f(zn)} € (E*)a, f € E*, and ||[{f(2zn)}|(g+), < [|f]|£-. Which shows that, {z,}
is a retro Bessel sequence for E*. However, by Lemma 2.7, there exists no reconstruction
operator T : (E*)4 — E* such that ({z,,},T) is a retro Banach frame for E* with respect
to (E*)d

Remark 3.4. In view of observation (O4), there exists, in general, no associated Banach
space (E*)q, = {{f(yn)} : f € E*} and reconstruction operator Tp : (E*)4, — E* such
that ({yn},To) is a retro Banach frame for E* with respect to (E*)g,.(see Example 3.5)

Example 3.5. Let £ = ! and {z,,} C E be the sequence of unit vectors in E. Then
there is a bounded linear operator T : (E*)g = {{f(z,)} : f € E*} — E* such that
({zn},T) is a retro Banach frame for E* with respect to (E*)g with the norm given by

I{f @) e = flle~, [ e B
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Let {y,} C FE be defined by y; = z9 and y, = z,, n > 2, n € N. Then for each
feE" {f(zn)} € (E7)a and
I{f @+ yn) I <IHS () I+ I () 3
<I{f @n) HI 4 [{f () 3
=2[{f (zn) I
=2|fl e

Therefore, {z, +y,} C E, is a retro Bessel sequence for E* with bound M = 2. Thus by
observation (04), {y,} is a retro Bessel sequence for E* with bound 3. But there exists
no associated Banach space (E*)q, = {{f(yn)} : f € E*} and reconstruction operator
To : (E*)q, — E* such that ({yn},To) is a retro Banach frame for E* with respect to
(E*)do'

In the following result, we give a condition that if the Bessel bound of retro Bessel
sequence {z,, +yn} is M < ||T|| 7}, then there exists an associated Banach space (E*)q4,
and a reconstruction operator Ty : (E*)g, — E* such that ({y,},To) is a retro Banach
frame for E* with respect to (E*)4,.

Theorem 3.6. Let ({x,},T) (where {zx,} C E, T : (E*)q — E*) be a retro Banach
frame for E* with respect to (E*)q. Let {yn} be a sequence in E such that {x, + yn}
is a retro Bessel sequence for E* with respect to (E*)q and with bound M < ||T|~!.
Then there exists a reconstruction operator Ty : (E*)q, — E* such that ({yn}, To) is a
normalized tight retro Banach frame for E* with respect to (E*)q4,.

Proof. Let A and B be the retro frame bounds for the retro Banach frame ({z,},T).
Then the retro frame inequality is given by

Allfle < {f @) e, < Bllflles,  fe B

Since {z,, + yn} is a retro Bessel sequence for E* with respect to (E*)g with bound M,
we have

{f@n +yu) 3l ee)y < M| fll= f e E™
Since the operator T : (E*)q — E* is given by T({f(zn)}) = f, f € E*. We obtain
I{f (@)} = [T £]]. Hence, we compute,

TN~ = M Flle- <IHf @) e = I @n + yn) M)
<IH{f () Hlcee)a-

Thus {y,} is total over E. Therefore by Lemma 2.6, there exists an associated Banach

space (E*)q, = {{f(yn)} : f € E*} with norm given by ||{f(yn)}||(E*)d0 = || fllz~,
fel~

Define Ty : (E*)g, — E* by To({f(yn)}) = f, f € E*. Then Ty is bounded linear
operator such that ({y,}, Tp) is a retro Banach frame for E* with respect to (E*)q,. O

Regarding the converse of Theorem 3.6, we prove the next result.

Theorem 3.7. Let ({z,},T) and ({yn},S) be retro Banach frames for E* with respect
to (E*)g. Let W: (E*)q — (E*)q be a linear homeomorphism such that

WH{F(@a)}) ={f(yn)},  feE
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Then {xy, + yn} is a retro Bessel sequence for E* with respect to (E*)q and with bound
M = min{[U[|Z + W[ IVIIIZ + W},

where U,V : E* — (E*)4 are the coefficient mappings given by U(f) = {f(z,)}, f € E*

and V(f) ={f(yn)}, f € E* and T denote the identity mapping on (E*)q.

Proof. For each f € E*, we have

{f@n 4 yn) 3l o)a =I{F (@)} +{f ()
=IZ({f (@n)}) + WS (@n)})l
=T +W){f @)D
=[Z+WUl

<@+

Similarly, we have

{f (@n 4+ yn) o)y =I{f (@n)} + {f (wn)} ]
=W {F (ya)}) + ZHF )l
=T +W )
=T +wHv(h)]
<IZ+w HIIVIILI
Hence, {z, + y»} is a retro Bessel sequence for E* with respect (E*); and with bound
M = min{|[U[|Z + W], IVIIZ +W~}.
O

Remark 3.8. One may observe that, if ({z,},T) and ({yn},S) are two retro Banach
frames for E* with respect to (E*)4, then {z,+y,} is a retro Bessel sequence for E* with
respect to (E*)g with bound ||U|| + ||V, where U,V : E* — (E*)4 are the coefficient
mappings given by U(f) = {f(zn)} and V/(f) = {f(yn)}, f € E".

In the following result we construct a retro Bessel sequence by using the action of a
bounded linear operator on (E*)4. This result extend Theorem 4.1 of [13] to the case
of retro Bessel sequence.

Theorem 3.9. Let {x,} C E be a retro Bessel sequence for E* with respect to (E*)4.
Let {yn} C E be such that {f(yn)} € (E*)q, f € E* and let W : (E*)q — (E*)q be a
bounded linear operator such that

W{f(zn)}) ={f(yn)}, [ E"
Then {y,} is a retro Bessel sequence for E* with respect to (E*)q.

Proof. Let {z,,} be a retro Bessel sequence for E* with Bessel bound M. Then for each
f € E*, we have

L ()} =IWHS () DI

<IWIIH{f )}
<MIPVIIIf]-
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In view of Theorem 3.9, we observe that if ({z,},T) is a retro Banach frame for
E* with respect to (E*)g and W : (E*)g — (E*)4 is a bounded linear operator such
that W({f(zn)}) = {f(yn)}, f € E*. Then there exists, in general no reconstruction
operator Ty : (E*)q — E* such that ({y,},Tp) is a retro Banach frame for E* with
respect to (E*)4. (see Example 3.10 )

Example 3.10. Let E = ['. Let {z,} be a sequence of standard unit vectors in E.
Then there exists an associated Banach space (E*)q = {{f(z,)} : f € E*} and a
reconstruction operator T': (E*)q — E* such that ({z,},T) is a retro Banach frame for
E* with respect to (E*)q with the norm given by [[{f(zn)}(£+), = I fll&~, f € E*.

Now, define W : (E*)q — (E*)q as W({f(zn)}) = {f(zn)}nz1, f € E*. Then W
is a bounded linear operator on (E*)4. But there exists no reconstruction operator
Ty : (E*)q = (E*)q such that ({2, }nz1,T0) is a retro Banach frame for E* with respect
to (E*)q. Indeed, if possible, suppose that ({zy, }n1,T0) is a retro Banach frame for E*
with respect to (E*)4 having retro frame bounds Ay, By. Then we have,

Aol flle- < IHf@a)} ey, <l flle-,  feE™ (3.2)

Let f = (1,0,0,...) be a nonzero functional in E* such that f(z,) =0, n > 1, n € N.
Then by frame inequality (3.2) we obtain f = 0, a contradiction.

In view of Theorem 3.9 and Example 3.10, we give a necessary and sufficient condition
for a retro Bessel sequence to be a retro Banach frame.

Theorem 3.11. Let ({z,},T) be a retro Banach frame for E* with respect to (E*)q.
Let {y,} C E be such that {f(yn)} € (E*)q, f € E*. Let W : (E*)g — (E*)q be a
bounded linear operator such that

WH{F(@a)}) ={f(yn)}, e E"

Then there exists a reconstruction operator U : (E*)q — E* such that ({yn},U) is a
retro Banach frame for E* with respect to (E*)q if and only if

I{f ) Hl ey = MILAS ) Dlleoyar [ € E,

where M < 00 is a positive constant and L : (E*)q — (E*)q is a bounded linear operator
such that

L{f(yn)}) = {f(zn)},  [EE"
Proof. Let A; and Bj be the retro frame bounds for the retro Banach frame ({z,},T).
Then for all f € E*, we have
M A || fll g <MI{S (@) 2o,
=M[LE S n) Dl =)
<I{F )
=[WHF (@n) Dl
<IWIIIKS (@) Hize).
<[WIBil £l

E*
Therefore,

(MAD[flle- < I{f @)}l =y, < (VB

E*, fEE*.
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Put U = TL. Then U : (E*)q — E* is a bounded linear operator such that
U{f(yn)}) = f, f € E*. Hence, ({yn},U) is a retro Banach frame for E* with respect
(6] (E*)d

For the reverse part, assume that ({y,},U) is a retro Banach frame for E* with
respect to (E*)4 and having frame bounds Ay and By. Let S : E* — (E*)q be the
coeflicient mapping given by S(f) = {f(zn)}, f € E*. Then £L = SU : (E*)qy — (E*)a
is a bounded linear operator such that L({f(yn)}) = {f(2n)}, f € E*. Thus we write,
M = g“ where Bj is an upper bound for retro Banach frame ({z,},T), we have

IXF @)y = Aol flle-

= MB|fl|le-
M{f(@n)}Hl(z*)a
MIL{f(yn)})

v

)a- O

In 2015, C. Shekhar [16] constructed a normalized tight operator Banach frame in terms
of operator Bessel sequence. Using this method, in the next result, we construct a retro
Banach frame, in terms of retro Bessel sequence.

Theorem 3.12. Let ({z,},T) be a retro Banach frame for E* with respect to (E*)4.
Let {y,} C E be a sequence in E such that {x, + yn} is a retro Bessel sequence for E*
with respect to (E*)q and with bound K < ||T||=t. Then there exists a reconstruction
operator U : (E*)q — E* such that ({yn},U) is a retro Banach frame for E* with respect
to (E*)q if and only if there exists a bounded linear operator L : (E*)q — E* such that

L{f(yn)}) = {f(zn)}, [ e B

Proof. Let ({yn},U) is a retro Banach frame for E* with respect to (E*)g. Let
S : E* = (E*)4 be the coefficient mapping given by S(f) = {f(z,)}, f € E*. Then
L=SU:(E*)qg — (E*)q is a bounded linear operator such that L({f(yn)}) = {f(zn)},
E*.
! 6Conversely, by hypothesis {f(yn)} € (E*)4, f € E*. Also, for each f € E*, we have
71~ = BN flle- = 1717 flle- —
< H{f @)}l ee = I @n +yn) He)a
< {F )l e,
< {f@n +ya) Hie, + I @) i),
< ISl -
= (ISl + K)
where S is a coefficient mapping. Now put U = TL. Then U : (E*)y — E* is a bounded

linear operator such that U({f(yn)}) = f, f € E*. Hence, ({yn},U) is a retro Banach
frame for E* with respect to (E*)4 and frame bounds (||7]|~! — K) and (||S|| + K). O

Next we give a necessary and sufficient condition for a retro Bessel sequence to be a
retro Banach frame. This result extends Theorem 2.12 of [16] to the case of retro Bessel
sequence.

Theorem 3.13. Let ({x,,},T) be a retro Banach frame for E* with respect to (E*)q. Let
{yn} C E be a retro Bessel sequence for E* with respect to (E*)q. Let V : (E*)g — (E*)q
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be a bounded linear operator such that V({f(yn)}) = {f(xn)}, f € E*. Then there exists
a reconstruction operator U : (E*)q — E* such that ({yn},U) is a retro Banach frame
for E* with respect to (E*)q if and only if there exist a constant M > 0 such that

{f@n =y Eoa < MIU ) ey fEET

Proof. Let K > 0 be a constant such that |[{f(yn)} (2, < K|/ flle~, f € E*. Let Ay
be a lower bound for the retro Banach frame ({z,,},T). Then

Al flle <K @a) bz,

<IKF )l eea + L (@n — y) Hiee).

<+ M)[{f (yn)Hl )
Put U = TV, then U : (E*)q — E* is a bounded linear operator such that
U{f(yn)}) = f, f € E*. Hence ({yn},U) is a retro Banach frame for E* with respect
to (E*)d

Conversely, let Ag, Bo; A1, By be bounds for the retro Banach frames ({z,},T) and

({yn}, S), respectively. Then,

Aol flle= < I{f(xn)}l(E5)a < Bollflle-,  feE”
and
Aillflle- < f )z, < Ballflle-,  f € E™
Therefore,
{f(@n = yu)}Hlmeye SIHF @) i), + I Wn) Hi o),
<(B1+ Bo)ll flle-
<SM|{f(yn) I (z+ya-
where, M = 31%1&’ O

In the following result, we show that the retro Bessel sequences are stable under small
perturbation on given retro Bessel sequence. This result is inspired by Theorem 5 of
[17].

Theorem 3.14. Let {x,} be a retro Bessel sequence for E* with respect to (E*)q and let
{yn} C E be such that {f(yn)} € (E*)a, f € E*. Then {yn} is a retro Bessel sequence
for E* with respect to (E*)q if there exist nonnegative constants A\, p (u < 1) and §
such that

LS @n = yn) 3l e)a < A @n)Hlmeya + slLF @) e, + 0l
Proof. Let M be the Bessel bound for the retro Bessel sequence {z, }. Then

I{f () Hl ey SIS @n)}leeya + I{F @n = yn) bl
=1+ M| fllz+ + pllff (yn) - + 6111

MM + 6
<ATIMEdy o fe

1—
Hence, {y,} is a retro Bessel sequence for E* with respect to (E*)q4. O

g+, f€E*
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4. Retro bi-Banach frame

Very recently, Shah Jahan et al.[9] defined the notion of Strong Retro Banach Frame
(SRBF) in order to correlate this notion with the existing notions like approximative
Schauder frames and bi-Banach frames. In this section, we correlate SRBF with the
notion of Retro bi-Banach Frames. In fact, our results generalizes some results of Shah
Jahan et al.[9] for retro bi-Banach frames.

First result of this section shows that the existence of SRBF in the conjugate Banach
space guarantees the existence of retro bi-Banach frame in the conjugate Banach space
with some geometric properties.

Theorem 4.1. Let X be a Banach space and ({xn}, {fn}, {vn}) be a SRBF for X* with
admissible sequence {fn} C X*. Then ({xn}, {fn}) is a retro bi-Banach frame for X*
and there exists a sequence {®,} C X** such that v([®,]) > 0.

Proof. By Theorem 2.4 in [9], there exists a sequence of continuous linear mappings
{on}, where o, : V;, = Vo, Vi, = [f1, f2, .--fn], n € N such that

@)= Jim (on o fs ), sex

Then, it follows that {® € X** : ®&(f,) = 0, for all n € N} = {0}. Therefore, {f,}
is total over X*. Hence by Lemma 2.6, there exists an associated Banach space
(X*)a = {{8(fa)} + ® € X**} with norm given by [{O(fu)Hl(x-), = [9]ocer),
® € X**, and a reconstruction operator S : (X**)y — E**, such that ({f,},S) is an
RBF for X** with respect to (X**)4. Hence, ({x,}, {fn}) is a retro bi-Banach frame for
X*.

Now, write

on(f5) =Za§?)fi7 1<j<n,neN,

i=1

where a§?) = ®;(0,(f;)), for all ¢,j =1,2,3,...,n, n € N. Thus
Un(zq)z( ) Z(I) Un fz
i=1
-y s (zaw ;)
—Z (Za<"><1> >fj, feX*neN.

Define

thZ:ZCLE;L)(I)“ 1§]§n,TlEN
i=1

Then h,,; € [®;]7-1,1 < j <n,n € N. Hence, we conclude that v([®,,]) > 0.
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Finally, we give a necessary and sufficient condition for a conjugate Banach space
having a retro Banach frame also has a retro bi-Banach frame. Although, Theorem 4.2
is a particular case of Theorem 2.10 of [4].

Theorem 4.2. Let ({z,},T) ({zn} € E,T : (E*)q — E*) be a retro Banach frame
for E* and {f.} a sequence in E*. Then there exists a reconstruction operator S such
that ({fn},S) is a retro Banach frame for E** (and hence ({xn},{fn}) is a retro bi-
Banach frame for E*) if and only if dist(f, M) — 0 as n — oo, for all f € E*, where
M, = [f1, f2y s fn], for alln € N.

Proof. First suppose that ({z,},{f»}) is a retro bi-Banach frame for E*. Then there
exists a reconstruction operator S such that ({f,},S) is a retro Banach frame for E**.
So, there are positive constants Ag and By such that

Aol|®| g+ < [{2(fu)}l(p)y < Boll®lg=,  ® € E™. (4.1)

Suppose that the condition dist(f, M,) — 0 as n — oo, for all f € E*, is false. Then
there exists a nonzero functional fy € E* such that lim,,_, dist(fo, M,,) # 0.

Note that dist(fo, M) > dist(fo, Mp+t1), for all n € N, since {M,,} is a nested system
of subspaces. Now, {dist(fo, M)} is bounded below monotone decreasing sequence.
So, {dist(fo, M)} is convergent and its limit is a positive real number, since otherwise
dist(fo, My,) — 0 as n — oo (which is not possible).

Let lim,,— o dist(fo, M) = a > 0 and D = U,,M,,. Then we obtain dist(fy, D) >
a > 0, since dist(fo, D) = inf dist(fo, M,,).

Now we show that fo ¢ D. Let if possible, fo € D. Then we can find a sequence
{&.} € D such that dist(&,, fo) — 0 as n — oo. Since, we have dist(fy, D) > «.
Therefore, dist(&,, fo) > a > 0. This contradict the fact that dist(&,, fo) — 0 as
n — oo. Hence, fo ¢ D. Thus, by using Hahn Banach theorem, there exists a nonzero
functional &g € E** such that ®o(f,) = 0, for all n € N. Therefore, by retro frame
inequality (4.1) we obtain, ®o = 0, a contradiction. Hence, dist(f, M, ) — 0 as n — oo,
for all f € E*.

Conversely, suppose that dist(f,M,) — 0 as n — oo, for all f € E*. Then, in
particular, for each € > 0 and for each f € E*, we can find a f; from some M}, such
that | — fill <.

Therefore by using Lemma 2.6, (E**)g = {{®(f,)} : ® € E**} is a Banach space of
sequences of scalars with norm given by |[{®(fn)}(g+), = [|®| ==, ® € E**. Define
S (E**)q — E** by S({®(f,)}) = ®, & € E**. Then S is a bounded linear operator
such that ({f,},S) is a retro Banach frame for E** with respect to (E**)4. Hence,
({zn}, {fn}) is a retro bi-Banach frame for E*. O
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