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1. Notations

Let us introduce some notations. For the number z € Ry = [0, +00), we will use
+oo
dyadic expansion x = Y. 27"l of x, where x, be equal to 0 or 1. It is evident,
n=—oo
that z_,, for n > n(z). If = is dyadic rational, then we use finite expansion, i.e. , =0
for n > n(x).
Let us introduce the generalized Walsh functions

b, y) = Py(x) = (1)),
where

t(z,y) = Z Tp Y—n—1 for (z,y) € Ry X Ry.

n=—oo

It is evident that

Yy(x) = Y (y), Yy(x) ==£1 for z,y € Ry
Let us note that
wn(z) = thn(x) = P(2,n), n € Zy, © € Ry
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are Walsh-Paley functions (see [14], p. 2). The system {w, (z)} ~, is orthonormal on
the interval [0,1).
N. J. Fine [10] introduced Walsh-Fourier transform of the function f € L(R,) by the
formula

Fifi(z) = f(z) = | va(y) f(y) dy.

Ry

Let us introduce the dyadic sum = & y = 2z of the numbers z,y € R, where
Zn = Ty + yn(mod 2), n € Z.

2. The known concepts of dyadic derivatives and integrals

I. The pointwise dyadic derivative for functions defined on the interval [0,1) was
introduced by P. L. Butzer and H. J. Wagner [6] and has its roots in the work of J. E.
Gibbs and M. S. Millard [13]. P. L. Butzer and H. J. Wagner [6] introduced the following

Definition 2.1. If for a function f :[0,1) — R there exists finite limit
(1] — 1i m—1 _ —m—1
@) = Jim, 32271 (0) S 027 (21)

at a given point z € [0,1), then flU(z) is called dyadic derivative of the function f at
the point x.

P. L. Butzer and H. J. Wagner proved that each Walsh-Paley function w,(x) has
dyadic derivative at every point x € [0,1). More precisely,

will(z) = nw, (), ne Zy, zel0,1).
The concept of strong dyadic derivative also is known.

Definition 2.2 (P.L. Butzer and H.J. Wagner [6]). If for the function f € LP[0,1), 1 <
p < 400, there exists

_ N m—1 _ —-m—1
D = Jim 32 2" 15(0) = flow2 ) (22)
where the limit is taken by the norm of the space LP[0,1), then D(f)p» is called strong
LP[0,1) -derivative of the function f.

P. L. Butzer and H. J. Wagner proved that if a function f € LP[0,1), 1 < p < oo has
L?[0,1)-derivative D(f)r» = g, then

§(n) =n f(n), neZy,
where f (n) are Walsh-Fourier coefficients of the function f. The Walsh functions have
LP[0,1)-derivative for all 1 < p < oo and D(wy)rr =n wy, n € Z4.

C. W. Onneweer [37] generalized the concept of strong derivative for functions defined
on Vilenkin groups. After that J. Pal and P. Simon [40] introduced corresponding
integral and proved the fundamental theorem of integral calculus for bounded Vilenkin
groups.

For functions f defined on R, the pointwise derivative is introduced as follows

n

df@) = lim > 2 i) - flwe2 ) (2.3)



Some results and problems in dyadic analysis: an overview 61

(see, for example, [45]).
It is known (see F. Pichler [41]) that diy(x) =y, (), € Ry.

For the functions f € LP(R,), 1 < p < oo, the strong dyadic derivative is defined as

follows: .

I T m—1 _ —m—1
D(f)ir(ry) = lim Z 2771 [f(0) = flo®27™)] (2.4)
where the limit is taken by the norm of the space LP(Ry.).
It is known that if f € LP(Ry), 1 <p <2, and D(f)r»(r,) exists, then

D(f)r(ryy(@) = zf ().

For p = 1 this was proved by P. L. Butzer and H. J. Wagner [6] in 1973 and for p = 2
by J. Pal [39] in 1977. For f € LP (Ry),1 < p < 2, the statement mentioned above may
be proved by representation f = fi + fa, f1 € L' (Ry), fo € L? (R.).

C. W. Onneweer [38] introduced modified pointwise and strong dyadic derivatives for
functions defined on dyadic group D or dyadic field K. (The characters of the group
D are Walsh functions w,, n € Z;). He proved that the characters of dyadic group D
or dyadic field K are differentiable in his sense and they are eigenfunctions of modified
differential operator d.

For example, he proved the equalities

d(wg) =0, d(wy) = 2% wy, 28 <n< 2" keZ,.

In another article C.W. Onneweer [36] introduced fractional differentiation and in-
tegration on the group of integers of a p-adic or p-series field and proved fundamental
theorem of dyadic calculus.

II. The dyadic integral for functions defined on the interval [0, 1) was introduced by
P. L. Butzer and H. J. Wagner [6] in 1973 as follows. Let us set

:E)zl—i—fujnn(x)

It is evident that W € L[0,1]. If f € LP(R4), 1 < p < oo, then there exists dyadic
convolution

/ fly) W(zey) dy (2.5)

and I(f) € L?[0,1). The function I(f) is called dyadic integral of the function f in the
space LP[0,1).

From (2.5) it follows that for the function f € L[0,1)] its dyadic integral I(f) has
Walsh-Paley series of the form

0+ 3 Hee )
where f (n) are the Fourier coefficients of the function f with respect to Walsh-Paley
system.

P. L. Butzer and H. J Wagner proved that if for a function f € L?[0,1), 1 < p < oo,
there exists L?[0, 1)-derivative D(f) and f(0) = 0, then
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I(D(f)) = f and D(I(f)) = f.

F. Schipp [44] proved that for the function f € L[0,1) its dyadic integral I(f) has
pointwise dyadic derivative almost everywhere on [0,1), which is equal to f almost
everywhere on [0, 1).

For the functions f € LP(Ry), 1 < p < oo the strong dyadic integral was defined by
J. Pal in the paper [38] as follows. For n € Z,, we set

2k 1
Wp(z) = lim : Y (t) dt, x € Ry

k—+o00 2—n

This limit exists a.e. on R4 and also in L(R,)-metric. Therefore, there exists dyadic
convolution

(fWn)(@) = [ f(t) Wa(z&t) di (2.6)

Ry
and f*W, € LP(R,), if f € L?(R;), 1 <p < 0.
Definition 2.3. If for a function f € LP(Ry), 1 < p < oo, the sequence (2.6) converges
to a function g € LP(R4) as n — +oo in the space LP(R,), then g = J(f) is called
strong dyadic integral in the space LP(R.).
The following result is known (see [38]):

(a) If a function f € L(Ry) dyadic differentiable in the space L(R.) and f(0) = 0,
then

J(D(f)=D(J(f) =1
(b) The equality g = J (f) holds iff G (0) =0 and §(z) = f (z) Jz,z > 0.

3. Modified strong dyadic integral and derivative of fractional order on R
Forz >0 weset h(z)=2""2"<z<2""' neZ Thenz ! <h(x) <2zl

Lemma 3.1. If o > 0, then for each x > 0 and n € Z there exists finite limit
27n

Wi (z) = lim (h ()" Yz (y)dy and Wi € L(Ry).

m——+o0o 9-n

More precisely WS () = 0 for x > 2™ and
(1) if 0 < a < 1, then W2 (z) ~ 2%~ 1 2 — +0;
(2) W} (z)=~logy(z~ 1),z — +0;
(3) if @ > 1, then W () is bounded on R.
Here we write f (z) = g (x),z — a, if
f(x) =0(g(z)),x = aand g(z) = O(f (z)),z = a.
For f,g € L (Ry) we set

(f*g)(x) = ; flxdy)g(y)dy,> € Ry,

i.e. f* g is dyadic convolution of the functions f and g.
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Definition 3.2. If « > 0, f,g € L (R) and
ngrfoo [ f = We = g||L(R+) =0,

then the function g = J, (f) is called modified strong dyadic integral (MSDI) of order
« of the function f.

Theorem 3.3. If f,g € L(R:) and o > 0, then g = Jo (f) iff §(0) = 0 and
g(x)=f(z)(h(x)" forz > 0.

Let us set

N "oy (x,27F
AL (2) = Z WX[O,2’“)(‘$)7”€Z+7

k=—n

where xg is characteristic function of the set E.
Definition 3.4. If @ > 0, f,p € L(R;) and
lim || f* A7 — S0||L(R+) =0,

n—-+o0o

then the function ¢ = D*(f) is called modified strong dyadic derivative (MSDD) of
order « of the function f.

Theorem 3.5. If o > 0 and f,g € L(Ry), then g = D*(f) iff g(0) = 0 and
g(z)=f(x)(h(x))™® forz > 0.

Several generalizations of Theorems 3.3 and 3.5 were proved by S.S. Volosivets [50]
in terms of usual multiplicative Fourier transform of the functions f,g € L? (R4),1 <
p < 2, and in terms of distributional one of the functions f,g € L? (Ry),p > 2.

Theorem 3.6. If o > 0 and the function f € L(Ry) has MSDD D (f) and f (0) =0,
then Jo, (D (f)) = f.

Theorem 3.7. If a > 0 and the function f € L (R,) has MSDI J, (f) and f(0) =0,
then D™ (J, (f)) = f.

Theorem 3.7 was generalized by S.S. Volosivets (see [48], Theorems 7 and 13) to the
general P-nary case and the spaces L? (R,).

Theorem 3.8. Let a > 0,8 > 0 and f € L(Ry). Then D* (DP(f)) = D> (f).
(correspondingly J* (JP (f)) = J*P (f)) if the left side or right side exists.

This theorem was generalized to modified multiplicative integral and derivative of
arbitrary orders on the positive semyaxis in the paper [48] (see there Corollaries 3 and
6).

Theorem 3.9. The functions am,, () = ¥ (2,m27") X[0,27) (z), where m € N,n € Z,
for each a > 0 are eigenfunctions of the operators J, and D® with eigenvalues 27"

and 2" respectively. Here r = r(m,n) € Z is uniquely determined by the imbedding
m2 ", (m +1)27") € [27,27+).

Theorems 3.3-3.9 are R —analogues of the results of C. W. Onneweer [36]. He considered
fractional differentiation and integration on the group of integers of a p-adic or p-series
field.
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Let us denote by Ly, (R+) (orLpe (R4)) the natural domain of the operator J, (D¢
respectively), i.e. the set of all functions f € L(Ry) for which J, (f)or D*(f)
respectively exists. It is evident that L (Ry) and Lpe (R4) are linear subspaces
of the space L (R4).

It follows from the theorem 3.9 that

Jo (@1,n) = 2"%1 0, D (a1,n) =27 "Ya1n,n € Z, a0 > 0.
Therefore, we have

Corollary 3.10. The linear operators J, : Ly, (Ry) — L(Ry) and D* : Lpa (Ry) —
L (R, ) are unbounded for each o > 0.

Let us define the pointwise derivative of fractional order.
Definition 3.11. Let a > 0, z € R4 and f € L* (R, ). If there exists finite limit
4 () () = i (AS* ) (&)

then we will say that the function f has the modified dyadic derivative (MDD) d* (f) (x)
of order « at the point x.

Theorem 3.12. For each o > 0 and a fired y € Ry the Walsh generalized function
by (0) has MDD of order o at each point x € Ry. More precisely,

d*(¢o) () =0 on Ry and d*(¢y) (z) = (h(y))” “ ¢y (x) forz € R,y > 0.

Theorem 3.13. If o > 0 and the function [ € L(Ry) is such that
(h(x))"“ f(x) € L(Ry), then at each point x € Ry it has MDD of order o equal

to [7° (h ()™ F (y) ¢ (2, y) dy.

For the case @ = 1 Theorems 3.1-3.13 were published in our paper [21] and for o > 0
in the papers [24], [25].

For o = 1 Theorem 3.13 is an analogue of the following theorem:

&) o0
Theorem 3.14. Under the assumption ). nla,| < +oo the series Y, apwny ()
n=0 n=0

converges absolutely and uniformly on [0,1) to a function f, which has dyadic derivative
A (x) for all z €[0,1) and

() = Z na,wy, () .
n=0

This theorem was proved by P. L. Butzer and H. J. Wagner [7].

Definition 3.15. If a > 0, z € Ry and for a function f € L (R4) there exists finite
limat
Ja (f)(z) = Tm (f« W) (x),

n—-+oo

then we say that the function f has modified dyadic integral jo, (f) (x) (MDI) of order
« at the point x.
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Theorem 3.16. For each o > 0 and fized y € Ry the Walsh generalized function 1y (o)
has MDI of order « at each point x € Ry. More precisely, jo(1o) (x) =0 on Ry and

Ja(¥y) () = (h ()" ¥y (x) for z € Ryy > 0.

Problem. Let « > 0 and the function f € L(R4) has MSDI of order o. Let
Jo (f) (z) has pointwise MDD of order « almost everywhere on Ry. Is the equality
d* (Jo (f)) (x) = f (z) holds almost everywhere on Ry ?

Probably this is true only for a > 1.

4. Uniform integral in dyadic Hardy spaces

Let us introduce the following notations:
A=Ak =[k27" (k+1)27"), k € Zy,n € Z - dyadic interval;
My (f) (z) = Iesup \AI Jalf @)]dt, z € Ry - dyadic maximal function on R;
Hy(Ry)={f€eL(Ry): My(f) € L(Ry)} dyadic Hardy space on R ;
1A ¢y y =lMa ()|l (g, ) < oo - the norm of the function f € Hq (R+);
M[%,l) (f) (z) = y Z P ‘A‘ Salf (#)]dt, 2 € [0,1) - dyadic maximal function on [0, 1);
H,([0,1))= {f e Lo, 1) [0 1 (f) e Lo, 1)}7 dyadic Hardy space on [0, 1);

Cw (R4) - the space of uniformly W —continuous functions on R4, i.e. f € Cyw (Ry),

if for any € > 0 there exists ¢ > 0 such that sup |f(z@®y)— f(z)] <efor 0 <y <.
rER

The following theorem of Hardy and Littlewood [27] is known:

Theorem A. If the function f(z) = Z anz™ belongs to the Hardy space H (|z] < 1)
on the unit disc |z| < 1 of the complex plane C and f(e') is its boundary
function on the unit circle |z| =1, then

+oo

|an| 1 /27T it
g < — .
n+17 2/ |f(e™)ldt

n=0

An analogue of this theorem has been proved by E. Hille and J. D. Tamarkin [29]:

Theorem B. If the function f(z) belongs to the Hardy space H (Rf_) in the upper

half-plane R3 ={z € C' : Imz > 0} and f (x) is the Fourier transform of its boundary
function f () on real axis, then

/R‘ff)‘dxg ;/_ju(xndx.

An extension of Theorem B to the Hardy space H? (R),0 < p < 1, is known:
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Theorem C. If f € HP (R),0<p <1, then
T I
@ 1ap=do < €, 171y

where the constant Cp, > 0 does not depend on the function f (see [11], p.842).

Problem. What are the least constants in right-hand sides of the inequalities in the
theorems A - C?
N.R. Ladhawala [32] proved dyadic analogue of Theorem A in the following form.

Theorem D. If the function f belongs to dyadic Hardy space H ([0,1)), then
+oo

(7o) < 12V2 |/ o) -

n =

(]

n=1
where f(n) are Walsh-Fourier coefficients of the function f.

Dyadic analogue of the theorem B is the following result.

|f(iv)‘da: < 50\@Hf||Hd(R+). (Dyadic Hardy

T

Theorem 4.1. If f € H(R,), then fR+
inequality on Ry ).

Problem. What is the least constant in right-hand side of this inequality?

Theorem 4.1 was proved in our paper [20]. S.S. Volosivets proved an analog of this
theorem for dyadic Hardy space H? (Ry),0 < p < 1 (see [49], Theorem 12).

Definition 4.2. Let the functions (f * W)™ (x) be defined by the equality
(FW) (@)= [ (P Wi () v @ dtin € Noa >0,
Ry

If for a function f € L(Ry) there exists the limit
TP @) = m (FeWE) (@),

oo
which is uniform on Ry, then we say that the function f has uniform modified
dyadic integral (UMDI) J% (f) (z) of order a.

It is not difficult to show that J; (f) (z) = (J1) (f) (x) a.e. on R,. Indeed, taking in
account that the equality

0,0<xr<2™

(f+ W)™ (2) = f (@) W (2) = { f@) jz,x>27",

holds almost every on R, we conclude that

gewdr@= [ I oa- [ oo

a.e. on Ry.
By the Theorem 1.10 the sequence in right-hand side of this equality has finite limit
a.e. on Ry as n — 400, and we have J; (f) (x) = (J1) (f) (z) a.e. on Ry.
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Theorem 4.3. FEach function f € H (R4) has UMDI of first order which coincides
with MSDI of first order a.e., i.e. Ji (f) = J1(f) a.e. More precisely, the operator
Ji:H (Ry)— Cw (R4) is bounded and

195 (Dl ey < L00V2 [ fll i,y -
The proof of this theorem is based on the lemma:

Lemma 4.4. The functions v (x,m27") X[g,2n) (x), m € N,n € Z, belong to the space
H (Ry) and their linear hull L is dense in this space.

Let us introduce the operator J, (f) = Ja fj. It is well defined on the subspace L of
the space H (R4).

Theorem 4.5. The operator J, : L — L(Ry) is bounded and his operator norm not
exceed 100v/2. This operator may be extended continuously on the space H (Ry) and we
have

< 100V2 |l g,y -

4]
H(R4)—L(Ry)

Theorems 4.3 and 4.5 were published in our paper [21].

5. Dyadic analogue of Tauberian theorem of Wiener and related topics
The following theorem of N. Wiener is known (see [52] or [53]).

Theorem A. Let the function K; € L (R) is such, that its Fourier transform

K (z / K (y) exp (—izy) dy
does not equal to zero at each x € R = (—00,400). I
lim Ki(x—vy)f(y)dy = / K (y) dy, (5.1)
Tr—r0o0 R

for some function f € L (R), where C (f) is some constant, then

lim RKg(x— y) fy)dy=C /Kg (5.2)

T—r 00

for all functions Ky € L (R).

It is not difficult to show that if K7 has a zero on R, then the condition (5.2) does
not follow from (5.1).

N. Wiener proved also the following theorems.

Theorem B. Let f € L(R) is a given function. Then linear hull of the set
{f(+y):y € R} is dense in the space L (R) iff f (x)# 0 on R.

Theorem C. Let f € L? (R).Then the linear hull of the set {f (-+y):y € Ry} is
dense in the space L? (Ry), iff f (x) # 0 for almost all v € R

There exist following dyadic analogues of the Theorems A - C:
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Theorem 5.1. Let the function Ky € L (Ry) is such that ir[%)f |
x€|0,a
a>0.1If

K (x)‘ > 0 for every

Jm o Koy fy)dy=C(f) | K(y)dy
Ry Ry

for some function f € L (Ry) and K = Ky, then this limit exists for all functions

K e L(Ry).

Theorem 5.2. Let f be a function from the space L (Ry). Then the linear hull of the

set {f(-®y):y € Ry} is dense in the space L (R4), iff ir[%)f | ‘f(x)‘ >0 for all a > 0.
x€|(0,a

Theorem 5.3. Let f € L? (R4).Then the linear hull of the set {f (-©y):y € Ry} is
dense in the space L (R.), iff f (x) # 0 for almost all x € R .

These results are dyadic analogues of the results of N. Wiener mentioned above.

The results of N. Wiener were generalized on the spaces L (G) and L? (G), where G is
locally compact abelian group.

We consider the group R, with the topology generated by the base of the neighborhoods
[0,27"),,c» of the zero. This group is not locally compact.

Therefore, our results formulated above are not follow from the generalizations men-
tioned above.

As a corollary from Theorems 5.2 and 5.4 one can obtain

Theorem 5.4. Let be given a function f € L[0,1) or f € L?[0,1). Then the linear hull
of the set {f (-®y):y €[0,1)} is dense in the space L[0,1) (respectively in the space
L? [0,1)), iff

1
Fo= [ f@)w,@ds £0
0
for alln € Z, where {w, ()}, is orthonormal Walsh system.

Theorems 5.1 - 5.4 were published in our paper [22]. Similar results on dyadic field were
obtained in [23].

6. Dyadic Hardy and Hardy-Littlewood operators on the spaces H; (R4)
and BMO,4 (Ry)

+oo
H) @) = [ I g (6.1)

- t
BN@=; [ fea. (62

are called Hardy and Hardy-Littlewood operators respectively.
For these operators the inequalities of Hardy

W (Dl poiryy < PI i,y <P < o), (6.3)

p
1B Lrryy < -1 1Al 2o,y (1 <p<o00) (6.4)
are well known (see Theorems 327 and 328 in the book [28]).

The operators
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It has been proved by E. Landau that the constants p and p/ (p — 1) in right-hand
side of these inequalities are the best possible.

The inequality (6.4) is invertible for positive decreasing functions. Indeed, for such
functions the reverse inequality

1/p
1B Dl = (527) " Wl (1 <p <) (6:5)

holds and the constant in right-hand side of this inequality is the best possible (see [33]
- [34]).

We define dyadic analogues of the operators (6.1) and (6.2) as follows.

For x € Ry = [0,400) let us denote by n = n(x) the integer, which satisfies the
inequalities 2" < x < 271, After that for a function f € L? (R, ) we set

2m+l

Z 2 m / (6.6)

m=n+1

and
By = 2_”/ ft (6.7)

for 1 < p < oco. We call the operators (6.6) and (6.7) dyadic Hardy and Hardy-Littlewood
operator respectively. It is obvious that

[Ha (f) (x)] < 2H (|f]) () ,|Ba (f) ()] < 2B (|f]) (x) 2 € Ry.
Therefore from (6.3) and (6.4) we obtain

Theorem 6.1. If f € LP (R,), then
[Ha () zor,y S 201 fllpor,) (1< p<o00),

2p

HBd(f)||sz(R+)< ”fHLp (Ry) (1<p<oo)

Problem. What are the least constants in right-hand side of these inequalities?

For positive decreasing functions it is not difficult to show that

1
Ba(f)(z) 2 5B (f) (z) 2 > 0.
Therefore, by the inequality (6.5) for positive decreasing functions we have

1 D 1/17
1Bs Dl = 3 (527)  Wligey (4 << ).

Problem. What is the greatest constant in right-hand side of this inequality?

Dyadic Hardy space Hy (R4) was defined in Section 4. Now let us define the space
BMOg (R4) of functions of dyadic bounded mean oscillaton on R .
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Definition 6.2. A function f € Li,. (Ry) belongs to the space BM Oy (Ry.), if
1
11 = suprrr [ 1f (@) = 5l da < +oc,
where fr = |1\ fI t)dt and A denotes the set of all dyadic intervals on Ry.

Finally we define dyadic space VMO, (R4) of functions of dyadic vanishing mean
oscillation on R .

Definition 6.3. A function f € L. (Ry) belongs to the space VMO, (Ry), if two
conditions are satisfied:

lim sup K (f, lim supK (f,I)=0
6—)+00<|I‘<6 ( ) €~>+OO|I‘ZE ( )
where I € A and K (f,I) :1nf|1|f1|f — c|dz.

Theorem 6.4. The operator Hy is bounded in the space Hq(Ry) and its norm does
not exceed 2.

Theorem 6.5. The operator By is bounded in the space BM Oy (R4.) and its norm does
not exceed 8.

The proof of these two theorems see, for example, in our book [26].
The last two theorems are dyadic analogues of the known results for the operators (6.1)
and (6.2). The boundedness of the operators (6.1) and (6.2) on ordinary Hardy space
H (R) and on ordinary space BMO (R) respectively has been proved by D. V. Giang
and F. Moricz in [12].
Another proof of these results was given after that in our paper [16].

Theorem 6.6. The operator (6.7) is bounded in the space VM Ogq (Ry) and its operator
norm does not exceed 8.

The theorems 6.2-6.4 where published in our paper [19]. The analogues of Theorems
6.4 and 6.6 for local Hardy and BMO spaces where proved in the paper [49].

Theorem 6.7. The operator Hqg : Hq (Ry) — Hg(R4) is bounded and its operator
norm does not exceed 2.

Problem. To find the norms of the operators in the Theorems 6.4-6.77
Let us note that in more general setting Theorem 6.7 was proved by S.S. Volosivets [49].

Theorem 6.8. The space Hq (Ry) does not invariant relative to the operator By.

We denote by BMOY (R..) the subspace of those functions f € BM Oy (R, ) for which
the equality |, r. S (z) dz = 0 is valid. Then the following theorem is true.

Theorem 6.9. The operator Hy : BMOY (R;) — BMOgy (R4) does not bounded.
For Hardy and Hardy-Littlewood operators (6.1) and (6.2) the following equalities
H(f), =B (f.) 0 <p<2), BU),=H(f.)1<p<2). (6.8)

are known. Here f. denotes cosine- Fourier transform of the functionf.
The similar equalities for sine-Fourier transform are also valid.
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For p = 2 these equalities have been proved by E.C. Titchmarsh [47] and for other values
of p € (1,2] by the author [15].
The equalities (6.8) without improving the conditions on the function were written also
by R. Bellman in [1]. But Bellman does not refered to the book by E.C. Titchmarsh
mentioned above.

The dyadic analogues of the equalities (6.8) are contained in the following theorem.

Theorem 6.10. If f € LP (R,), then the following equalities hold
Ha(f) = Ba (F) 1< p<2), Baf) = Ha (F) (1 <p < 2). (6.9)
Here f denotes the Walsh-Fourier transform of the function f.

The last theorem was published in our paper [18]. The analogue of this theorem for
distributions was proved in the paper [49].

The other dyadic versions of operators Hy and By, were introduced by the author in
the paper [17].

Let us set

g )@= [ 1w (Z82) @a, (6.10)
and

@ = [ 10 (ZE2) way (6.11)
where

D(I,t):/o 7,/1(x,y)dy

We note that Walsh-Fourier transform in (6.10) and (6.11) is taken with respect to the
argument ¢.

If we substitute
sin xy

y
D, (z,y) = / cos ztdt =
0

instead of D (z,y) and cosine Fourier transform instead of Walsh-Fourier transform in
(6.10) and (6.11), then we obtain Hardy operator H (f) and Hardy-Littlewood operator
B (f) respectively.

Theorem 6.11. If f € LP (R.),1 < p < 2, then

Hy(f) = (B(f), Bu(f) = (Hu(f))- (6.12)

We note at last that dyadic analogues of Hardy and Hardy-Littlewood operators

defined on the interval [0, 1) were considered by T. Eisner [8]. In [8] analogues of Hardy
and Bellman transforms for trigonometric series are studied.
T. Eisner and F. Schipp [9] introduced a dyadic analogue of the Hardy operator H on
R as follows. They denote this operator by C' and call it the Cesaro operator. The
operator C is introduced by showing that for every function f € L (R4) there exists a
unique function C'f = g € L (R,) such that

T
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where f denotes Walsh- Fourier transform of the function f.

The operator C' may be extended uniquely on L? (Ry),1 < p < 4o0. It is proved that
the linear operator C' is bounded in LP (R;) for 1 < p < oo and it is unbounded for
p = 0.

The integral representation for the operator C' is also obtained by T. Eisner and F.
Schipp [9].

Let us note that F. Weisz [51] studied dyadic differentiation of functions from martingale
Hardy spaces.

7. Some problems
The following theorem by A. Beurling [3] is known.
Theorem A. Let f € L(R) and

] £ @7 @ explopizy < -+
",

where f is Fourier transform of the function f, i.e.

1 [t
fla) == / ) e (—iay) dy.
Then f= 0.

Corollary. If for a function f € L(R) its Fourier transform f(:v) equals to zero in
some neighborhoods of 0 and oo, then f= 0.

Problem 1. To prove a dyadic analogue of Theorem A or Corollary.

The following theorem is known.

Theorem B. For every set E C [0,2n] having Lebesque measure equal to zero there
exists a continuous 2m-periodic function whose trigonometric Fourier series diverges on
the set E.

V. M. Bugadze [5] proved the following theorem.

Theorem C. For every set E C [0, 1] having Lebesgue measure equal to zero there exists
a bounded measurable function, whose Fourier series with respect to Walsh-Paley system
diverges on the set E.

K. R. Bitsadze [4] generalized this theorem on Fourier series with respect to multi-
plicative systems with bounded generating sequences.

Problem 2. Is the assertion of the Theorem C' for W —continuous function valid or
not?

Let flU(2) >0 (or fIU(2) > 0) at each point z € E, where E = [0,1) or E = [0, +00)
and fIY () is the Butzer-Wagner dyadic derivative of the function f.
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Problem 3. What properties has the function f satisfying the conditions mentioned
above on the set E?

Let the function f is nondecreasing (or strong increasing) on the set E, where E' = [0, 1)
or E = [0, +00). Assume that there exists dyadic derivative fIl (z) at each point x € E.
Problem 4. What properties has this derivative fU (z) on the set E?

It is well known that if f” (z) > 0 (or f” (x) > 0) for each point = € (a,b), then the
function f is convex (or strong convex) on the interval (a,b).

Problem 5. Let f1 (z) >0 (orfl? () > 0) at each point x € E, where E = [0,1) or
E = [0,+00), where f1? () is the Butzer-Wagner dyadic derivative of second order of
the function f. What properties has the function f on the set E?

Problem 6. Let the function f be convex on the set E, where E = [0,1) or E =
[0, +00). Assume that there exists dyadic derivative fP (z) at each point © € E. What
properties has this derivative f1?! (x) on the set E?

It is known that each function f of bounded variation on the segment [a, b] is differen-
tiable almost everywhere on [a, b].

Problem 7. Let f € V[0,1], i.e. the function f has bounded variation on the interval
[0,1]. Is it true that dyadic derivative f0(z) exists almost everywhere on [0,1]?

Let us define the notion of the function of bounded fluctuation of order p € [1,00) on
[0,1). To this goal we introduce the notations

osc(f,[a,b)) = sup |f(z)—f(y)|, [j@):{jﬂ j>

x,y€|a,b) 2n ' 2m
and set
gn 1/p
ky (f,n) = Z (osc (f,I](")))p . kp(f,0) =o0sc(f,[0,1)), 1<p<oo.
j=1
If
F,(f)= sup k,(f,n) < oo,

nezy

where Z, = {0,1,...}, then the function f to be said of bounded dyadic fluctuation of
order p on [0, 1). This notion was introduced by C. W. Onneweer and D. Waterman [35].

Problem 8. Let be given a function f of bounded dyadic fluctuation of order 1 on [0,1).
Dues there exist the Butzer-Wagner derivative f1) () almost everywhere on [0,1)?

The problems 4-8 were published by us in the book [46], p. 326.
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