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Abstract. We consider matrix-valued wave packet systems in the matrix-valued
function space L2(R%,C**") (d,s,~ > 1). Some results on matrix-valued wave
packet Bessel sequences have been extensively discussed in view to generate frames
from Bessel sequences in L?(R?,C3*7). Necessary conditions for matrix-valued
Bessel sequences in terms of an estimate of a series related to the Fourier transform
of the matrix-valued wave packet function are given. The frame property of a
matrix-valued symmetric wave packet function in higher dimensions is discussed.

1. Introduction

Antolin and Zalik in [l], introduced and studied matrix-valued wavelets for the
matrix-valued function space LZ(Rd,Cnxn). The matrix-valued function space

L? (Rd, Cnxn) is related to video imaging. Xia and Suter [29] classified and constructed
vector-valued (matrix-valued) wavelets with sampling property. They showed that
certain linear combinations of known scalar-valued wavelets may yield multiwavelets.
Inspired by the work in [1], Jyoti, Deepshikha, Vashisht and Verma [18] studied matrix-

valued wave packet frames in L? (Rd, (CSXT), where S and 7 are positive integers. They
discussed an interplay between wave packet frames in the Lebesgue space L? (Rd) and

matrix-valued wave packet frames for the function space L> (Rd, CSXT). The first
purpose of this paper is to show some relation between the series related to the Fourier
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transform of the matrix-valued wave packet function and Bessel bound. The second
purpose is to discuss extension problem of frame theory in the context of extension
of matrix-valued Bessel sequences to dual frames for L? (Rd, (CSXT). By using the
technique of Christensen, Kim and Kim, the extension problem of matrix-valued Bessel
sequences in L? (Rd, C**") to frames for L* (Rd, C**") is discussed. Finally, we show
that, as in the case of standard wave packet frames [28, Theorem 1], the frame
properties of matrix-valued symmetric wave packet frames associated with a given
matrix-valued wave packet frame for the underlying function space are preserved.

1.1. Relation to existing work. Duffin and Schaeffer [13] introduced the
concept of a frame for separable Hilbert spaces, while addressing some difficult problems
from the theory of non-harmonic Fourier series. Let H be a separable Hilbert space
with inner product <., .>; and norm induced by the inner product <., > is given by

Ifl = /F f), f € H. A family {fx}32; C H is called a frame for H, if there

exist positive scalars A, < B, < 00 such that for all f € H,

AJIFIP <Y £ < Bl £ (1.1)
k=1

The scalars A, and B, are called lower frame bound and upper frame bound,
respectively. If it is possible to choose A, = B,, then we say that { fk}zozl is
a A,-Parseval frame (or A,-tight frame). 1If only upper inequality in (1.1)
holds, then we say that {fx}7°, is a Bessel sequence with Bessel bound B,.
If {fx}22, is a frame for H, then S : H — H given by Sf = > oo ([, fe) [
is a bounded, linear and invertible operator on H, and is called the frame operator.
This gives the reconstruction formula of each vector f € H, f = SS~1f =
Z;O:MS 71f, fk>fk Thus, each vector has an explicit series expansion which need
not be unique. For application of frames and related concepts we refer to book of
Casazza and Kutyniok [2], Christensen [5] and Han [16]. Very recent work on discrete
frames of translates and discrete wavelet frames, and their duals in finite dimensional
spaces can be found in [10, 11]. The theory of iterated function systems, quantum
mechanics and wavelets is emerging in important applications in frame theory, see
(1, 12, 14, 15, 16, 21, 22, 26, 30, 31, 32] and many references therein.

Cordoba and Fefferman [7] introduced the concept of wave packet system by applying
certain collection of dilations, modulations and translations to the Gaussian function in
the study of some classes of singular integral operators. In mathematical physics, a wave
packet is a function ¥ defined on a domain §2 E R¢ which is “well localized in phase

space”. That is, ¥ and its Fourier transform W are both concentrated in reasonably
small sets. The wave packets over the real line are generated from classical dilations,
translations, and modulations of a given window (or scaling) function. Labate, Weiss,
and Wilson [23] adopted the same expression to describe, more generally, any collection
of functions which are obtained by applying the same operations to a finite family of
functions in LZ(Rd). Gabor systems, wavelet systems and the Fourier transform of
wavelet systems are special cases of wave packet systems. Lacey and Thiele [24, 25]
gave applications of wave packet systems in boundedness of the Hilbert transforms. The
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wave packet systems and related frame properties have been studied by several authors,
see [3, 8,9, 18, 19, 20] and references therein.

This work has its motivation in the study of matrix-valued wavelets [1] by Antolin
and Zalik in the function space L2(RY, C™*™). We recall that the standard norm of
the function space L? (Rd, C”X") is not induced by the vector-valued inner product,
see (2.1). Further, in Hilbert frame inequality (1.1), the norm of H is induced by the
inner product on H. This makes study for matrix-valued frames in L? (Rd, (CSXT) an
interesting investigation. Jyoti and Vashisht [18] introduced matrix-valued wave packet
frames in L2 (Rd, C**"). Tt is showed in [18] that the frame properties, in general,
cannot be carried from L%(R%) to the matrix-valued function space L%(RY, C**")
and vice-versa. The WH-packets and sums of matrix-valued wave packet frames
in L2(Rd,CSXT) are studied in [19, 20]. In the present work, we study matrix-
valued Bessel sequences and symmetric frames in L? (Rd, (CSXT). Different necessary
and sufficient conditions for matrix-valued wave packet Bessel sequences are given.
Some sufficient conditions on a pair of window functions in the matrix-valued function
space L? (Rd, (CSXT) for matrix-valued wave packet Bessel sequences to be frames for

L*(R4,C5*7) are given.

1.2. Overview and main results. We organize the paper as follows. Section 2
recalls basic notations and definitions to make the paper self-contained. The main results
are given in Section 3. A necessary condition in Theorem 3.1 for matrix-valued Bessel
sequences in L? (Rd, (CSXT) in terms of the estimate of a series related to the Fourier
transform of the matrix-valued wave packet function initiates Section 3. Theorem 3.2
gives estimate of the matrix-valued and corresponding wave packet functions in terms of
Bessel bounds, and Theorem 3.4 extends sufficient condition for wave packet systems in
L? (Rd) in terms of an estimate of a series associated with a given wave packet system
to matrix-valued Bessel sequences in L? (Rd, (CSXT). An application for Theorem 3.4
can be looked in Example 3.5. By now we are ready to derive sufficient conditions to
discuss extension of Bessel sequences to frames or dual frames for the underlying space.
The results proving sufficient conditions to study the extension of a pair of WHMV
wave packet Bessel sequences to dual WHMYV wave packet frames for L? (Rd, CSXT)
are given in Theorem 3.6 and Theorem 3.8. Section 4 gives credit to frame properties
of matrix-valued symmetric wave packet frames associated with a given matrix-valued
wave packet frame for the underlying function space. Theorem 4.2 shows that as in the
case of standard wave packet frames, frame properties can be extended to matrix-valued
wave packet frames in higher dimensions. The proof of this result also uses Lemma 4.1
which gives a property of the Frobenius norm on the matrix-valued function space.

2. Preliminaries

As is standard, Z, N, R and C denote the set of all integers, positive integers, real
numbers and complex numbers, respectively. Symbol O denotes the zero-matrix of finite
order, and for s € N, O,y and I, denote the zero matrix and the identity matrix
of order S-by-S, respectively. Matrix-valued functions are denoted by bold letters. Let
s, € N be arbitrary, but fixed. We consider the matrix-valued function space
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L*(RY,C**7) = {f(g) D fi(6) € LPRY), EeRY 1<i<s, 1<5< r},

where

f1(§)  f2(§) o [1r(€)
fsl(i) fsQ(g) fsr(g)

The Frobenius norm on L? (Rd (CSXT) is given by

I = (Y / ) Pae)

1<i<s
1<i<r

The function space L? (Rd, Csxr) is a Banach space with respect to the Frobenius
norm.
The integration of a matrix-valued function f € L?(IR%, C*") is given by

Joa F(©) fua () oo o Fr(©)
[ 0 o £21(6) ijm() o T £
. Joa £a(©) fua Fl©) o fou Fur(©)

For any matrix-valued functions f, g € L? (Rd, CSXT), we write

) = [ 1) 2.1)

where * denotes the transpose and the complex conjugate. Note that <O, O> is matrix-
valued and therefore it is not an inner product. It has the following properties.

(i) For every f,g € L?(R%,C3*7),
(f,g) = (g, 0)".
(ii) Forevery f, g . h € L? (Rd, C**") and every My, My € M(C), where M(C)

denotes the complex vector space of all § X S complex matrices
(Mif + Mog, h) = M (f, h) + M(g, h).

It is also readily seen that

dfll

|f]|? = trace(f, f).

Two functions f, g € L? (Rd, C#*7") are said to be orthogonal if {f, g) = Oy, Let

V, W be two closed subspaces of L? (Rd, (CSXT) such that W C V| then the orthogonal
complement of W in V is the closed subspace defined by

L =(heV:(hf =0, foral fc W}
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A sequence {f} }ren in L? (Rd, C**7") is said to be orthonormal, if
Is D) k= l7
<fk;fl> = {Osz k1. (2'2)

Moreover, a sequence {fy}ren C L? (Rd, C**") is an orthonormal basis for
L*(RY, C*7) if it satisfies (2.2) and every f € L2(R?, C**") can be written as

= (f fi)fi
keN

The Fourier transform of a matrix-valued function f € L1 (Rd, C>")N L2 (Rd, Csxm),
denoted by £, is defined by

f(v) = / f(z)e ™" dx, v € RY
R4

By GLd(R) we denote the set of all invertible d-by-d matrices over R. Let
a,b € R% and let C be a real d-by-d matrix. We consider operators Ty, Epy, D¢ :
L2(Rd, Co*) — L2(Rd, C**") given by

T.f(&) = f(§ —a) (Translation by a);
Df(€) = |detC|2£(C€)  (Dilation by O);
Ef(€) = ¥ C£(¢),  (Modulation by b),

where b - £ is the standard inner product of b and £ in the Euclidean space R,
We consider the space £2 (Zd+2, MS((C)) given by

((Z42, M,(C)) = {{Mk}kezd+2 CM(C): Y IMP < oo}.
kezd+2

The space EQ(Zd+2, MS((C)) is a Hilbert space with related norm given by

[{ M} rezas2|| =< Z HJ\/[kl\Q)é

kezd+2
Let U € L?(R? C**") be given by

Yi(€) vi(§) ... Yie(§)
U(E) = V(&) Paa(§) oo P2(§) _ (2.3)

¢sl(£) ¢32(§) %«(5)
Functions ©;,, 1 <i <s, 1 <n <7, are called atoms of V. Let A1, Ay C R and

A? C R? be countable sets. Let {Aj}jeAl be a sequence in GLy(R), B € GL4(R)
and {Om}me/\2 CR% A system of the form

W) = {Da, TrEc,, Y} jen, mes kend
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is called a Weyl-Heisenberg matriz-valued wave packet system  in
Lz(Rd, C**"). Throughout the paper, we consider A; = Ay = Z and A = 74
For the sake of simplicity, we denote (AT)_l by At

Definition 2.1. [18] A family W(V) = {Da,TsrEc,, V}jmezkezs C
L*(R4,C**") is called a Weyl-Heisenberg matriz-valued wave packet frame
(WHMYV wave packet frame, in short) for L?(R? C*7), if there exist
positive scalars Ly < Uy < oo such that

2
LolfiP< > |(DaToebe, w.0)|| <vellf  (249)

4,mEZ,kCZ4
holds for every f € L*(R?, C**").

The scalars Ly and Uy are called lower wave packet frame bound and upper
wave packet frame bound, respectively. In this case we say that W is a matrix-valued
wave packet function. If upper inequality in (2.4) is satisfied, then we say that W(\I/)
isa WHMYV wave packet Bessel sequence with wave packet Bessel bound Uy.
Fors =r =1 W(V) = {DAjTBkECm\I]}j,’H’LGZ,kEZd is the ordinary wave packet
frame for L2(RY).

The operator Ty : 2 (Zd‘+2, M,(C)) — L? (Rd, C#*") defined by

Ty : {M; km}jmezkezs — Z M; gmDa;TarEc,, V
j,meZ,keZd
is called the pre-frame operator (or synthesis operator). The analysis operator
Oy : LZ(Rd, C*m) — KZ(ZCHQ, M (C)) is given by
Oy : f s {(f, DAjTBkECm\IJ)} .
j,mEZ,kEZ4

The composition Sy = TyOy : L2(RY, C*") — L2(R?, C**") is called the
frame operator associated with W(W), and is given by

Sy:f Y (£.DaTpEc, V)Da TpiEe, ¥, f € L*(RY,C).

4,mEZ,kcZ4

Sy is a well-defined bounded linear operator.
Inequalities in (2.4) can be written as

Agtrace(f, f) < trace(Syf, f) < Bytrace(f, f), for all f € L*(R? C**").
This gives
By — A\p

0 < trace((I — By 'S¢)f, f) < trace<<
v

)f, f>, fe L3(RY,C).
(2.5)

The frame operator Sy associated with the WHMYV wave packet frame W(\If) is an
invertible operator on L2(RY, C*7).
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We end the section by recording different necessary and sufficient conditions for Bessel
sequences in L? (]Rd) which can be found in [3].

Proposition 2.2. (3] Let {Da,TsrEc, Y} jmezrezs be a Bessel sequence
in L?(R%) with bound U. Then,

Z W((AjT)_lv — Cp)? < UldetB| a.e.

JmeL

Proof. Immediate consequence of an intermediate step (equation (6)) in
the proof of [3, Corollary 3.3] and [3, Proposition 3.4]. O

Proposition 2.3. [3] Let {Da,TprEc, ¥} jmezpezs be a wave packet
system in L*(RY) such that

1
|det B

sup Yo ATy = Ca)d((47) Ty = G — (BT) )| < oo

TERT 5 meZ kezd

Then {D s, TrEc,, '} jmezrezs 15 a Bessel sequence in L*(RY) with bound
U.

3. Matrix-valued Wave Packet Bessel sequences

We start with a necessary condition for matrix-valued Bessel sequences
in L?(R4,C**") in terms of the estimate of a series related to the Fourier
transform of the matrix-valued wave packet function.

Theorem 3.1. Let {Da,TprEc,,V}jmezkeze be a Bessel sequence in
L3R4, C**") with bound Uy where

¢11 77012 ¢1r
S
%1 %2 wsr

Then,

Z 10 ((A; 7)Yy = O < srUg|detB| ae.

JmeL

Proof. Let i,n (1 <i<s1<n<r)and f € L*(R%) be arbitrary, but
fixed.
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(0] 0] 0]
Q) Q)
Choose h(e) = f\(:/) € L*(R4,C**7).
inth  place
@) @) @)
Then
2 2
> ‘<DAjTBkECm¢m, f>‘ < Y H<DAJTBkECm‘I’7h>H
JmEZL,kEZ J,mEZL,keZ4
< Uy ||
= Uyl fI*.

This implies that for each i,n (1 < i < 5,1 < n < r), the family
{D A, TprEc,, Vin}jmez keza is a Bessel sequence for L*(R4) with wave packet
Bessel bound Uy. By Proposition 2.2, we have

> Winl(A") 'y = Co) P < UgldetBl ae. (1<i<s,1<n<r).

JMEZL
Therefore
> Ay =Gl
7 mEZL
= > D (A" Ty = )P
1<i<s j,meZ
1<n<r
< srUyg|detB| a.e.
This concludes the proof. U

The next result gives estimate of the matrix-valued and corresponding
wave packet functions in terms of Bessel bounds. In quantum physics,
this type of estimate is known as the “majorization of energy of window
functions”. The reason is that the square of the norm of a signal is called
its energy, and here it is dominated by Bessel bounds.

Theorem 3.2. Let {Da,TpiEc,, V}jmezkezs be a Bessel sequence in
L?*(R4,C**") with Bessel bound Uy . Then,

(@) Y] < sUy .
(i1) [[Yinl* < Uy, for every 1 <i<s,1<n <.

Proof. (i): Since

2
S ))<DAjTBkECqu,f>H < Ug||f|]? for all f € L2(RY, C**7),

j,mEZL,kEZ
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for any (but fixed) j,, m, € Z, k, € Z¢, we have

2
|(Da,, Tor, e, ¥, Da,, Tor, Be,,, 0)|| < Usl|Da,, Tir, Ec

mo

U2 (3.1)
We compute
[9[|* = | Da,, Tor, Bc,,,, ¥|I*
= |trace(Da,, Tk, Ec,,, ¥, Da, Tpr, Ec,,, V)|
<D A, Toi, Ec, W, D, Ty B, \1/> H2
< sUsl|Da, Tor, B, I (by (3.1))
= sUy|| W2

<s

This proves (i).

(#7): From the first step of the proof of Theorem 3.1, for each 1 < i <
5,1 <n <, the family {Da,TgrEc,, Vin}jmezreza is a Bessel sequence in
L*(R?) with bound Uy . That is, for each f € L*(R?), we have

2
S (o TsEo,n )| <UlfIP (1<i<s1<n <),

4,mEZ,kEZS

Therefore, for fixed j',m’' € Z, k' € Z%, we have
2
’<DAj,TBk’ECm/ Vins D, Tiy Ecm,¢in> < Uy||Da, TprEc,, Yin 1%,

which implies

[9in]> < Uy <1§i§8,1§n§r).

Hence, (ii) is proved.
U

A matrix-valued wave packet system in L?(R? C**") may not be a Bessel
sequence. This is justified in the following example.

Example 3.3. Let ¢v € L*(R) be given by ¢ = xpi. Then
{EnTi}mrez and hence {TpE,,¢}mrez is an orthonormal basis for
L*(R), see [5, p. 96]. Let ¥ € L*R,C**') be given by

[\ — [g] We will show that {DQkaEm\Ij}j,m,keZ is not a

Bessel sequence for L*(R,C?*'). Let if possible, {DyiTxEnV};mrez
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be a Bessel sequence with bound Uy. Then, for any fixed
f, = U € L*(R,C*), we compute
J2
2
Z H<D2JTkEm\Ij7fo>’
7,m,kEZ
= Z U<TkEmwaD2*jf11>‘2+ |<TkEmw7D2*jf21>}2]
jm,kEZ
= > 12 full + 1D fn?]
jeL
= > [l + ]
jeL
= It
jez
>U‘If||f0||27

which is a contradiction.

Christensen and Rahimi gave a sufficient condition for wave packet
systems in L?(R%) in terms of an estimate of a series associated with a
given wave packet system, see Proposition 2.3. In the following result, we
observed that the Bessel property is preserved in higher dimensions. This

extends Proposition 2.3 to matrix-valued Bessel sequences in the function
space L?(R?, C5*).

Theorem 3.4. Let {Da,TprEc,,V}jmezpeze be a WHMV wave packet
system in L*(RY, C**") such that

1
—X

Uy =
YT detB|

ax
1<i<s
1<n<r

sup > (A7) = Gt (A7) My = Co = (BT) ') < o0

d
VERS S ez kezd

Then, {Da,TrEc,,V};mezkezs 15 a WHMV wave packet Bessel sequence
with Bessel bound B, = rsUy.
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Proof. For any f € L?(R%,C**"), we compute

S [(a T, w8

j,m€EZ,keZa

- Z [l Z /Rd DAjTBkEcm@/)mE’Q 4.

4,mEZ,kcZ4 n=1

+ ’ Z/ DAjTBkECm¢SnE’2
n=1 R4
! ‘ ; \/Rd DAjTBkEcmq/JlnEP Tt ‘ ; \/]Rd Z)AjT’Bk:l?mesnE‘2 “+ .-

+ | ;/Rd DAjTBkEmelnE‘Q ot | ;/Rd DAjTBkEmeSnE|2:|
< Z T[Z‘/Rd DAjTBkECnL¢1nE‘2+"'

a jmezkezd  n=1
+; | /Rd D, TprEc, banfin|”
Bt ol S [ Dt vl
n ; | /R Doa, TorEo, bunfon| + - + ; | /R Do TowBlbn Tl |

= Z ’l"zz |:| /d DAjTBkECm¢inE‘2 + ‘ /d DAjTBkEmeinEP
R R

jymeZ  j=1 n=1
kezd

4+ .4 } /d DAjTBkEC’mwinEP]
R

- Z riii ‘ /Rd Da,TepEc,, Yinfin

JymEL i=1 n=1 i=1
kezd

253539 DY MIACIS
i=1 n=1 i=1

1 ) )
et B| > 1A Y = C)bin (A7) ™y = Co = (BT)R)|dy

JymeZL,keZ?

2
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1
< TS( max ——— X
1<i<s

det B|

Sup Z |7vZ}in((AjT)_1'7 - Om)lzin((AjT)_lfY —Chn — (BT)_lk)D ||f||2
VER? ; ez kezd

Hence {Da,TpiEc,, V}jmezpeze is a WHMV wave packet Bessel sequence
with the required Bessel bound. O

The following example illustrates Theorem 3.4.

Example 3.5. Consider the wave packet system { Dy; T}, Eq,, 1} j kezmez)\ {0},
where ¢ € L2(R) is a Shannon-type scaling function defined by ¢ = X114

and d,,, = sgn(m) (2"”‘ - %) for m € Z\ {0}. Then
sup > [R7y = dn)b(27y —d — k)| =1,

VER ; keZ,mez\{0}
see [6] for the details. Let ¥ € L*(R,C**?) be defined as

Y- [iz Z;z] ,where Y11 = Y12 = Va1 = Y = 9.

Then,
max sup Z Win (277 — du)Win (2777 — dp — k)| = 1.

1<i<2
12022 TR pez men {0}

Hence, by Theorem 3.4, the system { DTy Ey,, Y} kezmez\foy is a WHMV
wave packet Bessel sequence in L?(R, C**?) with Bessel bound B, = 4.

To discuss a problem in frame theory related to extension of Bessel
sequences to frames or dual frames for Hilbert spaces, Christensen et al. [4]
studied extension of Bessel sequences to frames. Deepshikha and Vashisht
studied extension problem for standard wave packet frames and Hilbert
frames in [8, 9]. The frame property, in general, cannot be carried from
L*(RY) to L*(R9, C**7), see [18], it would be interesting to extend WHMV
wave packet Bessel systems to frames in higher dimensions. The next
result provides sufficient conditions for the extension of a pair of WHMV
wave packet Bessel sequences to dual WHMV wave packet frames for
L?(R4,C**"). This is an extension of [4, Lemma 4.1] to wave packet frames
in higher dimensions.

Theorem 3.6. Let {D 4 TprEcm Y1} iezpmezts {DasToxEomYi}jezpmezs
be WHMYV wave packet Bessel sequences in L?(R, C**") with pre-frame
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operators Ty, and TG and analysis operators Oy, and @;171, respectively.
Let T be the identity operator on L*(R? C**"). Assume there exists
® € L?(R?,C*") such that
(1) {DaiTBrELem®}jczkmeze is o WHMV wave packet frame for
L*(R4,C**7) with a dual
{D4iTsrEcm®} jez kmezd-
(ZZ) T\Iq@@'lTBkECmCD = TBkECmT\Iq@\ifch)’ k:,m e 7%

Let Uy, Uy € LX(R?, C7) be such that Uy = (I — Ty, 05 )® and Uy = .
Then, the families { D 4 TprEcm¥1}jezkmezd U {DaiTerEomYatjez kmezd

and

{DaiTprEomV1}jer pmezd U {Dai T EomYa}jez kmezd form dual WHMV

wave packet frames for L?(RY, C*7).

Proof. For all f € L*(R%, C**"), we have

T 0u,f =Ty ({{f. DasTor EcmWV1)} jez,imeza)
= > (f. D T B 1) D 4 TorEcm V1.

jEZ,k,meZ

Since {DiTerEcm®} ez kmeze and {Dy; TBkECmE)}jEZ,k:,mEZd form a
pair of dual frames for L?(R¢, C**"), we have, for each f € L*(R? C**")

(I-T30u)f= > (I —T50u)f DaTpiEcm®) Dy T Ecy®
J€Z,k,meZa

= Y (£.(I —T4,05)DuTerEcn®) DasTpr Ecm®.
JEZ,k,meZ

(3.2)

It is easy to see that D,; commutes with Ty, ©g;. By using condition (ii),
we have

(I = Ty,05)Dai T Ecu® = D i (I — Ty, 05 ) TpiEcn®
= D i T Bem(I — Ty, O5)®. (3.3)

For any f € L*(R? C**"), we have

(I-T50u)f=f— > (fDaTpEcn¥:)DaTpiEcn¥:. (3.4)

J€Z,k,meZa
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By using (3.2), (3.3), (3.4), and ¥y = (I — Ty, Og;)®, U, = &, for all
f € L*(RY,C**"), we have

f= > (£ DuTouEom¥1)DaTarEem ¥+
JE€Z,k,meZa
> {f DaTorEcmVs) D Tor Ecn Vs,
JELk,mELI

Hence the system { D 4i TprEcmV1}iezrmezd U {DaiTpeEomYa}jez kmezd
and

{DaiTrEomV¥itjezpmeze UA{DaiTBrEcm Y2} jez kmezs form dual WHMV
wave packet frames for L?(R? C**7). 4

Conditions given in Theorem 3.6 are sufficient but not necessary. This
is justified in the following example.

Example 3.7. Let ¢ € L2(R) be such that ¢(¢) = xp(),& € R.
Let Z. = {j € Z: j > 0} and § = {(3,0),) € Zy} U{(j,3).j €
7.} UJ{(0,—-1),(0,—2)}. Then, the wave packet system { Do T E 0,k €
Z,(j,m) € S} is an orthonormal basis for L*(R), see [17, p. 144].
Consider
0
U, = [‘g w] € L2(R, C¥2).

Then, {DyT,E,,V1,k € Z,(j,m) € S} is an orthonormal system and for
any f € L*(R,C**?), we have

f= Y (£ DyTiE,V1)DyTiEy s
k€Z,(j,m)eS

That is, {DoiTpEn V1, k € Z,(j,m) € S} is an orthonormal basis for
L*(R,C?*?). In particular, we have a pair of WHMV wave packet
Bessel sequences { Dy Ty E,, V1, k € Z,(j,m) € S} and {ngTkEm\TJhk €
Z,(j,m) € S} = {DyTyEnVi,k € Z,(j,m) € S} in L2(R,C?*?) with
pre-frame operators Ty, and Ty (say), respectively. Further, for any
f € L?(R,C**?), we have

T\I/1@(171 (f) = Ty, ({(f, DijkEm‘fI’vﬁ}keZ,(j,m)eS)
= Z <f, DQkaEm(I]\;>D2kaEm\Dl

keZ,(j,m)eS

=Tt
Thus, T\pl@(ﬂ =1, ie., [ — T\Ifl@(p“l =0.
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Choose Uy = [Qé} 8] ,\TJQ = 0. Then,

{Doyi Ty Er V1 b eez, (5,m)es U { Do T BV} ken, (jmyes

and {DQkaEm\fI\f;}kez,(j,m)es U {DQkaEm\fI\/;}kez,(j’m)eg constitute dual
WHMYV wave packet frames for L?(R, C?*?). But, for any ® € L*(R, C**?),
Uy # (I - Ty, 05 )@ = 0.

The next result gives sufficient conditions for the extension of a pair of
WHMYV wave packet Bessel sequences to WHMV wave packet dual frames
for L?(R%, C**"), where the window function ® belongs to a special class of
functions. First we introduce a notation: for ) C L?(R%, C**"), we write
We(Y) = span{Ec,, @ : ® € Y, m € Z4}.

Theorem 3.8. Let {D 4i TerEcmY1} ez kmezds {DAJ'TBkEC’m\/ITl}jEZ,k,mGZd
be WHMYV wave packet Bessel sequences in L*(RY,C*") with pre-frame

operators Ty, and TG and analysis operators Oy, and @\171’ respectively,

where the matriz A has integer entries and ATC = CAT. Assume there
exists ® € L*(R? C**") such that

(1) {DaiTerEem®}jcnkmeze is a WHMV wave packet frame for
L2(R*,C**7) with a dual {D i TpxEcm®}jez.kmezd,
(ZZ) T\pl('“)‘i;“lTBk(I) = TBlelll@\i]I(I); and

(ZZZ) P e [Wc({DAjTBkECm\Ifl 1y > O, k,m € Zd})]L
Then, there exist Vo, {II\; € L*(R4,C5*") such that the families

{DaiTerEcmY1} ez kmezd U{DAJ' TerEemYatjcz kmend
and
{DAJ'TBkECm:I]\I}jeZ,k,mGZd U {DAJ'TBkECm{I]\;}jGZ,k,meZd
form dual WHMV wave packet frames for L*(RY, C**7).
Proof. Since ® € [We({DuiTprEcm¥y : j > 0,k,m € Z4})]*, we have

(D, Ecoy Das TonEcm V1) = 0 for all j > 0,k,m,m’ € Z°. (3.5)
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By using (3.5), we compute
Ty, 05 Ecomw® = Z (Ecm ®, DAJ'TBkECm:ITl>DAJ'TBkECm\Ijl

JEZ,k;meZl

= Y Q. E_cowDasTrEcm V1) Do TirEcm ¥

JEZ,k,mEZ

= > (D, E_cowDuTrrEcn V1) D TrEom ¥

j<0,k,mezd

= EomB-cow Y, (P, B¢ DaiTorEcm Y1) D a TorEom ¥

j<0,k,mez?

= Eomw Y, (@, E_cmDasTorEcm V1) E-cm D asTorEom ¥
j<0,k,mezd

=Eco Y. (®.DuE_ oo TorEcn Y1) DasE_ e TonEem ¥
§<0,k,meZe

= Eow Y (®,exp (2mi(—A"Cm') - BR) D TorE_ s Eem Vi)
§<0,k,meZe
x exp (2mi(— A Cm') - BR)D o TeeE_ ey Eom¥y

=FEcw Y. (@, DaTeuB_ i Bem¥1) DasTorE_ o, Bon Vi
j<0,k,mezd

= Ecm Z <‘I’aDAJ'TBkEC(m—Ajﬁm/)‘I'1>DAJ'TBkEC(m—AJ‘ﬁm')\I’1
§<0,k,meZe

=Ecw Y (@, DoTorEcn¥1)DaTprEcn ¥
JEZ,k,meZ

= EcwTy, 05 @.

The result now follows from Theorem 3.6. O

4. Matrix-valued Symmetric Wave Packet Frames

Wu and Cao [27] and Wang and Wu [28] studied symmetric wave packet
frames with several generators about origin in higher dimensions (in the
Lebesgue space L?(R?)). For a finite set {g™}M_, C L*(R?), the following
new functions in L?(R?)) were considered in [28]:

m g" (@) + 9" (= m g () —g" (=2
i) = DI g gy = D)
me{l,...,M}.
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It is proved in [28] that if {D%Enggm jeZkleZme{l,2,... ,M}}

is a frame for L?(R?) with frame bounds L,,U,, then the wave packet
system

{DgEZTkg;n UDLETw - j € Zk 0 € 72, me {1,2,. .., M}}

is a symmetric or antisymmetric frame about origin with same frame
bounds. We recall that the frame properties of wave packet system for
L*(R?) cannot be carried to the higher dimension space L?(R% C*") and
vice-versa. This motivated us to study frame property of matrix-valued
symmetric wave packet frames. Theorem 4.2 shows that, as in the case of
standard wave packet frames [28, Theorem 1], frame properties of matrix-
valued symmetric wave packet frames associated with a given matrix-valued
wave packet frame for the underlying function space are preserved. For
completeness we include its proof. First we state a lemma which gives a
property of the Frobenius norm; and will be used in Theorem 4.2.

Lemma 4.1. For M;, M, € M(C), the Frobenius norm satisfies the
following property:

| My + Ms||*> = || My]]? + || Ma]|* + trace(M,* My) + trace(M; My*).

Theorem 4.2. Let {Dy,TprEc,, V};mezkeze be a WHMV wave packet
frame for L2(RY, C**") with frame bounds Ly, Uy. Then,
{DAjTBkECm\Ill}j,mGZ,kEZd U{DAjTBkECm‘IJ2}j,m€Z,kEZd 1s a WHMV wave
packet frame for L2(R? C**") with the frame bounds Ly,Usy, where
Uy, U, € L2(RY,C**") are defined as

W(§) + ¥(=5)

RY.
5 , § €

‘111(5) =

Proof. For any f € L*(R?, C**"), we compute

> (D Tk, v 1)

j,mEZ,kEZ4
v()

- > H<DAJ'TBkECm_7f>+<DAjTB/€ECm\Ij<_.)’f>H2

2 2
i, mEZ,keZ

2
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= 2. H<DA TBkEC >H ]mzez H<DAJ'TBI§ECm\I](_')’f>H2

2
J,meLkeL kezd
—1—. Z trace<<DAjTBkECm#,f> <DA]-TBkECm (2 )7f>)
4,mEZ,kEZ4

+ Y trace<<DAjTBkEcm?,f><DAjTBkECm‘I’(2_'>,f>*>. (4.1)

j,meZ,keZ

Similarly, for any f € L?(R¢,C**"), we have

2
\\(DAjTBkEcm\PQ,f>\)

7,mEZ,keZ4
YU(—- 2
S o DTN TR o [
jmeZ, kezd 7, mEZL,
kezd
— Z trace<<DAjTBkEcm#,f> <DAjTBkECm (2 >,f>>
JmEL,kEL?
— Z tI'aC6<<DA].TBkECm¥,f><DAjTBkECm (2 ),f> > (42)
j,mEZ,kEZ4

From (4.1) and (4.2), we have

2 2
Z ‘<DAJ-TBI€ECm\I/17f>H + Z ‘<DAjTBkECm\IJ27f>H
JmeZ,keZd §,mEZ keZd
=23 [(Patmtie, 0 +2 3 [[(patuere, S50
j,mE€EZ BRECm o ’ PR Cm 2 ’
kezd keZd
1 2
LS a0 +3 (o010
j£Z§5 keZd

1 1
> §L\I'||f||2 + §L\Il||f(_')“2
= Ly||f||?, fe L*(R%,C™").

(4.3)
Similarly

2 2
(R D S R

4,mEZ,kcZ4 j,mEZ,kEZ4

< Ug|if|]?, fe L*(R?,CN). (4.4)
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The proof now follows from (4.3) and (4.4). O
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