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Abstract. Frames in a separable quaternionic Hilbert space were introduced and
studied in [17] to have more applications. In this paper, we extend the study of
frames in quaternionic Hilbert spaces and introduce different types of duals of a
frame in separable quaternionic Hilbert spaces. As an application, we give the
orthogonal projection of £2(£) onto the range of analysis operator of the given
frame, in terms of elements of canonical dual frame and elements of the frame
in quaternionic Hilbert space. Finally, we give an expression for the orthogonal
projection in terms of operators related to the frame and its canonical dual frame
in quaternionic Hilbert space.

1. Introduction

Formally, frames for Hilbert spaces (in particular for L? [a, b]) were introduced way
back in 1952 by Duffin and Schaeffer [1 1] as a tool to study of non-harmonic Fourier
series. They defined the following

“A sequence {Zp }nen in a Hilbert space H is said to be a frame for H if there
exist constants A and B with 0 < A < B < 00 such that

(o]
AHIH2 < Z |<x,xn>’2 < B||.I‘H2, for all x € H.” (1.1)

n=1
Moreover, the positive constants A and B, respectively, are called lower and upper
frame bounds for the frame {Z,},en. The inequality (1.1) is called the frame
inequality for the frame {Z, }nen. A sequence {Z,}nen C H is called a Bessel
sequence if it satisfies upper frame inequality in (1.1). A frame {Z;, },en in H is said

to be

e tight if it is possible to choose A, B satisfying inequality (1.1) with A = B.
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e Parseval if it is possible to choose A, B satisfying inequality (1.1) with

A=B=1.
e cxact if removal of any T, renders the collection {%}z;ﬁn no longer a frame
for H.

Later, frames were further reintroduced, in 1986 by, Daubechies, Grossmann and
Meyer [10], they observed that frames can be used to approximate functions in L? (R)
One can also consider frames as one of the generalizations of orthonormal bases in
Hilbert spaces and being redundant frames expansions are more useful and advantageous
over basis expansions in a variety of practical applications. Now a days, frames are
regarded as one of an important tool to study various areas like representation of signals,
characterization of function spaces and other fields of applications such as: signal and
image processing [4], filter bank theory [3], wireless communications [14] and sigma-
delta quantization [2] For more literature on frame theory, one may refer to [5, 9].

In recent years, many generalizations of frames have been introduced and studied.
In 2004, Casazza and Kutyniok [6] defined frames of subspaces (frames of subspaces
has many applications in sensor networks and packet encoding), Li and Ogawa [15]
introduced the notion of pseudo-frames in Hilbert spaces using two Bessel sequences,
Fornasier [1 2] introduced the notion of bounded quasi-projectors, Christensen and Eldar
[8] gave oblique frames. In 2006, Sun [19] introduced generalized frames or g-frames
for Hilbert spaces and proved that frames of subspaces (fusion frames), pseudo frames,
bounded quasi-projectors and oblique frames are special cases of g—frames. Khokulan,
Thirulogasanthar and Srisatkunarajah [16} introduced and studied frames for finite
dimensional quaternionic Hilbert spaces. Sharma and Virender [18] study some different
types of dual frames of a given frame in a finite dimensional quaternionic Hilbert space
and gave various types of reconstructions with the help of dual frame.

1.1. Motivation and Recent Work. Duality for frames is a study which deals
with the construction of dual frames of a given frame which are required to represent a
element of a Hilbert space by the dual pairs. For a given frame in a Hilbert space, it
is known that the pre-image under its frame operator (canonical dual frame) together
with the frame is one of a dual pair in the Hilbert space, in discrete situations it can be
desirable to consider some other dual frame pairs also.

Very recently, Sharma and Goel [17] introduced and studied frames for seperable
quaternionic Hilbert spaces and Chen, Dang and Qian [7] had studied frames for Hardy
spaces in the contexts of the quaternionic space and the Euclidean space in the Clifford
algebra. In this article, we study dual for frames in context with separable quaternionic
Hilbert spaces.

1.2. Outline. The paper is organized as follows: In section 3, we introduce different
types of duals of a frame in separable quaternionic Hilbert spaces viz, alternate duals
and canonical dual of a frame and give examples in favour of their existence. It has
been shown that alternate dual of a frame is also a frame for right quaternionic Hilbert
space. Further, we show that among all the representations of an element © € Vi (Q) in
terms of a frame {ui}iGN for VR(Q) with coefficient sequence in 02 (Q), the sequence
{(Sfl(ui”u}}ieN € €2(Q) (generated by canonical dual frame {Silui}ieN), has

the minimum £> (Q) - norm. Finally in this section, for a given frame and its canonical
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dual frame for a quaternionic Hilbert space, we characterize frame and its canonical
dual frame in a given closed subspace of the quaternionic Hilbert space. In Section
4, as an application, we give the orthogonal projection of EQ(Q) onto the range of
analysis operator of the given frame, in terms of elements of canonical dual frame and
elements of the frame in quaternionic Hilbert spaces. Finally, we give an expression for
the orthogonal projection in terms of operators related to the frame and its canonical
dual frame in quaternionic Hilbert spaces.

2. Preliminaries

2.1. Notation and Terminology. As the quaternions are non-commutative
in nature therefore there are two different types of quaternionic Hilbert spaces, the
left quaternionic Hilbert space and the right quaternionic Hilbert space depending on
positions of quaternions. In this section 2.2, we will study some basic notations about
the algebra of quaternions, right quaternionic Hilbert spaces and operators on right
quaternionic Hilbert spaces.

Throughout this paper, we will denote £) to be a non-commutative field of
quaternions, I be a non empty countable set of indicies, VR(Q) be a separable right
quaternionic Hilbert space, by the term “right linear operator”, we mean a “right
-linear operator” and %(VR(Q)) denotes the set of all bounded (right Q—linear)
operators of VR(Q):

%(VR(Q)) = {T : VR<Q) — VR(Q) : HTH < OO}

2.2. Quaternionic Hilbert space. The non-commutative field of quaternions
1) is a four dimensional real algebra with unity. In £, 0 denotes the null element and
1 denotes the identity with respect to multiplication. It also includes three so-called
imaginary units, denoted by 1, 7, k. i.e.,

Q = {xo+ x10 + 227 + 23k : 1o, 71, T2, T3 € R}
where i2 = 2 = k2 = —1; ij = —ji = k: jk = —kj — i and ki = —ik = j.

For each quaternion ¢ = g + x1% + T2J + x3k € 1), the conjugate of ¢ is denoted
by q and is defined as

a:IO—I'lZ'—JZQj—l‘gk'GQ.

If ¢ = xo + 1% + T2J + x3k is a quaternion, then xq is called the real part of ¢
and X117 + T9) + x3k is called the imaginary part of ¢. The modulus of a quaternion
q = xo + x11 + T9j + x3k is defined as

ol = (@0)"* = (q0)""* = /a3 + 2% + a3 + a3

For every non-zero quaternion ¢ = T + T17 + T9j + x3k € £, there exists a unique
inverse q_1 in £ as
1 q  mo— 1l — Ta) — w3k

T TR T Rt S+l
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Definition 2.1. A right quaternionic vector space V() is a vector space
under right scalar multiplication over the field of quaternionic £, i.e.,

Ve(Q)xQ — Vz(Q)

(u,q) — ug (2.1)
and for each u,v € Vg(Q) and p,q € 9Q, the right scalar multiplication
(2.1) satisfying the following properties:

(u+v)g =uq+vq

u(p +q) = up + uq

v(pg) = (vp)g.
Definition 2.2. A right quaternionic pre-Hilbert space or right quater-
nionic inner product space Vg(LQ) is a right quaternionic vector space

together with the binary mapping (.|.) : V(Q) x Vi(Q) — Q (called the
Hermitian quaternionic inner product) which satisfies following properties:

(a) (vi]vg) = (va]uy) for all vy, vy € Vi(Q).
(b) (v|v) > 0 for all 0+# v € Vg(Q).
c) (v

)

( |1 + v2) = (v]vr) + (v]vz) for all v, vy, v2 € VR(Q).
(d) (vlug) = (v|u)q for all v,u € Vg(Q) and q € Q.

Let VR(Q) be right quaternionic inner product space with the Hermitian inner
product <’> Define the quaternionic norm HH : VR(D) — R on VR(Q) by

[ull = V/{ulu), v e Vr(Q). (2.2)

Definition 2.3. The right quaternionic pre-Hilbert space is called a right
quaternionic Hilbert space, if it is complete with respect to the norm (2.2)
and is denoted by Vz(9Q).

Theorem 2.4 (The Cauchy-Schwarz Inequality). [13] If Vr(Q) is a right
quaternionic Hilbert space then

[(ulv)* < (ulu)(v]v), for all u,v € Vr(Q).
Moreover, a norm as defined in (2.2) satisfies the following properties:
(a) |lugll = [ulllq], for all u € VR(Q) and q € Q.
(b) llu+ol| < [lull + [|lv]], for all u,v € Va(Q).
(c) ||u|]l =0 for some u € Vg(Q), then u = 0.

For the non-commutative field of quaternions £, define the quaternionic Hilbert space

£2<Q) by
) = {{ader 2 T laf < 4o

1€N
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under right multiplication by quaternionic scalars together with the quaternionic inner
product on £ (Q) defined as

(plg) = ZE‘% p = {pi}ien and ¢ = {g;}ien € (2(Q). (2.3)
€N
It is easy to observe that {5 (Q) is a right quaternionic Hilbert space with respect to
quaternionic inner product (2.3).

Definition 2.5 ([13]). Let V() be a right quaternionic Hilbert Space
and S be a subset of Vz(Q). Then, define the set:
o St ={vecVir(Q): (wu)y=0Vuc S}
e (S) be the right Q-linear subspace of Vg(Q) consisting of all finite
right Q-linear combinations of elements of S.

Theorem 2.6 ([13]). Let V() be a quaternionic Hilbert space and let N
be a subset of Vr(Q) such that, for z,2" € N such that (z|2') =0 if z # 2
and (z|z) = 1. Then the following conditions are equivalent:
(a) For every u,v € Vg(Q), the series ) _y(ulz)(z|v) converges
absolutely and
(ulv) =Y (ulz)(zlv).
z€N

(b) For every u € VR(Q), [Jul* = ;V [ (=]},

(¢c) Nt =0.
(d) (N) is dense in H.

Definition 2.7 ([13]). Every quaternionic Hilbert space Vz(Q) admits a
subset N, called Hilbert basis or orthonormal basis of Vz(9Q), such that, for
2,2 € N, (z]2/) =0if z # 2’ and (z]z) = 1 and satisfies all the conditions
of Theorem 2.6.

Further, if there are two such sets, then they have the same cardinality. Furthermore,
if NV is a Hilbert basis of Vg (Q), then for every u € VR(Q) can be uniquely expressed

u= Z z(z|u)

z€N
where the series Z z (z|u> converges absolutely in VR(Q).
zEN
Definition 2.8 ([1]). Let V() be a right quaternionic Hilbert space and
T be an operator on Vg(£Q). Then T is said to be
o right Q-linear if T(viav + voff) = T(v1)a + T(vq)f3, for all vy, vy €
Vr(Q) and o, § € Q.
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e bounded if there exist K > 0 such that | T'(v)|| < Klv||, for all v €
Vr(Q).

Definition 2.9 ([1]). Let V() be a right quaternionic Hilbert space and
T be an operator on Vg(Q). Then the adjoint operator T* of T is defined
by

(v|Tu) = (T*v|u), for all u,v € Vx(Q).
Further, T is said to be self-adjoint if T = T"*.

Theorem 2.10 ([1]). Let Vr(Q) be a right quaternionic Hilbert space and
S and T be two bounded right Q-4linear operators on Vr(Q). Then

(a) T+ S and TS € B(Vr(Q)). Moreover:

1T+ S[I < T+ S]] and |TS]| < T]IS]]

(b) (Tw|u) = (v|T*u).

(c) (T+ S)=T*+ S

(d) (TS)* = S*T*.

(e) (T*) =T.

(f) I* = I, where I is the identity operator on Vg(Q).

(g9) If T is an invertible operator then (T—1)* = (T*)~!.

2.3. Frames in quaternionic Hilbert spaces. We begin this section with
the following definition of frames in a separable right quaternionic Hilbert space VR(Q)
defined in [17]:

Definition 2.11. Let Vz(Q) be a right quaternionic Hilbert space and
{u;}ien be a sequence in Vg(Q). Then {u;};en is said to be a frame for
Vr(RQ), if there exist two finite real quaternion with 0 < r; < ry such that

1 ul® < Z |(ui|u)[* < rollul|?, for all u € Vgz(Q). (2.4)
ieN
The positive constants r; and rs, respectively, are called lower and upper
frame bounds for the frame {u;};eny. The inequality (2.4) is called frame
inequality for the frame {u;};e;. A sequence {u;}ien is called a Bessel
sequence for a right quaternionic Hilbert space Vz(2Q) with bound ry, if
{u; }ien satisfies the right hand side of the inequality (2.4). A frame {u; }ien
for a right quaternionic Hilbert space Vz(RQ) is said to be
e tight, if it is possible to choose r; and 7 satisfying inequality (3.1) with
1 = Ta.
e Parseval frame, if it is tight with r{ = ry = 1.
e cract, if it ceases to be a frame whenever anyone of its element is
removed.
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If {Uz’}z’eN is a Bessel sequence for a right quaternionic Hilbert space Vg (Q) Then,
the (right) synthesis operator for {u;};en is a right linear operator 1" : £5(Q) —
VR(Q) defined by

{Qz zeN Zul%u {% 1€N € 62(9)

ieN

The adjoint operator T™ of right synthesis operator 7" is called the (Tight) analysis
operator. Further, the analysis operator 1™ : Vg(Q) — (5(R) is given by

T*(u) = {{u;|u) }ien, u € VR(Q).
Infact, for u € VR(Q) and {Qi}ieN € ly (Q), we have

(T (w)l{gitiew) = (ulT({gi}ien))
- {5 )
= Z<U|Ui>%

1€N

= ({twluhen. e )

Thus
T*(u) = {{u;|u) }ien, u € VR(Q).

Theorem 2.12 ([17]). Let Vr(Q) be a right quaternionic Hilbert space and
{u;}ien be a sequence in Vip(Q). Then, {u;}ien is a Bessel sequence for
Vr(Q) with bound ry if and only if the right linear operator T : £ — Vr(Q)
defined by

{(_Z’L ’LEN Zuz%a {QZ ieN € KQ(Q)

€N

is a well defined and bounded operator with ||T'|| < \/rs.

Let VR(Q) be a right quaternionic Hilbert space and {Uz’}ieN be a frame for Vg (Q)
Then, the (Tight) frame operator S : Vix(Q) — Vr(RQ) for the frame {u;}icy is
a right linear operator given by

S(u) = TT*(u)
Zuz<u1]u>, u € Vr(Q).

Theorem 2.13 ([17]). Let Vr(Q) be a right quaternionic Hilbert space and
{u; }ien be a frame for Vr(Q) with lower and upper frame bounds r1 and rq,
respectively and frame operator S. Then S is positive, bounded, invertible
and self adjoint right linear operator on Vz(Q).
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Theorem 2.14 ([17]). Let Vr(Q) be a right quaternionic Hilbert space and
{u;}ien be a frame for Vix(Q) with lower and upper frame bounds ry and
19, respectively and frame operator S. Then {S™'u;}ien is also a frame for
Vr(Q) with bounds ry' and r{* and right frame operator S™!.

Theorem 2.15 ([17]). Let Vr(Q) be a right quaternionic Hilbert space and
{u;}ien be a sequence in VR(Q). Then {u;}ien is a frame for Vgx(Q) if and
only if the right linear operator T : & — Vi(Q)

T({gi}ien) = > tigi, {qi}tien € Va(Q)
iEN
is a well-defined and bounded mapping from l5(Q) onto Vr(Q).

3. Duals of a frame in quaternionic Hilbert spaces

In view of Theorem 2.14, we have the following definition

Definition 3.1. Let Vz(Q) be a right quaternionic Hilbert space and
{u;}ien be a frame for Vz(Q) with frame operator S. Then

o {S7'(u;)}ien is called the canonical dual frame for the frame {u;};en
in VR(Q)
e a sequence {v;}ieny C VR(RQ) is called an alternate dual for the frame

{u; }ien in V5(Q) if it satisfies

u= Zvl(ul|u>, u € Vr(Q).

=1

In view of above definition, one may observe that canonical dual frame for a right
quaternionic Hilbert space VR(D) is also an alternate dual frame for VR(Q) and an
alternate dual of a frame may not be unique. In order to show their existence we give
a following example

Example 3.2. Let N = {z;},en be a Hilbert basis for a right quaternionic
Hilbert space Vg(9). Then, for each z;, z;, € N, i,k € N, we have

0, for i # k
Galan) = {1, for i = k.
Define a sequence {u;};en C Vr(2) by
wi=z, i€{2j—1,2j}, j=1,2---.
Then {u;}ien is frame for V(). Moreover, the canonical dual {u; };en of
{ui}ien is given by
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Next, define sequences {v; }ieny and {w; }ien in Vz(Q) by
V2;—1 = %5 and Ugi:O, Z:1,27
and
wgi_lzo and Wo; = %, 221,2,

Then {v;};eny and {w;}ien are alternate duals for the frame {u;};en in
Vr(Q). O

In the following result we show that if a Bessel sequence is an alternate dual for a
given frame in quaternionic Hilbert space Vg (D), then it becomes a frame for VR(Q)
and the given frame becomes its alternate dual.

Theorem 3.3. Let Vr(Q) be a right quaternionic Hilbert space and {u;}ien
be a frame for Vr(Q) with lower and upper frame bounds r and o,
respectively and {v;}ien be a Bessel sequence for Vr(Q). If {vi}ien is a
alternate dual for {u;}ien in VR(Q), then {v; }ien is also a frame for Vi(Q).
Further, {u;}ien is a alternate dual for {v;}ien in Vr(Q).

Proof. As {u;}en is a frame for Vz(Q), therefore {(u;|u) }ien € 2(Q), u €
Vr(Q). Also, {v;}ien is a Bessel sequence, so by Theorem 2.12

> viu;|u) exists. So, we have
i=1

Zvi<ui’7}>>
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This gives u = Y u;(v;|u), u € Vg(Q). Then we have
i=1
lul* = sup [{ulv)|*
~ 2
= Ssup <Z ui{vi|u) U>
lv]=1 i=1

2

< sw Z<um><w|v>

< s (fj<u>) (reller?)

loll=1 \ =1

A

= TQZ|<UZ‘|U>|2, u € Vr(9Q).
i—1

Hence, {v;}ien is frame for Vx(Q) with alternate dual frame {u;};ey in
Vr(Q). ]

In the next result, we show that among all the representations of an ele-
ment
u € VR(9Q) in terms of a frame {u; };en for V() with coefficient sequence
in %(9Q), the sequence {{S™'(u;)|u)}ien € €*(Q), has the minimum ¢?(9)

- norm. Indeed we have the following:

Theorem 3.4. Let V() be a right quaternionic Hilbert space and {u; }ien
be a frame for Vx(Q) with the frame operator S. Fix u € Vi(Q), if

=Y. u;q, for some quaternion sequence {q; tien € (*(Q) then
i=1

Dol =Y 1S wl@ P+ Y (S wila) — aif.
i=1 i=1 i=1

In particular, {{(S™'w;|t)}ien has the minimal (*(Q)-norm among all
quaternion sequences {q; }ien € (*(Q).
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Proof. For each u € Vx(9Q), we have

Zuz (S~ g |u) >

N
~
—~ =
CQ
g
=3
~
:r—‘
m
z
=
—~
CQ
g
£
Fn
zZ
~
~
o

Also

1
= ({{57 sl bienl{diien) o
So, {q; — (S u;| @) }ien is orthogonal to { (S~ u;|@) }iew in £2(Q). Therefore,
we have
{aiienllio ) = e — (S wil@) } + {(S™ wil@) Hiip o)
= [{a: — (S wil@) 7o) + I{(S ™ sl M ).

Thus, we have

Dolal = Y HSTwl@ P+ Y (ST wla) — gl
i=1 i=1 i=1

Next, we give equivalent conditions for two frames in a quaternionic
Hilbert space, where one becomes alternate dual of the other and vice
versa, in terms of their corresponding analysis and synthesis operators.
More precisely we have :

Theorem 3.5. Let Vi(9) be a right quaternionic Hilbert space. Let {u;}ien
and {v;}ien be the frames for Vi(Q) with synthesis operators T and U,
respectively. Then the following statements are equivalent

( ). {ul}ZeN is an alternate dual for {v;}ien in Vi(Q).

(c) UT*—
(d). (T°U)* 7.
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Proof. (a) = (b) For each u € Vi(Q), we have

u = Zvl<ul|u)
_ UT(u).
(b) = (c) Straight forward.
(¢) = (d) We have,
(T*U)2 — TNUT)U

= T*IU
TU.

(d) = (a) For each {q; }ien € (*(9Q), we have

U ({gi}ien) = {<u Z vlqz>} : (3.1)

uru {qz zGN sz<uz Z UzQz>

= =1

Z viqi>>} . (3.2)

This gives

Therefore, we have

( ) ({QZ ZEN {<uz

So (3.1) and (3.2) gives

f: Vidi = ivi <Uz

=1 =1

0o
E Ui\ Uy
i=1

i=1

Again since {v;}iey is an frame for Vz(Q), therefore U is onto. Thus we
have

U—ZUZ u;lv), v e Vi(Q).

Hence {v;}ien is an alternate dual frame for {u;}ien in Vi(2). O
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Next, we give a result concerning a relationship between the analysis
operator and the canonical dual of a frame in a right quaternionic Hilbert
space. Further, an expression for the pseudo inverse of the synthesis
operator of a frame in terms of its canonical dual is given.

Theorem 3.6. Let V() be a right quaternionic Hilbert space and {u; }ien
be a frame for Vgx(Q) with the frame operator S. Let T and T* be the

synthesis operator and the analysis operator, respectively for {u;}ien and T

and T* be the synthesis operator and the analysis operator, respectively for
the canonical dual frame {S™(u;)}ien. Then,

(a) range (T*) = range (T*).
(b) the pseudo inverse (T)Jr of the synthesis operator T is T*, i.e.
t _
(T)'w={(S l(ui)\u>}i€N, u € Vr(Q).
Proof. (a) For each u € Vg(9), we have
(Tu = {(S " (w)lu)},
= {{wlS7 )}y
= TS .
Since S is a topological isomorphism, it follows that range (T*) =
range (T%).
(b) As ker(T): = range(T*) = range(T*). Therefore, T ver(r)-
range(T*) — Vr(9Q) is a topological isomorphism. Therefore the pseudo

-1
inverse (T)T is (T'ker(T)L) . Further,

= Z i (S Mg |u)
i=1
= u, u€Vgy(Q).

Furthermore, for cach ¢ € range (T*) = range (T*), there exist u € Vz(Q)
such that ¢ = T*u. So, by Theorem 3.5, we have

7 (zmmml)q _ T

= T*u.
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-1
Hence T* = <T’ker(T)J_> : O

Finally in this section, with a given frame and its canonical dual frame
for a quaternionic Hilbert space, we characterize frame and its canonical
dual frame for a given closed subspace of the quaternionic Hilbert space.

Theorem 3.7. Let Vz(Q) be a quaternionic Hilbert space and {u;}ien be a
frame for Vir(Q) with frame operators S. Let P be the orthogonal projection
of Vr(Q) onto a closed subspace M of Vr(Q). Then

(a) {Pui}ien is frame for M with the same frame bounds as {u;}ien and
{PS™(u;) }ien is an alternative dual frame for {Pu; }ien.

(b) {PS™(u;)}ien is canonical dual frame for {Pu;}tien if and only if
PS =SP.

Proof. (a) For each u € M, we have

[e.9]

S Pul = 3 [l

Therefore, {Pu;}ien is frame for M with same frame bounds as that of
{u;}ienw and by the similar argument, {P.S™!(u;)}iey is also a frame for M
with frame bounds inverse of {u;};en. Further, for each v € M

fi?wxpslumo = P(;?UAS]UJPW>

=1
= Uu.

Hence, the result follows.

(b) Let V be the frame operator for {Pu; }ien as a frame for M. Then, we
have

V7 IP(u;) = PS uy), i€N.
This gives

VIP) =PS H(u), u € Vgy(Q).
Since S and V' are topological isomorphisms on Vz(£2) and M, respectively,
therefore we have

PS = VV'PS

= VPST'S
VP.
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Since P, S and V are self-adjoint, so we have SP = PV. Hence, we have
SP =7PS.

Conversely, we have

VPu = > Pui(Pu;|Pu)

i=1

= P ( i:; ui<ui|732u>)
= P wtulrn)

PSPu
SPu, wu e Vg(Q).
Therefore, for each u € M, we have
Vu = VPu

SPu
Su.

This gives V = S|r. Thus S maps M bijectively onto itself. Therefore we
have

VIPw) = (Slm) Pus

= S_IP(UZ)

PS_l(UZ').
Hence the canonical dual frame for {Pu;}tieny is {PS™'(u;)}lieny in
Vr(Q). O

4. Application

In this section, as an application of the canonical dual of a given frame,
we give the orthogonal projection of £2(Q) onto the range of the analysis
operator of the frame, in terms of the elements of the frame and its canonical
dual. Apart from this, we also give an expression for the orthogonal
projection in terms of operators related to the frame and its canonical
dual in a right quaternionic Hilbert space.

Theorem 4.1. Let V() be a right quaternionic Hilbert space and {u; }ien
be a frame for Vix(Q) with the synthesis operator T and the frame operator
S. Let T and S be the synthesis operator and the frame operator for the
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canonical dual frame {S™u; }ien of {ui}ien. Then the orthogonal projection
Q of (*(Q) onto the range of T* is given by

Qtaken) = {(u iSuq>}

Q=T"T=T"S"'T.
Proof. For q = {q;}ien € (3(Q),

jEN

Also,

u = S 'Su
= ZS’luAui\u), u € Vr(9Q).
i=1

Moreover, we have T'(q) = > w;q; and T*u = {(u;|u) }ien. It is sufficient to
i=1

show that Q is the identity on range T* and is zero on (range T*)*=ker T
By definition

Q(T*u) = Q ({(uilu)}ien)

_ {<uj f; S~V (s >}

{(ujlu)}jen
T u, ue Vp(Q).

jeN

Again, for ¢ = {q;}jen € (range T*)* =ker T

Qg) = Q({qi}ieN)
= (s[5}
= {(ufs D)}

= {{wlS7'T(2)};en
= 0.

JjeN

jEN
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Thus, Q is the orthogonal projection of £2() onto the range of T*. Further,
we have

T*57'T(q) = T"T(q)

= T ( i S_luz‘%)
i=1

{5

= Q(q).

jEN

This completes the proof. Il

[
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