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Abstract. Adomian Decomposition Method (ADM) is a powerful tool for solving
general functional equations. It provides a sequence of analytic approximate
solutions to a wide range of nonlinear problems. Trying to formulate a general
framework for the method, several demonstrations of convergence have been
published, with varying degree of success. In this work we state conditions under
which the approximate solutions to partial differential equations provided by ADM
are merely a reordering of the Taylor polynomials of the solution, and, consequently,
no other demonstration of convergence is necessary in those cases.

1. Introduction

Adomian Decomposition Method (ADM) was introduced by George Adomian in the

'80s ([2], [3], [4])- It provides analytical approximate solutions for very general nonlinear
equations without linearization or simplification. The description of the method is
simple, but, because of the wide range of problems it covers, it is difficult to state a
general demonstration of convergence. The author gave no formal proofs but provided
(without showing the details) a justification based on the composition of Taylor series.
He offered lots of examples of application to problems with well known solutions, to
show the goodness of the method. In the last two decades, a great quantity of works
have been published where it was successfully applied to many different problems. More
or less general demonstrations of convergence were also offered.
In this work we state conditions under which the solutions provided by ADM to certain
partial differential equations (PDE) are just reorderings of the Taylor polynomials of
the solution, as George Adomian posited. We formally prove this issue and show some
examples.

Key words and phrases. Nonlinear equations, Approximate analytical solutions, Adomian
decomposition method, PDEs.

Communicated by. Virender

TCorresponding author.



2 Silvia Seminara and Maria Inés Troparevsky

2. The Adomian Decomposition Method

Although well known, we briefly describe ADM, in order to settle the notation. We
refer to [3] and [4] for a detailed description.
Let us consider a general functional equation of the form

Flu(z)] = g(x) (2.1)
where F' : X — Y is an operator between two Banach (functional) spaces X and Y,
conveniently chosen. The operator F' is supposed to be decomposed as

F=L+R+N (2.2)

where L is a linear and easily invertible operator, R is a linear operator and N is non
linear one. Thus, from (2.1) and (2.2), we have

u= L7 [g(x)] = L7 [R(u)] = L' [N (u)]. (2.3)

In addition, it is assumed that N can be written in the form

“+o0
Nlu(@)] =Y Anlu(2)), (2.4)
n=0

where the A,’s are known as Adomian’s polynomials, although they are not always
polynomials in the usual sense, regarding the independent variable x.
If an analytic solution u is supposed to exist and it is written

+oo
u(@) = un(z). (2.5)
n=0

Assuming that - as we will show - each polynomial A,, can be built depending only on
Ug, U1, - * - Uy, from (2.3) we can find a recursive formula for the terms in (2.5):

uo(e) = L g(a)
{un@c) L R (0)] — L A (o (@), - (@) Vo1, (2O

Initial or boundary conditions are taken into account when wug(z) is obtained.
In [4] G. Adomian asserted that the partial sums

n=0

are good approximations of the solution, and converge rapidly to it, but gave no formal
proof of this statement. He also remarked that this method does not provide a numerical
solution, but an approximate analytical one.

Up to here the description of the method is simple, but it is necessary to remark that
the hypothesis on the operator F' (that is, on L and N) are very restrictive and not easy
to be verified in the general case. Nor is it easy to give a general proof of convergence.
Also, it has to be noted that in most of the examples offered in the literature the
existence of an analytical solution is supposed but not always justified.

Regarding the construction of the Adomian’s polynomials A,, Adomian himself and
other authors described different ways to build them up. We refer to [2], [3] and [4] and
the improvements proposed in [5], [6], [15] and [18]. In [11] and [12], supposing that N
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is an analytical operator in a proper Banach space, the author considers an auxiliary
parameter e, stating that

+oo +oo
= N(Z 5nun) = Z An(u)gnv (28)
n=0

n=0

from which

n

1 d" 1 d”
An(u) = -l ;;)6 uplle=o = - kz(:)E ug)]le=0 = An(uo, -+ s un) (2.9)

which is a general formula for the Adomian polynomials when a unique function u is
considered.

Since the 80’s, several proofs of the convergence of the partial sums ,, to the solution
have been presented (see, for example, [7], [8], [11], [12], [13], [15] and [16]; we specially
highlight [1]) - but some of them are incomplete or imprecise.

In [17] we proved that the approximations provided by ADM in the case of an au-
tonomous problem with an ordinary differential equation of the form

{ u'(x) = flu(z))
u(0) = g

are ezactly the Taylor polynomials of the solution, if L is chosen in (2.2) as the first
derivative with respect to x. For this demonstration we used a formula published in
1855 by Faa di Bruno (see [14]) for the successive derivatives of a composition.

In Section 5 we will prove a similar result for PDE.

3. Examples with partial differential equations

Before proving the convergence of ADM for PDE, we illustrate the application of the
method to partial differential equations.

Let us consider the following inital value problem:

ug(r,t) = —2z2%u(u+2tw;)  VtE>0
u(z,0) = 1 (3.1)
ug(xz,0) = 0

With the notation of (2.1) and (2.2) we have Fu] = mz Y +22%u(u+2t2%) and g(z,t) = 0.

We will choose Lju] = %tg,R[u} =0 and N[u] = 222%u(u + 2t%%) (note that it is not the
only possibility).

Recalling Cauchy-Kowalevskaya Theorem (see, for example, [10]) , the existence of an
analytical solution u(z,t) is guaranteed, and we can assume (2.5). Now, N[u] in the
form of (2.4) could be obtained by means of Cauchy product of the correponding series
of u and its derivatives.

The inverse operator of L is a double integration with respect to ¢, which we will indicate

| = [ J[.]dtde.
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The recurrence formula (2.6) results, in this case,

up(x,t) = L7Y0] = ue(,0).t +u(z,0)|i=0 = u(z,0) =1
n—11% s

up(z,t) = =222 3 [{[un(z, 2)[up—1-k(z, 2) + Qz%’z’c(x’z)]dz}ds Yn > 1
k=00 0

from which, obtaining some terms, we can guess the general expression from regularity:

{uo(x,t) =1

up(z,t) = (=1)"2ngn Vn >1
We propose
o0 1
_ ny2n _2n __
u(x,t) = 3:0(—1) " = 152 (3.2)

in D= {(z,t) € R?: |at| < 1}.

Replacing (3.2) in (3.1) we verify it is the exact solution to the problem in the region
D, and no proof of convergence is necessary.

In this example, ADM gives a closed formula for u(z,t). Observe the aproximate
solutions, that is the partial sums ¢, in (2.7), are the Taylor polynomials of u(x,t).

Let us consider another inital value problem:

ug(t,r) = ug + 2tw(t — z)u?
{ u(0,2) = 1 (3.3)
With the notation of (2.1) and (2.2) we have F[u] = 24— 2tz (t—z)u? and g(t, ) = 0.
We will choose L{u] = 2%, R[u] = —2% and N[u] = —2tz(t — z)u’.

Recalling again Cauchy-Kowalevskaya Theorem, the existence of an analytical solution
u(t,z) is guaranteed, an we can assume (2.5). N[u] in the form of (2.4) could be
obtained by means of (2.9). The inverse operator of L is the integration with respect to
t: L7 = [[.]dt.

The recurrence formula (2.6) results, in this case,

uo(t,z) = 12_1[0] =u(0,z) =1 t
up(t,r) = Of[un_l(z,x)]xdz + 2x0fz(z —2)[Ap—1(ui(z,2), oy upn_1(z,2)]dz Vn>1

from which we obtain the following terms:

up(t,z) = 1
3
up(t,z) = 2T 252
4 3 6,.2 5.3
’LLQ(t,l‘) — % _ 2t3:v 4t9w _ 4tz —|—t4JC4
t* | 27 11¢%22 | 4t°a3 %23 482
us(t,w) = —§ + 350 — Mgt + 450 4+ 555 — 455 4 217a% — 182

Although, at first sight, no general formula could be guessed in this example, in the
following sections we will see how we can guarantee the convergence of the partial sums
to the solution of the problem.
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4. Adomian polynomials for several variables

In this section we deduce a general formula for the Adomian polynomials when the
non linear operator N has two arguments: N = N|u,v].
This expression will be useful to study PDEs in the general case.

+o0o
We will suppose u = > u, and v = Z vy, and then obtain A,, for the expression
n=0 n=0

= Z Ay (Ug, U1, Uz, ooy Up, Vo, V1, V2, ooy Upy ). (4.1)

We will consider that NNV is an analytic function of v and v arround (ug, vo).
In this case the Taylor series for N is

Z Z ( > 5525)\2 - (10, v0) (u — ug)" (v —v)" ™

n(]'zO

S0, replacing the series for u and v, we have

+oo n
—1
ZZZI (n—1) |auzavn 7 (w0, vo) Zuk ZUJ (4.2)
n=1 =0
+oo .
The series (Y ug)" is a sum over all the possible products between i factors uy, with or
k=1
—+oo
without repetitions; in a similar way, (Y v;)"~ ? is a sum over all the possible products
j=1

between n — 4 factors v;. Counting all these products and reordering the terms of the
series (4.2), we can obtain A,, gathering all the terms with grade less or equal to n, only
in powers of ug, U1, U2, ..., Up, Vg, V1, V2, ..., Up. LThe analyticity of N, u and v allow us to
reorder the series without affecting their absolute convergence.

Similarly as in the case of one variable, it is Ay = N(uq,vo), while for n > 1 a possible
reordering leads to

An(uO Upy U2y -eey UmU07U1702,-~-,%) =
n k . . . . . .
_ (u1)*t (u2)*2 .. (un )™ (v1)71 (v2)?2 ... (v )™ 4.3
=3 Z k 161,7 (uo,v0) D2 T2 i ljal ] (43)
k=11i=0 117127 Jn
J1,J255Jn

where the inner sum is over every solution of the system

i1+is+-+in= k—i (4.4)
Jibettga=

with 41,42, ...,%n, 51,72, -, Jn € Np.

Adomian polynomials for three or more variables could be deduced in a similar way.

It is easy to verify that, replacing each uy in (4.3) by e*uy and each v; by &lv;, we
obtain A, (u,v,e) = A, (u,v)e™, so, using the parameter e to group the terms with the
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same degree, we get

“+o0
N(u,v,¢) Zs uk,Zsjv] ZA,,,(u,v)a
n=0

k=0

from where a formula for the polynomials is obtained:

1 d"
A (u,v) = i ds” Ze uk,26 vj)]|e=o0 (4.5)

The derivative of order n is the derivative of the composition N (u(e),v(g)), which could
be obtained by means of Faa di Bruno’s formula in its multivariate version (see, for
example, [9]):

L2 IN (u(e), v(e))]|e=o
n X w™ i . (™) .
kzlzo Y s o ,won (AR ()i (R (e
= 1= 11)12) 7/LIL
J1,J25--5dn

The inner sum is, again over every solution of (4.4).
o)
7!

o)

+oo )
Considering u(e) = Z upe® and v(e) = 3 vjed, we arrive to u, = Y4

7=0
so, replacing this expressmn in (4.6) we obtain again (4.3).
In this case, the expression of N proposed in (4.1), as sum of Adomian polynomials, is
nothing but a reordering of Taylor series of N arround (ug, vg).

and v; =

5. Convergence of ADM for PDEs
Let us consider the following initial value problem:

{ us(t,x) = Nlu,u,] YVt >0,z €
u(0,z) = f(z)

where 0 € Q C R, initial data f(z) is an analytical function arround x = 0 and N is a
non linear operator given by N(u,v), an analytical function.

Under these hypothesis, Cauchy-Kowalevskaya Theorem guarantees the existence of a
unique solution, analytical arround the origin.

With the notation of (2.1) and (2.2), we can choose F[.] = [ ] + N[.],9(.)=0and

| = [dt.

+oo
If u(z,t) = > up(z,t), the recurrence formula (2.6) leads to

(5.1)

n=0
{ up(t,z) = L710] = f(z) (5.2)
Un(t,x) = L_l[An—l(UOa"' y Un—1,U0,, "~ ° 7un_1m)] vnz 17 '

where the Adomian polynomials A,, are obtained by means of (4.3) or, equivalently, by
(4.5).
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Some of the terms are
u = f
Aolug,up,] = N
U = fot Aplug, o, |ds = tN
Arluo, ur,uo,,u1,] = uiNig +u1, No1 =

= t[NNig+ NigNo1 f' + N, f"]

Up = fot Aqlug,ug,,ur, ur,|ds =
= %[NNN) + NiwoNor f' + Ngy f”]
Aslug, ur, uz,uo,, u1,, u2,] = 5 Naoud + Nijuy,us + Nigug + 3 Nogui + Nojug, =
= LN " + 3NZ Noaf" + 3N1gN& [+
+N1oNot N1 f' f” + NN7y + Ny Now f'+
+N2) Noaf"? + 3N No1 Ni1 f” + 3NG Nua f' f/'+
+2NN1oN11 f' + NigNoi N11 f? + N2 Nog+
+NNo1 Noo f' + N§; Nog f2]
uz = fot Aslug, o, , U1, U1, , Uz, Uz, |ds =
= LN " + 3NZ Noaf" + 3N1gN& [+
+N1oNot N1 f' f” + NN7y + Ny Now f/+
+NZ No2 f"? + 3NNy N11 f” + 3NG, Nu1 f' f/'+

+2NN1gN11 f' + N1oNo1 Ni1 f2 + N2 Noo+

+NNo1Nao f' + Ny Noo f72]

For simplicity, we omited the variables ¢t and x from each uy and its derivatives, and the
variable z from f and its derivatives; N;; is the derivative of N, ¢ times with respect to
its first variable and j times with respect to its second variable; N and every derivative
of N are evaluated in (f(z), f'(x)).
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As the solution u(z,t) is analytical arround the origin,

+oco n Vi n—~
t

Zzaxlat" ‘ O)Z (n—10)!

n=0 ¢=0 ’ ’

We can reorder this series because of the absolute convergence:

4o n

mJ t"
ZZ 81‘3815” 0, 7']71'

n=0 j=0

Comparing this expression with the terms obtained from (5.2) we can state the following
result:

Proposition 5.1. The terms u,(z,t) for the problem (5.1), generated by the recurrence
formula (5.2) based on the Adomian polynomials A,,, verify

1 I 9litn)y, 29
un(x,t) = w2 Baa <O’O)ﬁ,
7=0
m
and, consequently, the ADM approximations ¢,, = Y. un(z,t) are partial sums of

n=0

a reordering of the Taylor series arround the origin of the analytical solution of the
problem.

Proof:

As the Taylor series is unique, we can state
" o QU "M
HH dxiotr Gl T nl otr

(,0)

so we will prove, by mathematical induction, that

un,0) = 2 0,0 (53

For n = 0 (5.3) is true because ug(x,t) = f(z) = u(x,0), initial condition of the problem.
Now we will suppose it is true for k& < n and we will prove the assertion for n + 1.

From the differential equation in (5.1) we have

a(nJrl)u a"(N[u(x,t)7Uz($vt)])
1 @ 0) = atn o

Then we will prove that

Un+1(x;t) = j[An(uO(xa 8), e 7un(xv s)a'UJOﬂc (.’ﬂ, S)a oty Uny, (.’K, 5))]d3 =

0
9" (N u(a,t) ug (2,1)]) |
(n+1)! otr =
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By (4.3) it is

A (u07u17u27 .. un?u0m7u1m7u2z7 ey un,)

d1lial g1yl gn!

117?27'“71.@
J15J25--50n

ZZN(zH)z S () () () (1) (2, )72 (g )
11:=0

where N(j_;); is the derivative of N, k — ¢ times with respect to its first variable
and 4 times with respect to its second variable, each of them evaluated in [ug,ug,] =

[u(0, z),uy (0, z)]. The inner sum is over every solution of

i1 +2ig+ - +nip, +51+ 22+ -+ njp= n
it i = k—i
I

with 11502y o3 bny J15 025+« s Jn € Ng.

By inductive hypothesis it is

o*u k!
W(m,()) tkuk(m t)

for every k < n, then

AR(UOaulaU’Qv "'7un7u0maulm)u2m7 7unm)

L k (L@)il (ﬂ M u\in [t duz)71 (ﬂ@nux )jn
I L Y LWL
, (k—i)i 2. i1lial inljiljal. gnl
k=11=0 i1,42,..,0n
J1:J25-50n

n k ) p o . . ou 11 oMy In 924

(i142i94...4nin+i1+2j2+...n4n) ou 0%u
= Y Y ¥ e N (BE) L () (2

inlg1172) . gn!
P B R ot nli1lgel gn

J1seedn
k

n!
> X illig!“.z‘n!jl!jg!...jn!N( —z)z(
1i=0 Zl) y7fn,
J1yeesdn

\sz\?

-SRNNE - SNE

M:

L
n!
k

where the derivatives of u, following (5.4), are evaluated in (z,0).

From this last expression we have

J1

antly

antly
( 9t" dx

n!

Jn

()

Upt1 (2, 1) fo n(uo(z, s), ul(x,s),...,un(:v,s),uom(x,s)...,unm(m,s))]ds =

du 2"y 2%u

S S DD S (R NS - LN E =S W~
k= 11—0117 ,zn
J1s--5dn

= (n+1)! Z Z Z i1l ']1 N(k_l)l(if) (6‘7;7?) (87511)

ou i1 ony In 92, J1 ontl, Jn
ot

) () ()

(5.6)

Jn
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where Nj,_;; is evaluated in [u(0, z), u,(0,2)] and the derivatives of u are evaluated in
(z,0).
From (5.6) in (5.5) we have

¢

’U,n+l(x; t) = I[An(uo(l‘v 8)7 e 7u7l(x’ 8)’ U0, (.T, 8)’ o Ung (x’ 8))]d8 B
0
U a"(N[u(a;,t),uz(wvt)])‘
CEnyI ot =

as we wanted to prove. []

Corollary 5.2. The partial sums ¢,, = Y un(z,t), generated by ADM recurrence
n=0

formula (5.2) for the problem (5.1), converge to the solution of the problem.

Proof: as we saw in Proposition 5.1, the approximations are just partial sums of
reorderings of Taylor series of the solution, so the convergence is proved. [

Note that we have demonstrated the convergence of ADM for a particular case of PDE
with the only hypothesis for NV of being analytic as a function, and not - as it is usual
in the literature - as a functional operator, which is more difficult to be verified.

6. A more general case

We can extend the statement of Proposition 5.1 to more general problems:
afu = N[(agagu)la\+j§k,0§j<kb
Hu(x,0) = f(x) 0<ji<k
with N and f; analytical functions, for which Cauchy-Kowalevskaya guarantees the
existence of a unique analytical solution, could be written like (5.1) by means of a
change of variables.
Let us consider, for example, the second order problem
upt(t, ) = N[u, Uy, Up, Ugt, Uge] VE> 0,2 € Q
U(O, x) = h ('T)
ut(()?x) = fQ(x)a

If we replace u by u1, u, by us and u; by us we have

U, = U3
u2t = ugtc
uz, = Nlui,uz,uz,uz,, uz,]
‘ o 12 6.1
u1(0,2) = f1(z) (6.1)
u2(0,2) = fi(z)
uz(0,z) = fa(x)
By replaCing (Ul,UQ,’U,g) by u, (N17N2aN3) = (U3,U3m,N[Ul,UQ,u:g,Ugm,UQx]) by

N[u,u,] and (f1(z), f1(z), f2(x)) by f(z), we can write (6.1) as in (5.1).

Simillarly for problems with PDEs of greater order, and problems for which N explicitly
depends on ¢ and z.

For example:

{ut(t,x)— Nt,z,u,u,] YVt >0,z €
)
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could be written as (5.1) if we replace (u1, u, us) = (u,,2) by u, (f(x),0,2) by £ and
(N[uy,uz,u3,u1,],0,1) by N.

7. Conclusions

Adomian’s Decomposition Method is a tool introduced in the ’80s for solving general
nonlinear equations. It provides analytical approximate solutions for a wide range of
problems. Trying to formulate a general framework for the method, several proofs of
convergence of the approximations to the solution have been published, with varying
degree of success. A general demonstration of convergence is difficult, precisely because
of the wide range of problems it covers.

In this work we proved that, under appropiate conditions, the approximate solutions to
partial differential equations provided by ADM are merely partial sums of reorderings of
the Taylor series of the solution, as G. Adomian had posited without formally proving it.
Consequently, no additional demonstration of convergence is necessary in those cases.
As in [17], we dusted off an old formula from Fad di Bruno to build up the proof.

Note we have only required N to be analytic as a function, and not, as usual, as a
functional operator, which is much more difficult to be verified.
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