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Abstract. In this paper , we introduce pairwise Q* - H; - spaces , (i = 0,1,2) and
pairwise Q* - U; - Spaces (¢ = 0, 1) in topological spaces and study its properties .

1. Introduction

Separation axioms are properties by which the topology on a space X separates points
from points, points from closed sets and closed sets from each other. The various
separation axioms give rise to a sequence of successively stronger requirements, which
are put upon the topology of a space to separate varying types of subsets.

In 1963, Levine [12] introduced the concept of semi - open sets. Since then , a
considerable number of papers discussing separation axioms, essentially by replacing
open sets by semi-open sets, have appeared in the literature. For instance, Maheshwari
and Prasad introduced semi-Tg, semi-Ty, semi-Ts, s - normality and s - regularity
as a generalization of Ty, T1, Ty , regularity and normality axioms respectively, and
investigated their properties . The notion of semi-open sets was used by Maheshwari
and Prasad to introduce pairwise semi-Tg, pairwise semi-T, pairwise semi-Ty, pairwise
s - regular and pairwise s-normal spaces .Moreover , s - normal (resp. semi normal)
spaces were introduced and studied by Maheshwari and Prasad [14] (resp. Dorsett [9]).
The notion of Q* - open sets in a topological space was introduced by Murugalingam
and Lalitha[19, 20].

Throughout this paper X and Y always represent nonempty bitopological spaces
(X, 71,72) and (Y, 01,02). In this paper , we introduce pairwise Q* - H; - spaces , (i =
0, 1, 2) and pairwise Q* - U; - Spaces (i = 0, 1) in bitopological spaces and study its
properties.
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2. Preliminaries

A topological space ( X , 7 ) is a hyperconnected space if X cannot be written as
the union of two proper closed sets. Moreover, for a topological space X the following
conditions are equivalent: i) No two nonempty open sets are disjoint. ii) X cannot be
written as the union of two proper closed sets. i.e) X is hyperconnected. iii) Every
nonempty open set is dense in X. iv) The interior of every proper closed set is empty.

A subset A of a space X is said to be bi - Q* open [23] if it is both 7; - Q* open and
T; - Q* open, where i, j = 1, 2 and ¢ # j. A subset A of a bitopological spaces X is
called [19] 7172 - Q* - closed if i) 71- int ( A ) = ¢ and A is 72- closed . ii) 7172 - Q* -
open if X — A is 7172~ Q* - closed in X . The set of all Q* - closed sets [19] with X is
a topology . It is denoted by 7g- = o* . A bitopological space X is said to be pairwise
semi - Hy [26] if for every pair of points x and y such that x ¢7; -scl{ y } there exists a
7; - semi - open set U and a 7;- semi - open set V such that x €U, y €V, UNV = ¢
,1#7j,1,j=1,2. A bitopological space X is said to be pairwise semi - H; [26] if for
every pair of points x and y such that 7, -scl { x } N 7; -scl{ y } = ¢ , there exists a
T; - semi - open set U and a 7;-semi - open set V such that x €U,y €V, UNV = ¢,
i#j,1,j=1,2. A bitopological space X is said to be pairwise semi- Hy[ 26 ] if for
every Tj-semi - closed set A and a point x such that 7; - scl { x } n A =¢ , there exists
a T;-semi - open set U and a 7; - semi- open set V such that x €U, A CV, UNV =
¢,i#j,1,j=1,2 A bitopological space X is called pairwise Q@*Tp [23] if for any
pair of distinct points x , y of X, there exists a set which is either 7; - @ open or 7; -
Q* open containing one of the points but not the other , where i, j =1, 2 and 7 # j .A
bitopological space X is called pairwise Q*Ty [23] if for every distinct points x , y of X
, there is a 7, - Q* open set U and a 7; — Q* open set V such that z € U, y ¢ U and
yeV,x ¢V wherei, j=1,2and i # j. A bitopological space X is called pairwise
Q*T» [23] or pairwise @* Hausdorff if given distinct points x, y of X | there is a 7, — Q*
open set U and a 7; — Q* open set V such that z € U, y € V,UNV = ¢ where i, j =1,
2 and 7 # j.

3. Pairwise Q*- H; -Spaces (i = 0, 1, 2) and pairwise Q*- U; - Spaces (i =
0,1)

Here we introduce the bitopological analogues of Q* - H; - spaces, (i = 0, 1, 2) and
Q* - U, - Spaces (i =0, 1).

Definition 3.1. A bitopological space X is said to be pairwise Q*- Hy if for every pair
of points x and y such that x ¢o} - cl { y } there exists a 7; - Q* - open set U and a 7;
-Q* -openset Vsuchthat x €U,y eV, UNV=¢,i#j,i,j=1,2.

Example 3.2. Let X ={a,b,c} , m1={¢, X, {a}}, a={¢ X {b} {ab}
}. Let a, b € X such that { a } ¢of -cl ({b}), there exists a 7; - Q* - open set U =
{a}andar;-Q"-openset V=1{Db}suchthata €U, b eV, UNV = ¢. Therefore,
X is pairwise Q* - Hy.

Definition 3.3. A bitopological space X is said to be pairwise Q*- H; if for every pair
of points x and y such that o} - cl { x } N o}-cl{ y } = ¢, there exists a 7, - Q* - open
set Uand a7; - Q* -openset Vsuchthat x €U,y e V,UNV =¢,i#ji,j=1,2
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Example 3.4. Let X ={a,b,c,d }, 71 ={ ¢, X, {a,b},{bc,d}} m={09¢ X,
{c,d}, {b,c,d}, {ab,d}} Leta ce Xsuchthat of -cl{a}noj-cl{c}=
{a}Nn{c}=¢, there exists a 7, - Q* - open set U= { a, b} and a 7; - Q* - open
set V={c,d}suchthatx e U yeV,{a b} n{c d} = ¢. Therefore, X is called
pairwise Q* Hj.

Definition 3.5. A bitopologicalspace X is said to be pairwise Q*- Hy if for every 7, -
Q* - closed set A and a point x such that o} - cl { x } N A =¢ , there exists a 7; - Q*-
open set U and a 7; - Q*- open set V such that x cU, ACV, UNV =¢,i#j,i,j=
1,2

Example 3.6. Let X={a,b,c,d},m1={¢,X,{a,b},{b,d}},m2={0¢
y X, {c,d},{a,c},{a,bc},{a,bd},{a,c,d}}. Leta, be Xsuch
that of -cl ({a})Nn{d}={a,c}n{d}=¢. Then thereis a 71 - Q* open set
U={ab} &7a-Q*openset V={c,d}suchthatae U, {d} C{c,d}and UN
V = ¢ . Therefore, X is called pairwise Q* Hs.

Definition 3.7. A bitopological space X is said to be pairwise Q*- Uy if for every pair
of points x and y such that x ¢o - cl {y}, there exists a 7, - Q* - open set U and a 7;
- Q" -openset Vsuchthatx € U,y €V, 0j-cl (U)Noj-c(V)=¢,i#j,1,j=
1,2

Example 3.8. Let X ={a,b,c,d},m1={¢,X,{a},{a,c,d}},m2={¢
X, {b},{a,b,c},{a,b,d},{b,c,d}}.Leta,be Xsuchthat { a} ¢o’
-cl ({b}). Then thereisa 71 - Q* openset U= {a} & 72 - Q* openset V={b
psuch that of-cl ({a})Noj-cl ({b})={a}n{b} =¢. Therefore, X is called
pairwise Q* Uy .

Example 3.9. A bitopological space X is said to be pairwise Q*- Uj if for every pair
of points x and y such thato; - cl {x} n o} -cl { y } = ¢, there exists a 7; - Q" - open
set Uand a 7; - Q* - open set V such that x €V, y €U, 07 -cl (U ) Nof-cl (V) = ¢,
ij=1,2

Example 3.10. Let X={a,b,c,d}, 711 ={¢,X,{b,c,d} },m72o={9¢,X,
{a},{a,b,c},{b,c,d},{a,c,d}}.Leta,be Xsuchthat o} -cl{a}
No}-cl{b}=0¢, thereexistsa 7; - Q* - openset U= { b, c,d } anda 7; - Q" -
open set V = { a } such that x €V, y €U, 07 -cl ({b,c,d})noj -cl({a})={
b,c,d}N{a}=¢. Therefore, X is called pairwise Q* Uy .

Theorem 3.11. Every pairwise Q* normal space is pairwise * - Hy .

Proof. Let X is pairwise Q* normal space. Let x €X and let A be a 7; - Q* - closed set
such that o}- cl { x } NA = ¢. By pairwise Q*- normality of X , there exists a 7; - Q*-
open set U and a 7; - Q*- open set V such that of-cl {x } CV,ACU, UNV = ¢.
Hence x €V, A CU, UNV = ¢. Hence, X is pairwise Q*- Ha. O

Theorem 3.12. Every pairwise Q* normal space is pairwise Ho .
Proof. Straight forward. O

Theorem 3.13. Every pairwise Q* normal space is pairwise semi- Ho .
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Proof. Straight forward. O
Theorem 3.14. Every pairwise Q*- Haspace is pairwise Q- Hy.

Proof. Let X is Q*- Hy space . Let x and y be two distinct points of X such that o} -
cd {x} n oF - cl{y} = ¢ . Since X is pairwise Q*- Hy , therefore there exists a 7, - Q*-
open set U and a 7; - Q- open set V such that x €V, o7-cl {y} CU, UNV = ¢. Thus
x €V,y €U, UNYV = ¢. Hence, X is pairwise Q*- Hj. O

Theorem 3.15. Every pairwise Q*- Hy space is pairwise Q*- Hy.

Proof. Let X is pairwise Q*- Hy space. Let x and y be two distinct points of X such that
of - cl{x} Noj - cl {y} = ¢. Hence x ¢o7- cl {y}. Since X is pairwise Q*- Hy,therefore
there exists a 7; - Q*- open set U and a 7; - Q*- open set V such that x € V,y € U, U
NV = ¢. Hence, X is pairwise Q*- Hj. O

Definition 3.16 (22). A bitopological space X is pairwise Q* — Ry if for each 7; — Q*
open set G , z € G implies 07 -cl ( x ) C G, wherei,j=1,2andi#j.

Definition 3.17 (22). A bitopological space X is pairwise Q* — Ry if for each z,y € X
0f -c (x ) #o0j-c( y ), there exist disjoint sets U € Q*O(X,7;) and

V € Q*O(X, ;) such that o5 -cl( x ) CUando;-cl( y )CV wherei,j=
1,2and i #j.

Theorem 3.18. FEvery pairwise Q- Ry space is pairwise Q*- Hy.

Proof. Let X is pairwise Q*- Ry space. Let x ¢o; - cl {y}. Then o} - cl {x} #0}- cl
{y}. Thus there exists a 7, - Q*- open set U and a 7, - Q*- open set V such that x €U,

y €V, UNYV = ¢. Hence, X is pairwise Q*- Hg. O
Theorem 3.19. Every pairwise Q*- Ry space is pairwise Q*- Hy.
Proof. Follows in view of Theorem 3.18 and 3.15. O

Definition 3.20. A space X is said to be pairwise strongly Q*- regular if for each 7; -
Q*- closed subset A of X and x ¢ A , there exist disjoint 7; - Q*- open set U and 7; -
Q*- open set V such that x €U and A CV.

Theorem 3.21. FEvery pairwise Q- Hy space is pairwise Q- Ry.

Proof. Let X is pairwise Q*- Hg space. Let x €G €Q*O ( 7; ) and let y €X — G. Then
x ¢of - cl {y}. Since X is pairwise Q*- Hy , there exists a 7; - Q*- open set U and a
7; - Q- open set V such that x €U, y €V, UNV = ¢. Thus {x} NV = ¢ so that y
¢o; - cl {x}. Hence X -~ G CX — 07 - cl {x} or o} - cl {x} CG. Thus X is pairwise Q*-
Ro. O

Theorem 3.22. FEvery pairwise strongly Q- regular space is pairwise Q*- Hs.

Proof. Let X is pairwise strongly Q*- regular space. Let x €X and let A be a 7; - Q*-
closed subset of X such that o}- cl {x} N A= ¢. Then x ¢A . By pairwise strongly Q*-
regularity of X , there exists a 7; - Q*-open set U and a 7; - Q*- open set V such that
x €V, ACU, UNYV = ¢ . Hence, X is pairwise Q*- Hs. O

Theorem 3.23. A space is pairwise Q*- Ty if and only if it is pairwise Q*-Ty and
pairwise Q*-Hy.
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Proof. Let X is pairwise Q*-Ts space. Clearly, X is Q*-Ty. Let x, y €X such that x
¢of - cl {y}. Then x #y , since X is pairwise Q*- Tq, there exists a 7; - Q*- open set U
and a 7; - Q*- open set V, such that x € U,y €V, UN V = ¢ . Hence X is pairwise Q*-
Hy. Conversely, let X is pairwise Q*- Ty and pairwise Q*- Hy. Let x, y be two distinct
points of X. Since X is pairwise Q*- Ty, there exists ar; - Q*- open set U or a 7; - Q*-
open set V such that x € U, y ¢V or x ¢U, y €V. Thus x ¢o} - cl {y} or y ¢o7 - cl
{x}.Let x ¢07- cl {y}. Since the space is pairwise Q*- Hy , there exists a 7; - Q*- open
set P and a 7; - Q*- open set Q such that x €P, y €Q, P N Q = ¢. The result follows
similarly in case y ¢o7- cl {x}. Hence X is pairwise Q*- Ta. O

Theorem 3.24. A space is pairwise Q*- To if and only if it is pairwise Q*- Ty and
pairwise Q*- Hy.

Proof. Let X is pairwise Q*-T5 space. Clearly, X is pairwise Q*- T;. Let x, y €X such
that o - cl {x} No}-cl {y} = ¢ . Then x, y are distinct points of X so that there exists
aT;- Q" openset Uanda 7;-Q* openset V,suchthat x c U,y eV, UNV =2¢.
Hence, X is pairwise Q*- H;.

Conversely, let X is pairwise Q*- T and pairwise Q*- H;. Let x, y be two distinct points
of X . Since X is pairwise Q*- Ty, therefore {x} and {y} are bi - Q*- closed sets. Hence
o; -cl{x} Nof-cl {y} = {x} N {y} = ¢. Since X is pairwise Q*- H;, there exists a 7;
- Q*- open set U and a 7; - Q*- open set V such that x € U,y €V, UNV = ¢ . Hence
X is pairwise Q*- Ts. O

Theorem 3.25. Every pairwise strongly Q- reqular space is pairwise Q*- Uy.

Proof. Let X is pairwise strongly Q*- regular space. Let x, y €X such that x ¢o}- cl
{y}. Since the space is pairwise strongly Q*- regular, there exists a 7;- Q*- open set U
and a 7;- Q*- open set V such that x €U, of -cl {y} CV, 07 -cl (U)Nof-cl(V)=
¢ . Hence x €Uy € V, UN YV = ¢ and thus X is pairwise Q*- Uy. ]
Theorem 3.26. FEvery pairwise Q*-Uy space is pairwise Q*-Hy.

Proof. Let X is pairwise Q*-Uj space. Let x, y € X such that x o7 - cl {y}. Since X is
pairwise Q*- Ug , there exists a 7;- Q*- open set U and a 7;- Q*- open set V such that
xeU,yeV,o5-cl(U)Noj-cl(V)=¢. Hencex € U,y €V, UNV = ¢ and thus
X is pairwise Q*- Hp. Il

Theorem 3.27. Every pairwise Q*-Uy space is pairwise Hy.

Proof. Straight forward. O
Theorem 3.28. Every pairwise Q*-Uy space is pairwise semi - Hy.

Proof. Straight forward. O
Theorem 3.29. Every pairwise Q*- Uy space is pairwise Q*-H.

Proof. Let X is pairwise Q*-U; space. Let x, y €X such that o}- cl {x} N o}-cl {y} =
¢. Since X is pairwise Q*-Uy, there exists a 7;- Q*-open set U and a 7;- Q*-open set V
such that x € U,y €V, 05-cl (U)Nof-cl (V) =¢. Hencex e V,y €U, UNV =¢
and thus X is pairwise Q*-H;. O

Theorem 3.30. Every pairwise Q*- Uy space is pairwise semi -H; .
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Proof. Straight forward. O
Theorem 3.31. FEvery pairwise Q* normal space is pairwise semi- Uy.
Proof. Straight forward. O

Remark 3.32. The above relation between pairwise Q*- H; axioms, i€ {0, 1,2 } and
pairwise Q*- U; axioms, i € { 0, 1, 2} can be summarized in the following diagram:

PU, €--PQ -Uj-——-% Psem-U
Pl 'TQ 1 1
- , /'
-
P Normal < = -Pq:—nonn:!l = = =% P irresolutely nommal
¥
PH; % -pPQ-H; ——= PQ -H;-#¥Psemi-H ¢ ——PH%—

Psﬂmgl}-‘—rigma: s > P semi - Hy
’
strongly Q- regular— — P strongly s - regular
\"\\ Psemi - Ug r——)PSEiI]i-HQ
\.i. r';' | - E
By -BQ tpen ¥ BOCH— 5 =3PQ-Ry — = Psemi-Ry

T
|l ~

PRy —-FQ-R; —=5PeemiR,

¥

PHp

— — - Relations obtained from owr study
— Exisfing relations
Fig 3.1 Relations between existing P - Hy and P Q- H,

Pairwise Q*-To = Pairwise Q*- Ty + Pairwise Q*- Hy
Pairwise Q*-Ty = Pairwise Q*-T; + Pairwise Q*- Hy
Pairwise semi -Ty = Pairwise semi- Ty + Pairwise semi- Hy,
Pairwise semi-Ty = Pairwise semi -T; + Pairwise semi- H;
Pairwise semi -Ty = Pairwise Q*- Ty + Pairwise Q*- Hy
Pairwise semi-Ty = Pairwise Q*-T; + Pairwise Q*- H;
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